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Logistics

•Announcements: 
•Nothing new! HW 3 in progress. Ask proposal Q’s!
•Class roadmap:

Thursday, Oct. 7 Neural Networks I

Tuesday, Oct. 12 Neural Networks II

Thursday, Oct. 14 Neural Networks III

Tuesday, Oct. 19 Neural Networks IV

Thursday, Oct. 21 Neural Networks V

All N
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Outline

•Review & Perceptron Algorithm
•Definition, Training, Loss Equivalent, Mistake Bound
•Neural Networks
•Introduction, Setup, Components, Activations 
•Training Neural Networks
• SGD, Computing Gradients, Backpropagation
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Outline

•Review & Perceptron Algorithm
•DefiniLon, Training, Loss Equivalent, Mistake Bound
•Neural Networks
•IntroducLon, Setup, Components, AcLvaLons 
•Training Neural Networks
• SGD, CompuLng Gradients, BackpropagaLon
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Review: Function Representations

•How much does it cost to “store” a function?
• Last time in the context of PMFs

•Two representations for

f(x) = x2

<latexit sha1_base64="n9hal56MplpRaGIZEaimdX+1i5w=">AAAB9XicbVBNT8JAEJ36ifiFevSykZrghbREoxcTohePmMhHAoVsly1s2G6b3a1CCP/DiweN8ep/8ea/cYEeFHzJJC/vzWRmnh9zprTjfFsrq2vrG5uZrez2zu7efu7gsKaiRBJaJRGPZMPHinImaFUzzWkjlhSHPqd1f3A79euPVCoWiQc9iqkX4p5gASNYG6lt20FheIau0bBdsu1OLu8UnRnQMnFTkocUlU7uq9WNSBJSoQnHSjVdJ9beGEvNCKeTbCtRNMZkgHu0aajAIVXeeHb1BJ0apYuCSJoSGs3U3xNjHCo1Cn3TGWLdV4veVPzPayY6uPLGTMSJpoLMFwUJRzpC0whQl0lKNB8Zgolk5lZE+lhiok1QWROCu/jyMqmViu558eK+lC/fpHFk4BhOoAAuXEIZ7qACVSAg4Rle4c16sl6sd+tj3rpipTNH8AfW5w8bYJBQ</latexit>

x f(x)

0 0

1 1

2 4

3 9

4 16

5 25…

f

<latexit sha1_base64="wC37lBS3HQaEb2OXOvAHEtU3VZY=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LDaCp5IURY9FLx4rmFpoQ9lsN+3S3U3Y3Qgl9Dd48aCIV3+QN/+N2zYHbX0w8Hhvhpl5UcqZNp737ZTW1jc2t8rblZ3dvf2D6uFRWyeZIjQgCU9UJ8KaciZpYJjhtJMqikXE6WM0vp35j09UaZbIBzNJaSjwULKYEWysFLhu7Lr9as2re3OgVeIXpAYFWv3qV2+QkExQaQjHWnd9LzVhjpVhhNNppZdpmmIyxkPatVRiQXWYz4+dojOrDFCcKFvSoLn6eyLHQuuJiGynwGakl72Z+J/XzUx8HeZMppmhkiwWxRlHJkGzz9GAKUoMn1iCiWL2VkRGWGFibD4VG4K//PIqaTfq/kX98r5Ra94UcZThBE7hHHy4gibcQQsCIMDgGV7hzZHOi/PufCxaS04xcwx/4Hz+ADzPjag=</latexit>

Lookup Table Expression

Cost: if x is an integer between 0 and 99:
• Lookup table: 100 entries
• Expression: if quadratic, 3 coefficients ax2+bx+c: 

store (1,0,0)
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•Say our domain is {-1,+1}d

•Function is P(x1, x2, ..., xd)…
•Suppose they’re independent P(x1)P(x2)…P(xn)

Review: Probability Functions

x f(x)

-1,-1,-1,…,-1,-1 0.002

-1,-1,-1,…,-1,1 0.0032

-1,-1,-1,…,1,-1 0.12

-1,-1,-1….1,-1 0.00003

…

1,1,1,…,1 0.328

Lookup Table Factorized Lookup Table

Cost: 
Lookup table: 2d entries

x1 f(x)

-1 0.42

1 0.58

x2 f(x)

-1 0.12

1 0.88

xd f(x)

-1 0.2

1 0.8

…
Cost:  Lookup tables: 2d entries

0.002 = P(-1, -1, ..., -1) = 0.42 x 0.12 x … x 0.2 
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Review: Probability Functions

•Say our domain is {-1,+1}d

•Function is P(x1, x2, ..., xd)…
• If independent P(x1)P(x2)…P(xn) and identically distributed

x f(x)

-1,-1,-1,…,-1,-1 0.002

-1,-1,-1,…,-1,1 0.0032

-1,-1,-1,…,1,-1 0.12

-1,-1,-1….1,-1 0.00003

…

1,1,1,…,1 0.328

Lookup Table Factorized Lookup Table

Cost: 
Lookup table: 2d entries

x1 f(x)

-1 0.42

1 0.58

x2 f(x)

-1 0.12

1 0.88

xd f(x)

-1 0.2

1 0.8

…
Cost:  Lookup tables: 2d entries

xi f(x)

-1 0.42

1 0.58

Cost:  Lookup table: 2 entries 7



•Conditional independence of features:

•What do we gain? With binary features, get 2 entries per feature
•So, number of probabilities 

Review: Naïve Bayes Core Assumption

2k ! 2k

<latexit sha1_base64="vsrqpddgkP+uVU30UqjR4e7lfoo=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAjuCpJUHRZdOOygn1AG8tkOmmHTmbCzEQpsQt/xY0LRdz6G+78G6dtFtp64MLhnHu5954wYVRp1/22CkvLK6trxfXSxubW9o69u9dQIpWY1LFgQrZCpAijnNQ11Yy0EklQHDLSDIdXE795T6Sigt/qUUKCGPU5jShG2khd+8Bx/Lsh7EjaH2gkpXiA/tBxunbZrbhTwEXi5aQMctS69lenJ3AaE64xQ0q1PTfRQYakppiRcamTKpIgPER90jaUo5ioIJveP4bHRunBSEhTXMOp+nsiQ7FSozg0nTHSAzXvTcT/vHaqo4sgozxJNeF4tihKGdQCTsKAPSoJ1mxkCMKSmlshHiCJsDaRlUwI3vzLi6ThV7zTytmNX65e5nEUwSE4AifAA+egCq5BDdQBBo/gGbyCN+vJerHerY9Za8HKZ/bBH1ifP6zLlJo=</latexit>

P (X1, . . . , XK , Y ) = P (X1, . . . , XK |Y )P (Y )

=

�
K�

k=1

P (Xk|Y )

�
P (Y )
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Review: Func7on Representa7ons

•More general: consider some object O
•We did pairs (x,y) for function f
•Kolmogorov complexity of O: shortest program that outputs O

23 MB to store image (ie, bitmap)
A few bytes for program

A. N. Kolmogorov
9



Neural networks: Origins

• Artificial neural networks, connectionist models
• Inspired by interconnected neurons in biological systems
• Simple, homogenous processing units
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Perceptron: Simple Network

[McCulloch & Pitts, 1943; Rosenblatt, 1959; Widrow & Hoff, 1960]

ŷ(x) =

(
1 wTx � 0

0 otherwise

<latexit sha1_base64="BTzIh18Y2skWJC2NbDSmmVBJWbE="></latexit>
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Perceptron: Components

[McCulloch & Pitts, 1943; Rosenblatt, 1959; Widrow & Hoff, 1960]

ŷ(x) =

(
1 wTx � 0

0 otherwise

<latexit sha1_base64="BTzIh18Y2skWJC2NbDSmmVBJWbE="></latexit>

f = wTx

<latexit sha1_base64="WD6NFG3GCn+lVVnGf323iGxDY5M=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LDaCp5IURS9C0YvHCv2CNpbNdtMu3WzC7kYtoX/DiwdFvPpnvPlv3LY5aOuDgcd7M8zM82POlHacbyu3srq2vpHfLGxt7+zuFfcPmipKJKENEvFItn2sKGeCNjTTnLZjSXHoc9ryRzdTv/VApWKRqOtxTL0QDwQLGMHaSF3bDtAVeryvP9l2r1hyys4MaJm4GSlBhlqv+NXtRyQJqdCEY6U6rhNrL8VSM8LppNBNFI0xGeEB7RgqcEiVl85unqATo/RREElTQqOZ+nsixaFS49A3nSHWQ7XoTcX/vE6ig0svZSJONBVkvihIONIRmgaA+kxSovnYEEwkM7ciMsQSE21iKpgQ3MWXl0mzUnbPyud3lVL1OosjD0dwDKfgwgVU4RZq0AACMTzDK7xZifVivVsf89aclc0cwh9Ynz+DBZAM</latexit>

ŷ(x) = �(wTx)

<latexit sha1_base64="BpUmB0pxkdIROHY36nRJ9kZbjOk=">AAACBnicbVDLSsNAFJ34rPUVdSnCYCO0m5IURTdC0Y3LCn1BE8tkOmmHTh7MTLQhdOXGX3HjQhG3foM7/8Zpm4W2HrhwOOde7r3HjRgV0jS/taXlldW19dxGfnNre2dX39tvijDmmDRwyELedpEgjAakIalkpB1xgnyXkZY7vJ74rXvCBQ2Dukwi4vioH1CPYiSV1NWPDMMeIJkm4+KoBC+hLWjfR8WHu/qoZBhdvWCWzSngIrEyUgAZal39y+6FOPZJIDFDQnQsM5JOirikmJFx3o4FiRAeoj7pKBognwgnnb4xhidK6UEv5KoCCafq74kU+UIkvqs6fSQHYt6biP95nVh6F05KgyiWJMCzRV7MoAzhJBPYo5xgyRJFEOZU3QrxAHGEpUour0Kw5l9eJM1K2Totn91WCtWrLI4cOATHoAgscA6q4AbUQANg8AiewSt40560F+1d+5i1LmnZzAH4A+3zB0EIlxI=</latexit>

�(a) =

(
1 a � 0

0 otherwise

<latexit sha1_base64="xqHmY7LprMYkoCbUPmW7/S8deyI="></latexit>

Activation Function
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Perceptron: Representa7onal Power

•Perceptrons can represent only linearly separable concepts

•Decision boundary given by:

x1

+        +
+          +        +

+                                   -
+                - -

+           +
+          +                          -

+                   +                 - -
-

+         +                         -
-

+                   - - -

- -

x2

ŷ(x) =

(
1 wTx � 0

0 otherwise

<latexit sha1_base64="BTzIh18Y2skWJC2NbDSmmVBJWbE="></latexit>
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Which Functions are Linearly Separable?

x1 x2
0  0
0  1
1  0
1  1

y
0
0
0
1

a
b
c
d

AND

a c
0 1

1

x1

x2

db

x1 x2
0  0
0  1
1  0
1  1

y
0
1
1
1

a
b
c
d

OR

b

a c
0 1

1

x1

x2

d
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Which Functions are Linearly Separable?

x1 x2
0  0
0  1
1  0
1  1

y
0
1
1
0

a
b
c
d 0 1

1

x1

x2

b

a c

d

A multilayer perceptron
can represent XOR!

x1

x2 1

-1

1

1

1

-1

assume w0 = 0 for all nodes

XOR

15



Perceptron: Training

•When are we correct?

• I.e., signs of prediction and label match 

•In training, could ask for “margin”: insist 

•More than we needed 

y(i)wTx(i) > 0

<latexit sha1_base64="suaabgk6MYVq6Tmp4uz4CRLvYtI=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKhBMqIKFsUi9SW1aOa7TWnWcyHaAKOrAwquwMIAQKw/Bxtvgthmg5ZcsffrPOTo+vxsyKpVlfRuZldW19Y3sZm5re2d3z9w/aMogEpg0cMAC0XaRJIxy0lBUMdIOBUG+y0jLHV9P6607IiQNeF3FIXF8NOTUoxgpbfXNfLEY95ISPZnA+14dPqR8Ca1isW8WrLI1E1wGO4UCSFXrm1/dQYAjn3CFGZKyY1uhchIkFMWMTHLdSJIQ4TEako5GjnwinWR2xAQea2cAvUDoxxWcub8nEuRLGfuu7vSRGsnF2tT8r9aJlHfhJJSHkSIczxd5EYMqgNNE4IAKghWLNSAsqP4rxCMkEFY6t5wOwV48eRmalbJ9Wj67rRSqV2kcWZAHR6AEbHAOquAG1EADYPAInsEreDOejBfj3fiYt2aMdOYQ/JHx+QOM0JV3</latexit>

y(i)wTx(i) � c

<latexit sha1_base64="PJQxERZ5sKIedt+V5mTLaonya8o=">AAACB3icbZC7TsMwFIadcivlFmBEQhYNUlmqpALBWMHCWKTepDatHNdtrTpOsB0girqx8CosDCDEyiuw8Ta4bQZo+SVLn/5zjo7P74WMSmXb30ZmaXlldS27ntvY3NreMXf36jKIBCY1HLBAND0kCaOc1BRVjDRDQZDvMdLwRleTeuOOCEkDXlVxSFwfDTjtU4yUtrrmoWXFnaRAT8bwvlOFDym3B+QWYsvqmnm7aE8FF8FJIQ9SVbrmV7sX4MgnXGGGpGw5dqjcBAlFMSPjXDuSJER4hAakpZEjn0g3md4xhsfa6cF+IPTjCk7d3xMJ8qWMfU93+kgN5XxtYv5Xa0Wqf+EmlIeRIhzPFvUjBlUAJ6HAHhUEKxZrQFhQ/VeIh0ggrHR0OR2CM3/yItRLRee0eHZTypcv0ziy4AAcgQJwwDkog2tQATWAwSN4Bq/gzXgyXox342PWmjHSmX3wR8bnD3SflyM=</latexit>
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Perceptron: Training

•Algorithm:
• Initialize at
•At step t = 0,…
•Select random index i,

• If                                      then do  

•Else, 

w0 = [0, . . . , 0]T

<latexit sha1_base64="nxqdfWuABHp+KbSC93l4l/aCgU0=">AAACA3icbVDLSsNAFJ3UV62vqDvdDDaCi1KSouhGKLpxWaEvSGOYTCbt0MmDmYlSQsGNv+LGhSJu/Ql3/o3TNgttPXDhcM693HuPlzAqpGl+a4Wl5ZXVteJ6aWNza3tH391rizjlmLRwzGLe9ZAgjEakJalkpJtwgkKPkY43vJ74nXvCBY2jphwlxAlRP6IBxUgqydUPDOPBNeEltM0K7DE/lqICTeeuaRiuXjar5hRwkVg5KYMcDVf/6vkxTkMSScyQELZlJtLJEJcUMzIu9VJBEoSHqE9sRSMUEuFk0x/G8FgpPgxiriqScKr+nshQKMQo9FRniORAzHsT8T/PTmVw4WQ0SlJJIjxbFKQMyhhOAoE+5QRLNlIEYU7VrRAPEEdYqthKKgRr/uVF0q5VrdPq2W2tXL/K4yiCQ3AEToAFzkEd3IAGaAEMHsEzeAVv2pP2or1rH7PWgpbP7IM/0D5/ACvRlKw=</latexit>

y(i)wTx(i) < 1

<latexit sha1_base64="NqoJNYqBHMTD9mARrEzsO/GHjk0=">AAACBHicbZC7TsMwFIadcivlFmDsYtEilaVKKhAMDBUsjEXqTWrTynGd1qrjRLYDRFEHFl6FhQGEWHkINt4Gt80ALb9k6dN/ztHx+d2QUaks69vIrKyurW9kN3Nb2zu7e+b+QVMGkcCkgQMWiLaLJGGUk4aiipF2KAjyXUZa7vh6Wm/dESFpwOsqDonjoyGnHsVIaatv5ovFuJeU6MkE3vfq8CHlS2gXi32zYJWtmeAy2CkUQKpa3/zqDgIc+YQrzJCUHdsKlZMgoShmZJLrRpKECI/RkHQ0cuQT6SSzIybwWDsD6AVCP67gzP09kSBfyth3daeP1Egu1qbmf7VOpLwLJ6E8jBTheL7IixhUAZwmAgdUEKxYrAFhQfVfIR4hgbDSueV0CPbiycvQrJTt0/LZbaVQvUrjyII8OAIlYINzUAU3oAYaAINH8AxewZvxZLwY78bHvDVjpDOH4I+Mzx+LRpV2</latexit>

wt+1 = wt + y(i)x(i)

<latexit sha1_base64="OoOFwBduajtYqVW81dwC1/+aNy4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSCJEAmE3KNoIQRvLCOYBSVxmJ5NkyOyDmbvGsGxv46/YWChi6w/Y+TdOHoUmHrjcwzn3MnOPGwquwLK+jaXlldW19dRGenNre2fX3NuvqSCSlFVpIALZcIligvusChwEa4SSEc8VrO4OrsZ+/Z5JxQP/FkYha3uk5/MupwS05JiZXG7oxFCwE3yBhw7gAh7dxXl+nDxMWy7nmFmraE2AF4k9I1k0Q8Uxv1qdgEYe84EKolTTtkJox0QCp4Il6VakWEjogPRYU1OfeEy148ktCT7SSgd3A6nLBzxRf2/ExFNq5Ll60iPQV/PeWPzPa0bQPW/H3A8jYD6dPtSNBIYAj4PBHS4ZBTHShFDJ9V8x7RNJKOj40joEe/7kRVIrFe2T4ulNKVu+nMWRQocog/LIRmeojK5RBVURRY/oGb2iN+PJeDHejY/p6JIx2zlAf2B8/gDxkph2</latexit>

wt+1 = wt

<latexit sha1_base64="iAf1vCUf+LBHLBiOaINzrxXo97o=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYCMIQkmKohuh6MZlBfuANoTJdNIOnTyYubGU2E9x40IRt36JO//GaZuFth64cDjnXu69x08EV2Db38bK6tr6xmZhq7i9s7u3b5YOmipOJWUNGotYtn2imOARawAHwdqJZCT0BWv5w9up33pkUvE4eoBxwtyQ9CMecEpAS55ZsqyRl8GZM8HXeOSBZXlm2a7YM+Bl4uSkjHLUPfOr24tpGrIIqCBKdRw7ATcjEjgVbFLspoolhA5Jn3U0jUjIlJvNTp/gE630cBBLXRHgmfp7IiOhUuPQ150hgYFa9Kbif14nheDKzXiUpMAiOl8UpAJDjKc54B6XjIIYa0Ko5PpWTAdEEgo6raIOwVl8eZk0qxXnvHJxXy3XbvI4CugIHaNT5KBLVEN3qI4aiKIRekav6M14Ml6Md+Nj3rpi5DOH6A+Mzx+mEZJQ</latexit>
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Perceptron: Training

•Algorithm training example:

18



Perceptron: Training Comparison

•We’re used to minimizing some loss function…
•Taking one example at a time…
•Stochastic Optimization (like SGD!)

•Step:
•What update to our prediction?

wt+1 = wt + y(i)x(i)

<latexit sha1_base64="OoOFwBduajtYqVW81dwC1/+aNy4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSCJEAmE3KNoIQRvLCOYBSVxmJ5NkyOyDmbvGsGxv46/YWChi6w/Y+TdOHoUmHrjcwzn3MnOPGwquwLK+jaXlldW19dRGenNre2fX3NuvqSCSlFVpIALZcIligvusChwEa4SSEc8VrO4OrsZ+/Z5JxQP/FkYha3uk5/MupwS05JiZXG7oxFCwE3yBhw7gAh7dxXl+nDxMWy7nmFmraE2AF4k9I1k0Q8Uxv1qdgEYe84EKolTTtkJox0QCp4Il6VakWEjogPRYU1OfeEy148ktCT7SSgd3A6nLBzxRf2/ExFNq5Ll60iPQV/PeWPzPa0bQPW/H3A8jYD6dPtSNBIYAj4PBHS4ZBTHShFDJ9V8x7RNJKOj40joEe/7kRVIrFe2T4ulNKVu+nMWRQocog/LIRmeojK5RBVURRY/oGb2iN+PJeDHejY/p6JIx2zlAf2B8/gDxkph2</latexit>

wT
t+1x

(i) = wT
t x

(i) + y(i)kx(i)k2

<latexit sha1_base64="ZBnS7P1vBUG8tIE+lFBko+LEUic=">AAACJHicbZDLSgMxFIYz9VbrrerSTbAVFKHMFEVBhKIblxV6g16GTJra0MyF5Iy1TPswbnwVNy684MKNz2LaDnipPwS+/OcckvM7geAKTPPDSMzNLywuJZdTK6tr6xvpza2K8kNJWZn6wpc1hygmuMfKwEGwWiAZcR3Bqk7vclyv3jKpuO+VYBCwpktuPN7hlIC27PRZNtu3Izi0Rq3SXSva5wcjfI77NnxfD/EgpsYw9hrDVj6btdMZM2dOhGfBiiGDYhXt9Guj7dPQZR5QQZSqW2YAzYhI4FSwUaoRKhYQ2iM3rK7RIy5TzWiy5AjvaaeNO77UxwM8cX9ORMRVauA6utMl0FV/a2Pzv1o9hM5pM+JeEALz6PShTigw+HicGG5zySiIgQZCJdd/xbRLJKGgc03pEKy/K89CJZ+zjnLH1/lM4SKOI4l20C7aRxY6QQV0hYqojCi6R4/oGb0YD8aT8Wa8T1sTRjyzjX7J+PwCguSiRA==</latexit>
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Perceptron

Perceptron: Training Comparison

•So: looks like SGD with a loss function L

•Need: gradient is 0 when we’re right, y(i)x(i) on mistakes
wt+1 = wt + y(i)x(i)

<latexit sha1_base64="OoOFwBduajtYqVW81dwC1/+aNy4=">AAACC3icbVC7SgNBFJ31GeNr1dJmSCJEAmE3KNoIQRvLCOYBSVxmJ5NkyOyDmbvGsGxv46/YWChi6w/Y+TdOHoUmHrjcwzn3MnOPGwquwLK+jaXlldW19dRGenNre2fX3NuvqSCSlFVpIALZcIligvusChwEa4SSEc8VrO4OrsZ+/Z5JxQP/FkYha3uk5/MupwS05JiZXG7oxFCwE3yBhw7gAh7dxXl+nDxMWy7nmFmraE2AF4k9I1k0Q8Uxv1qdgEYe84EKolTTtkJox0QCp4Il6VakWEjogPRYU1OfeEy148ktCT7SSgd3A6nLBzxRf2/ExFNq5Ll60iPQV/PeWPzPa0bQPW/H3A8jYD6dPtSNBIYAj4PBHS4ZBTHShFDJ9V8x7RNJKOj40joEe/7kRVIrFe2T4ulNKVu+nMWRQocog/LIRmeojK5RBVURRY/oGb2iN+PJeDHejY/p6JIx2zlAf2B8/gDxkph2</latexit>

wt+1 = wt � ↵rL(f(x(i), y(i))

<latexit sha1_base64="r9LGWX2XOSuTMbiFURS+mDWwGvw="></latexit>

SGD

Hinge loss!

20



Perceptron: Analysis

•Two aspects to analysis: fitting training data + generalization
•Mistake bound: 
•Hyperplane

•Margin

Hw = x : wT
x = 0

<latexit sha1_base64="vYt+Y7ACjb5a166VztQ/l8p87qM=">AAACAXicbZDLSsNAFIYnXmu9Rd0IbgYbwVVJiqIIQtFNlxV6gzaGyXTaDp1MwszEtoS68VXcuFDErW/hzrdx2mahrT8MfPznHM6c348Ylcq2v42l5ZXVtfXMRnZza3tn19zbr8kwFphUcchC0fCRJIxyUlVUMdKIBEGBz0jd799O6vUHIiQNeUWNIuIGqMtph2KktOWZh5ZV8gbwGiZDeAUH95WhZntsWZ6Zs/P2VHARnBRyIFXZM79a7RDHAeEKMyRl07Ej5SZIKIoZGWdbsSQRwn3UJU2NHAVEusn0gjE80U4bdkKhH1dw6v6eSFAg5SjwdWeAVE/O1ybmf7VmrDqXbkJ5FCvC8WxRJ2ZQhXASB2xTQbBiIw0IC6r/CnEPCYSVDi2rQ3DmT16EWiHvnOXP7wq54k0aRwYcgWNwChxwAYqgBMqgCjB4BM/gFbwZT8aL8W58zFqXjHTmAPyR8fkD9qSUBA==</latexit>

�(S,w) = min
1in

dist(xi, Hw)

<latexit sha1_base64="gMLXf42TCiFxsWqMP8p/OvbffPk="></latexit>

|xTw|/kwk

<latexit sha1_base64="IN4lPOVgpMQhiO8tgrbpHceOdco=">AAAB+XicbVDLTsJAFJ3iC/FVdelmIjVxhS3R6JLoxiUmvBKoZDpMYcJ02sxMQdLyJ25caIxb/8Sdf+MAXSh4kpucnHNv7r3HixiVyra/jdza+sbmVn67sLO7t39gHh41ZBgLTOo4ZKFoeUgSRjmpK6oYaUWCoMBjpOkN72Z+c0SEpCGvqUlE3AD1OfUpRkpLXdO0rPTpsTZOLzrpuJNaVtcs2iV7DrhKnIwUQYZq1/zq9EIcB4QrzJCUbceOlJsgoShmZFroxJJECA9Rn7Q15Sgg0k3ml0/hmVZ60A+FLq7gXP09kaBAykng6c4AqYFc9mbif147Vv6Nm1AexYpwvFjkxwyqEM5igD0qCFZsognCgupbIR4ggbDSYRV0CM7yy6ukUS45l6Wrh3KxcpvFkQcn4BScAwdcgwq4B1VQBxiMwDN4BW9GYrwY78bHojVnZDPH4A+Mzx9SvpLQ</latexit>

�(S) = max
kwk=1

�(S,w)

<latexit sha1_base64="cGeVzCGmTeromlzR3tLsvuV0xmo=">AAACE3icbVDLSgNBEJz1GeMr6tHLYCIkImE3KHoJBL14jGg0kA2hdzKJQ2Z2l5lZY9jkH7z4K148KOLVizf/xslD0GhBQ1HVTXeXF3KmtG1/WjOzc/MLi4ml5PLK6tp6amPzSgWRJLRCAh7IqgeKcubTimaa02ooKQiP02uvczr0r2+pVCzwL3UvpHUBbZ+1GAFtpEZqL5Nx2yAEZC9yuIhdAXeN2O133X7RGeBva7+by2QaqbSdt0fAf4kzIWk0QbmR+nCbAYkE9TXhoFTNsUNdj0FqRjgdJN1I0RBIB9q0ZqgPgqp6PPppgHeN0sStQJryNR6pPydiEEr1hGc6BegbNe0Nxf+8WqRbx/WY+WGkqU/Gi1oRxzrAw4Bwk0lKNO8ZAkQycysmNyCBaBNj0oTgTL/8l1wV8s5B/vC8kC6dTOJIoG20g7LIQUeohM5QGVUQQffoET2jF+vBerJerbdx64w1mdlCv2C9fwH94Zu5</latexit>
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Perceptron: Mistake Bound

•Need some information about our data:

•“Diameter”: 

• Mistake Bound Result: 
•The total # of mistakes on a linearly separable set S is at most

D(S) = max
(x,y)2S

kxk

<latexit sha1_base64="p4Cin1M6QLaXQKdvjBke3H+MdKQ=">AAACDHicbVDLSgMxFM34rPVVdekm2AotSJkpim6Eoi5cVmof0BlKJk3b0ExmSDLSYdoPcOOvuHGhiFs/wJ1/Y9rOQlsPBA7nnMvNPW7AqFSm+W0sLa+srq2nNtKbW9s7u5m9/br0Q4FJDfvMF00XScIoJzVFFSPNQBDkuYw03MH1xG88ECGpz+9VFBDHQz1OuxQjpaV2JpvL3eSrBXgJbQ8N23F+eBIVoE05rI6hPRrao1xOp8yiOQVcJFZCsiBBpZ35sjs+Dj3CFWZIypZlBsqJkVAUMzJO26EkAcID1CMtTTnyiHTi6TFjeKyVDuz6Qj+u4FT9PREjT8rIc3XSQ6ov572J+J/XClX3wokpD0JFOJ4t6oYMKh9OmoEdKghWLNIEYUH1XyHuI4Gw0v2ldQnW/MmLpF4qWqfFs7tStnyV1JECh+AI5IEFzkEZ3IIKqAEMHsEzeAVvxpPxYrwbH7PokpHMHIA/MD5/AAT2mHk=</latexit>

(2 +D(S)2)�(S)�2

<latexit sha1_base64="XMhN6qgDQOAdP+6sTPJsdjivqCM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMFGaBFLEhRdFnXhsqK9QFvLZDpth84kYWYilNCdG1/FjQtF3PoK7nwbJ20W2vrDwMd/zuHM+b2QUals+9vILCwuLa9kV3Nr6xubW+b2Tk0GkcCkigMWiIaHJGHUJ1VFFSONUBDEPUbq3vAyqdcfiJA08O/UKCRtjvo+7VGMlLY65r5lFVx4BK8Kt8V7t9jqI85RwvGxO7asjpm3S/ZEcB6cFPIgVaVjfrW6AY448RVmSMqmY4eqHSOhKGZknGtFkoQID1GfNDX6iBPZjid3jOGhdrqwFwj9fAUn7u+JGHEpR9zTnRypgZytJeZ/tWakeuftmPphpIiPp4t6EYMqgEkosEsFwYqNNCAsqP4rxAMkEFY6upwOwZk9eR5qbsk5KZ3euPnyRRpHFuyBA1AADjgDZXANKqAKMHgEz+AVvBlPxovxbnxMWzNGOrML/sj4/AHlppWL</latexit>
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Perceptron: Mistake Bound Interpretation

•Mistake Bound Result: 
•The total # of mistakes on a linearly separable set S is at most

•Scaling?

•Implications?
•Run over dataset D repeatedly. # mistakes doesn’t change
• Eventually get perfect separation on a copy of D

(2 +D(S)2)�(S)�2

<latexit sha1_base64="XMhN6qgDQOAdP+6sTPJsdjivqCM=">AAACB3icbZDLSsNAFIYn9VbrLepSkMFGaBFLEhRdFnXhsqK9QFvLZDpth84kYWYilNCdG1/FjQtF3PoK7nwbJ20W2vrDwMd/zuHM+b2QUals+9vILCwuLa9kV3Nr6xubW+b2Tk0GkcCkigMWiIaHJGHUJ1VFFSONUBDEPUbq3vAyqdcfiJA08O/UKCRtjvo+7VGMlLY65r5lFVx4BK8Kt8V7t9jqI85RwvGxO7asjpm3S/ZEcB6cFPIgVaVjfrW6AY448RVmSMqmY4eqHSOhKGZknGtFkoQID1GfNDX6iBPZjid3jOGhdrqwFwj9fAUn7u+JGHEpR9zTnRypgZytJeZ/tWakeuftmPphpIiPp4t6EYMqgEkosEsFwYqNNCAsqP4rxAMkEFY6upwOwZk9eR5qbsk5KZ3euPnyRRpHFuyBA1AADjgDZXANKqAKMHgEz+AVvBlPxovxbnxMWzNGOrML/sj4/AHlppWL</latexit>

Diameter: Controls our 
biggest step. 

Margin: Smaller 
means harder to find 
separator
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Mistake Bound: Proof 1

•Let’s prove the result.
• Intuitive idea we exploit: norm of weight vector <-> # mistakes

•Start with changes in weight norm

kwt+1k2 = kwt + y(it)x(it)k2

<latexit sha1_base64="aRWot2ySYcj8/dv+1PDvjVnfBrk=">AAACG3icbVDLSgMxFM34rPVVdekm2AqVQpkpim6EohuXFewD+hgyadqGZh4kd9Qy7X+48VfcuFDEleDCvzHTVtDWA4GTc84luccJBFdgml/GwuLS8spqYi25vrG5tZ3a2a0oP5SUlakvfFlziGKCe6wMHASrBZIR1xGs6vQvY796y6TivncDg4A1XdL1eIdTAlqyU4VMpjG8syPIWaPGsFXA5zi+A87hQSvKchuORvc/JA5kMnYqbebNMfA8saYkjaYo2amPRtunocs8oIIoVbfMAJoRkcCpYKNkI1QsILRPuqyuqUdcpprReLcRPtRKG3d8qY8HeKz+noiIq9TAdXTSJdBTs14s/ufVQ+icNSPuBSEwj04e6oQCg4/jonCbS0ZBDDQhVHL9V0x7RBIKus6kLsGaXXmeVAp56zh/cl1IFy+mdSTQPjpAWWShU1REV6iEyoiiB/SEXtCr8Wg8G2/G+yS6YExn9tAfGJ/fhMifPA==</latexit>

kwt+1k2  kwtk2 + 2 +D(S)2

<latexit sha1_base64="e+TQBoWNyBBIOBw+vAFUrGetoTA=">AAACFnicbVDLTgIxFO3gC/GFunTTCCYYIpkhGl0SdeFSoygJA5NOKdLQedje0ZCBr3Djr7hxoTFujTv/xg7OQtGT3OT0nHtze48bCq7AND+NzNT0zOxcdj63sLi0vJJfXbtUQSQpq9NABLLhEsUE91kdOAjWCCUjnivYlds/SvyrWyYVD/wLGISs5ZFrn3c5JaAlJ79TLNrDOyeGsjWyh+0qtgW7wYkE42cZJ3VcOt9uV4tFJ18wK+YY+C+xUlJAKU6d/IfdCWjkMR+oIEo1LTOEVkwkcCrYKGdHioWE9sk1a2rqE4+pVjw+a4S3tNLB3UDq8gGP1Z8TMfGUGniu7vQI9NSkl4j/ec0IugetmPthBMyn34u6kcAQ4CQj3OGSURADTQiVXP8V0x6RhIJOMqdDsCZP/ksuqxVrt7J3Vi3UDtM4smgDbaISstA+qqETdIrqiKJ79Iie0YvxYDwZr8bbd2vGSGfW0S8Y71+JE5vJ</latexit>

kwt+1k2 = kwtk2 + 2(y(it))Tx(it) + kx(it)k2

<latexit sha1_base64="CqyyfglBK/LJ/BCVOxHM6JKpbHk="></latexit>

If mistake

Margin
Diameter
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Mistake Bound: Proof 2

•This is true for each mistake

•Let mt be # mistakes by t step. Start at w0 (norm 0). By wt

•This was also a telescoping argument; recall proof of GD convergence

kwt+1k2  kwtk2 + 2 +D(S)2

<latexit sha1_base64="e+TQBoWNyBBIOBw+vAFUrGetoTA=">AAACFnicbVDLTgIxFO3gC/GFunTTCCYYIpkhGl0SdeFSoygJA5NOKdLQedje0ZCBr3Djr7hxoTFujTv/xg7OQtGT3OT0nHtze48bCq7AND+NzNT0zOxcdj63sLi0vJJfXbtUQSQpq9NABLLhEsUE91kdOAjWCCUjnivYlds/SvyrWyYVD/wLGISs5ZFrn3c5JaAlJ79TLNrDOyeGsjWyh+0qtgW7wYkE42cZJ3VcOt9uV4tFJ18wK+YY+C+xUlJAKU6d/IfdCWjkMR+oIEo1LTOEVkwkcCrYKGdHioWE9sk1a2rqE4+pVjw+a4S3tNLB3UDq8gGP1Z8TMfGUGniu7vQI9NSkl4j/ec0IugetmPthBMyn34u6kcAQ4CQj3OGSURADTQiVXP8V0x6RhIJOMqdDsCZP/ksuqxVrt7J3Vi3UDtM4smgDbaISstA+qqETdIrqiKJ79Iie0YvxYDwZr8bbd2vGSGfW0S8Y71+JE5vJ</latexit>

kwtk 
p

mt(2 +D(S)2

<latexit sha1_base64="mNFudWku4Z1iPiNx3WFX1fjAjMM=">AAACD3icbVDJTgJBEO3BDXFDPXrpCBqMCZkhGj0S9eARoywJg5OepoEOPQvdNRoy8Ade/BUvHjTGq1dv/o3NclD0JZW8vFeVqnpuKLgC0/wyEnPzC4tLyeXUyura+kZ6c6uigkhSVqaBCGTNJYoJ7rMycBCsFkpGPFewqts9H/nVOyYVD/wb6Ies4ZG2z1ucEtCSk97PZu3BvRPD0B5gW7AetlVPQuw5kCscXuSuD24Lw2zWSWfMvDkG/kusKcmgKUpO+tNuBjTymA9UEKXqlhlCIyYSOBVsmLIjxUJCu6TN6pr6xGOqEY//GeI9rTRxK5C6fMBj9edETDyl+p6rOz0CHTXrjcT/vHoErdNGzP0wAubTyaJWJDAEeBQObnLJKIi+JoRKrm/FtEMkoaAjTOkQrNmX/5JKIW8d5Y+vCpni2TSOJNpBuyiHLHSCiugSlVAZUfSAntALejUejWfjzXiftCaM6cw2+gXj4xtQPJro</latexit>
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Mistake Bound: Proof 3

•Now we’ll also lower bound norm
•Let w be a hyperplane that separates, unit norm.

•But this is the margin for x(it), so: 

wT (wt+1 � wt) = wT (y(it)x(it)) =
|wTx(it)|

kwk

<latexit sha1_base64="bslPnqZv4J9r9i/VXLAjyTHnARw="></latexit>

|wTx(it)|
kwk � �(S,w)

<latexit sha1_base64="CcLKxG1nB3vdHL/+/YlWYzaPK0M="></latexit>

mistake

kwk = 1

<latexit sha1_base64="WQsuBWjkMuOZFDtogsbTsQ59Qv8=">AAAB8nicbVBNS8NAEN34WetX1aOXxUbwVJKi6EUoevFYwX5AE8pmu2mXbrJhd6KUtD/DiwdFvPprvPlv3LY5aOuDgcd7M8zMCxLBNTjOt7Wyura+sVnYKm7v7O7tlw4Om1qmirIGlUKqdkA0EzxmDeAgWDtRjESBYK1geDv1W49MaS7jBxglzI9IP+YhpwSM1LFtb/zkja9d2+6Wyk7FmQEvEzcnZZSj3i19eT1J04jFQAXRuuM6CfgZUcCpYJOil2qWEDokfdYxNCYR0342O3mCT43Sw6FUpmLAM/X3REYirUdRYDojAgO96E3F/7xOCuGVn/E4SYHFdL4oTAUGiaf/4x5XjIIYGUKo4uZWTAdEEQompaIJwV18eZk0qxX3vHJxXy3XbvI4CugYnaAz5KJLVEN3qI4aiCKJntErerPAerHerY9564qVzxyhP7A+fwB4tJAT</latexit>

Norm 1

w classifies 
correctly
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Mistake Bound: Proof 4

•So:

•Let’s look at our best solution: w*, the maximum margin w
•From Cauchy-Schwartz

•Let’s set up a telescoping sum: 

kwtkkw⇤k � wT
⇤ wt

<latexit sha1_base64="5SMZOlyaJp2LQziRjXBKO8g/jJg=">AAACCXicbZC7TsMwFIadcivlFmBksWiQEEOVVCAYK1gYi9Sb1ITIcZ3WqnPBdkBV2pWFV2FhACFW3oCNt8FpM0DLkSx/+v9zZJ/fixkV0jS/tcLS8srqWnG9tLG5tb2j7+61RJRwTJo4YhHveEgQRkPSlFQy0ok5QYHHSNsbXmV++55wQaOwIUcxcQLUD6lPMZJKcnVoGPb4wZX2OLtO7DG0++QOKrxtKNkwXL1sVsxpwUWwciiDvOqu/mX3IpwEJJSYISG6lhlLJ0VcUszIpGQngsQID1GfdBWGKCDCSaebTOCRUnrQj7g6oYRT9fdEigIhRoGnOgMkB2Ley8T/vG4i/QsnpWGcSBLi2UN+wqCMYBYL7FFOsGQjBQhzqv4K8QBxhKUKr6RCsOZXXoRWtWKdVs5uquXaZR5HERyAQ3AMLHAOauAa1EETYPAInsEreNOetBftXfuYtRa0fGYf/Cnt8weblZkA</latexit>

kwtk � wT
⇤ wt =

tX

k=1

wT
⇤ (wk � wk�1)

<latexit sha1_base64="61R/w6eN16Yffs45VTyaM80n8Vo="></latexit>

wT (wt+1 � wt) � �(S,w)

<latexit sha1_base64="Er6jW0ym4g3tIyFT0v0Xqt9FJho=">AAACDnicbVDLTgIxFO34RHyhLt00gglEJTNEo0uiG5cYeZgATjqlQEM7M7Z3JGTCF7jxV9y40Bi3rt35N5bHQtGT3JuTc+5Ne48XCq7Btr+sufmFxaXlxEpydW19YzO1tV3VQaQoq9BABOrGI5oJ7rMKcBDsJlSMSE+wmte7GPm1e6Y0D/wyDELWlKTj8zanBIzkpvYzmf5tOdt3Yzhwhkd9F3K40WF3phEpSfb6sJ/LZNxU2s7bY+C/xJmSNJqi5KY+G62ARpL5QAXRuu7YITRjooBTwYbJRqRZSGiPdFjdUJ9Ippvx+Jwh3jdKC7cDZcoHPFZ/bsREaj2QnpmUBLp61huJ/3n1CNpnzZj7YQTMp5OH2pHAEOBRNrjFFaMgBoYQqrj5K6ZdoggFk2DShODMnvyXVAt55zh/clVIF8+ncSTQLtpDWeSgU1REl6iEKoiiB/SEXtCr9Wg9W2/W+2R0zpru7KBfsD6+AVVFmcE=</latexit>
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Mistake Bound: Proof 5

•Have:

•Combine:

•Note:

kwtk � wT
⇤ wt =

tX

k=1

wT
⇤ (wk � wk�1)

<latexit sha1_base64="61R/w6eN16Yffs45VTyaM80n8Vo="></latexit>

kwtk � wT
⇤ wt =

tX

k=1

wT
⇤ (wk � wk�1) � mt�(S)

<latexit sha1_base64="D0mN/eDT0wlBVUB+DB5zaC1FUpc="></latexit>

wT (wt+1 � wt) � �(S,w)

<latexit sha1_base64="Er6jW0ym4g3tIyFT0v0Xqt9FJho=">AAACDnicbVDLTgIxFO34RHyhLt00gglEJTNEo0uiG5cYeZgATjqlQEM7M7Z3JGTCF7jxV9y40Bi3rt35N5bHQtGT3JuTc+5Ne48XCq7Btr+sufmFxaXlxEpydW19YzO1tV3VQaQoq9BABOrGI5oJ7rMKcBDsJlSMSE+wmte7GPm1e6Y0D/wyDELWlKTj8zanBIzkpvYzmf5tOdt3Yzhwhkd9F3K40WF3phEpSfb6sJ/LZNxU2s7bY+C/xJmSNJqi5KY+G62ARpL5QAXRuu7YITRjooBTwYbJRqRZSGiPdFjdUJ9Ippvx+Jwh3jdKC7cDZcoHPFZ/bsREaj2QnpmUBLp61huJ/3n1CNpnzZj7YQTMp5OH2pHAEOBRNrjFFaMgBoYQqrj5K6ZdoggFk2DShODMnvyXVAt55zh/clVIF8+ncSTQLtpDWeSgU1REl6iEKoiiB/SEXtCr9Wg9W2/W+2R0zpru7KBfsD6+AVVFmcE=</latexit>

0 for no mistake,
Purple for mistake

�(S,w⇤) = �(S)

<latexit sha1_base64="sV7FsmurVEjPBTVaimy7SHBLgNw=">AAACBnicbVDLSgMxFM3UV62vUZciBDtCK1JmiqIboejGZUX7gHYYMmnahiYzQ5JRytCVG3/FjQtF3PoN7vwb03YErR64cHLOveTe40eMSmXbn0Zmbn5hcSm7nFtZXVvfMDe36jKMBSY1HLJQNH0kCaMBqSmqGGlGgiDuM9LwBxdjv3FLhKRhcKOGEXE56gW0SzFSWvLMXctq9xDnqHB9eOcdFOEZ/H4XLcsz83bJngD+JU5K8iBF1TM/2p0Qx5wECjMkZcuxI+UmSCiKGRnl2rEkEcID1CMtTQPEiXSTyRkjuK+VDuyGQleg4ET9OZEgLuWQ+7qTI9WXs95Y/M9rxap76iY0iGJFAjz9qBszqEI4zgR2qCBYsaEmCAuqd4W4jwTCSieX0yE4syf/JfVyyTkqHV+V85XzNI4s2AF7oAAccAIq4BJUQQ1gcA8ewTN4MR6MJ+PVeJu2Zox0Zhv8gvH+Ba/0lhI=</latexit>
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Mistake Bound: Proof 6

•So, 

•I.e., 

•Easy algebra gets us to 

mt�(S) 
p
mt(2 +D(S)2)

<latexit sha1_base64="xjAsBk5P8ejDTvjwVNiQZX222mk=">AAACFnicbVDLSgNBEJyNrxhfUY9eBhMhQQy7QdFjUA8eI5oHZGOYnUySITO7m5leISz5Ci/+ihcPingVb/6Nk8dBowUNRVU33V1eKLgG2/6yEguLS8srydXU2vrG5lZ6e6eqg0hRVqGBCFTdI5oJ7rMKcBCsHipGpCdYzetfjP3aPVOaB/4tDEPWlKTr8w6nBIzUSh9ls7IF2O0SKUnuJo9dwQbY1QMFsTFyRXyIL41+V8yPstlWOmMX7AnwX+LMSAbNUG6lP912QCPJfKCCaN1w7BCaMVHAqWCjlBtpFhLaJ13WMNQnkulmPHlrhA+M0sadQJnyAU/UnxMxkVoPpWc6JYGenvfG4n9eI4LOWTPmfhgB8+l0UScSGAI8zgi3uWIUxNAQQhU3t2LaI4pQMEmmTAjO/Mt/SbVYcI4LJ9fFTOl8FkcS7aF9lEMOOkUldIXKqIIoekBP6AW9Wo/Ws/VmvU9bE9ZsZhf9gvXxDd9LnAg=</latexit>

mt 
2 +D(S)2

�(S)2

<latexit sha1_base64="niKaQIbsaOVmOcU9FA7zVF01vP4=">AAACEnicbVDLSgMxFM34rPVVdekm2BFahDJTFF0WdeGyon1Ap5ZMmmlDk8yYZIQy9Bvc+CtuXCji1pU7/8a0nYW2Hrhwcs695N7jR4wq7Tjf1sLi0vLKamYtu76xubWd29mtqzCWmNRwyELZ9JEijApS01Qz0owkQdxnpOEPLsZ+44FIRUNxq4cRaXPUEzSgGGkjdXJF2+YdDT1G7qEXSIST8tFl4aZ4Vx4lXg9xjqYP2+7k8k7JmQDOEzcleZCi2sl9ed0Qx5wIjRlSquU6kW4nSGqKGRllvViRCOEB6pGWoQJxotrJ5KQRPDRKFwahNCU0nKi/JxLElRpy33RypPtq1huL/3mtWAdn7YSKKNZE4OlHQcygDuE4H9ilkmDNhoYgLKnZFeI+MsFok2LWhODOnjxP6uWSe1w6uS7nK+dpHBmwDw5AAbjgFFTAFaiCGsDgETyDV/BmPVkv1rv1MW1dsNKZPfAH1ucPMSebSQ==</latexit>

mt�(S)  kwtk

<latexit sha1_base64="iS9TR9NOxBmQ1UZHL3j+iyq+6bw=">AAACB3icbVDLSgNBEJz1GeNr1aMgg4kQL2E3KHoMevEY0TwgG5bZySQZMrO7zvQqIcnNi7/ixYMiXv0Fb/6Nk8dBEwsaiqpuuruCWHANjvNtLSwuLa+sptbS6xubW9v2zm5FR4mirEwjEalaQDQTPGRl4CBYLVaMyECwatC9HPnVe6Y0j8Jb6MWsIUk75C1OCRjJtw+yWekD9tpESpK7OcaeYHfYGzz44A2yWd/OOHlnDDxP3CnJoClKvv3lNSOaSBYCFUTruuvE0OgTBZwKNkx7iWYxoV3SZnVDQyKZbvTHfwzxkVGauBUpUyHgsfp7ok+k1j0ZmE5JoKNnvZH4n1dPoHXe6PMwToCFdLKolQgMER6FgptcMQqiZwihiptbMe0QRSiY6NImBHf25XlSKeTdk/zpdSFTvJjGkUL76BDlkIvOUBFdoRIqI4oe0TN6RW/Wk/VivVsfk9YFazqzh/7A+vwBQDGXqA==</latexit>

kwtk 
p

mt(2 +D(S)2

<latexit sha1_base64="mNFudWku4Z1iPiNx3WFX1fjAjMM=">AAACD3icbVDJTgJBEO3BDXFDPXrpCBqMCZkhGj0S9eARoywJg5OepoEOPQvdNRoy8Ade/BUvHjTGq1dv/o3NclD0JZW8vFeVqnpuKLgC0/wyEnPzC4tLyeXUyura+kZ6c6uigkhSVqaBCGTNJYoJ7rMycBCsFkpGPFewqts9H/nVOyYVD/wb6Ies4ZG2z1ucEtCSk97PZu3BvRPD0B5gW7AetlVPQuw5kCscXuSuD24Lw2zWSWfMvDkG/kusKcmgKUpO+tNuBjTymA9UEKXqlhlCIyYSOBVsmLIjxUJCu6TN6pr6xGOqEY//GeI9rTRxK5C6fMBj9edETDyl+p6rOz0CHTXrjcT/vHoErdNGzP0wAubTyaJWJDAEeBQObnLJKIi+JoRKrm/FtEMkoaAjTOkQrNmX/5JKIW8d5Y+vCpni2TSOJNpBuyiHLHSCiugSlVAZUfSAntALejUejWfjzXiftCaM6cw2+gXj4xtQPJro</latexit>

✔
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Break & Quiz
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Outline

•Review & Perceptron Algorithm
•Definition, Training, Loss Equivalent, Mistake Bound
•Neural Networks
•Introduction, Setup, Components, Activations 
•Training Neural Networks
• SGD, Computing Gradients, Backpropagation
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Multilayer Neural Network

•Input: two features from spectral analysis of a spoken sound
•Output: vowel sound occurring in the context “h__d”

figure from Huang  & Lippmann, NIPS 1988

input units

hidden units

output units
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Neural Network Decision Regions

Figure from Huang  & Lippmann, NIPS 1988
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Neural Network Components 

… …

…
… …

…

Hidden variables ℎ! ℎ"Input 𝑥 = ℎ#

First layer

ℎ$

𝑦 = ℎ$%!

Output layer

An 𝐿 + 1 -layer network 
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Feature Encoding for NNs

•Nominal features usually a one hot encoding

•Ordinal features: use a thermometer encoding

•Real-valued features use individual input units (may want to 
scale/normalize them first though)

𝐴 =
1
0
0
0

𝐶 =
0
1
0
0

𝐺 =
0
0
1
0

𝑇 =
0
0
0
1

small=
1
0
0

medium=
1
1
0

large=
1
1
1

 precipitation = 0.68[ ]
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Output Layer: Examples

•Regression: 𝑦 = 𝑤!ℎ + 𝑏
• Linear units: no nonlinearity

•Multi-dimensional regression: 𝑦 = 𝑊!ℎ + 𝑏
• Linear units: no nonlinearity

ℎ

𝑦

Output layer

ℎ

𝑦

Output layer
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Output Layer: Examples

•Binary classification: 𝑦 = 𝜎(𝑤!ℎ + 𝑏)
•Corresponds to using logistic regression on ℎ

•Multiclass classification: 
•𝑦 = softmax 𝑧 where 𝑧 = 𝑊!ℎ + 𝑏

ℎ

𝑦

Output layer

ℎ

𝑦

Output layer

𝑧
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Hidden Layers

•Neuron takes weighted linear combination of the previous 
representation layer
•Outputs one value for the next layer

…
…

ℎ& ℎ&%!
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Hidden Layers

•Outputs 𝑎 = 𝑟 𝑤!𝑥 + 𝑏

•Typical activation function 𝑟
•Threshold t 𝑧 = 𝕀[𝑧 ≥ 0]
•Sigmoid 𝜎 𝑧 = 1/ 1 + exp(−𝑧)
•Tanh tanh 𝑧 = 2𝜎 2𝑧 − 1

•Why not linear activation functions?
•Model would be linear.

𝑎𝑥
𝑟(⋅)
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MLPs: Mul7layer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2
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MLPs: Multilayer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2
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MLPs: Mul7layer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2
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MLPs: Multilayer Perceptron

•Ex: 1 hidden layer, 1 output layer: depth 2

No activation function 
at output layer! 43



Multiclass Classification Output

•Create k output units
•Use sohmax (just like logisLc regression)
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MulGclass ClassificaGon Examples

•Protein classification (Kaggle challenge)
•ImageNet
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Break & Quiz
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Outline

•Review & Perceptron Algorithm
•DefiniLon, Training, Loss Equivalent, Mistake Bound
•Neural Networks
•IntroducLon, Setup, Components, AcLvaLons 
•Training Neural Networks
• SGD, CompuLng Gradients, BackpropagaLon
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Training Neural Networks

•Training the usual way. Pick a loss and optimize
•Example: 2 scalar weights

figure from Cho & Chow, Neurocomputing 1999
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Training Neural Networks

•Algorithm:
•Get
• Initialize weights
•Until stopping criteria met,
• For each training point

• Compute:

• Compute gradient:  

• Update weights: 

D = {(x(1), y(1)), . . . , (x(n), y(n))}

<latexit sha1_base64="xJctoM9iURZ7CaWbt5llZOZqJPY="></latexit>

(x(i), y(i))

<latexit sha1_base64="kXhqD1P2YAOBw/pDEF686P1g9Y0=">AAAB/3icbZDLSsNAFIYn9VbrLSq4cTPYCC1ISYqiy6IblxXsBdpYJtNJO3QyCTMTMcQufBU3LhRx62u4822ctllo6w8DH/85h3Pm9yJGpbLtbyO3tLyyupZfL2xsbm3vmLt7TRnGApMGDlko2h6ShFFOGooqRtqRICjwGGl5o6tJvXVPhKQhv1VJRNwADTj1KUZKWz3zwLJKD3dpiZbHJzCZQdmyembRrthTwUVwMiiCTPWe+dXthzgOCFeYISk7jh0pN0VCUczIuNCNJYkQHqEB6WjkKCDSTaf3j+GxdvrQD4V+XMGp+3siRYGUSeDpzgCpoZyvTcz/ap1Y+RduSnkUK8LxbJEfM6hCOAkD9qkgWLFEA8KC6lshHiKBsNKRFXQIzvyXF6FZrTinlbObarF2mcWRB4fgCJSAA85BDVyDOmgADB7BM3gFb8aT8WK8Gx+z1pyRzeyDPzI+fwBsU5PL</latexit>

fnetwork(x
(d))

<latexit sha1_base64="5M6Ry9JwdcreblWpqnpLGFrWzP0=">AAACCHicbVBNS8NAEN34bf2qevRgsBXaS0lE0aPoxWMFW4W2ls1m0i7dbMLuRC0hRy/+FS8eFPHqT/Dmv3Fbc9Dqg4HHezPMzPNiwTU6zqc1NT0zOze/sFhYWl5ZXSuubzR1lCgGDRaJSF15VIPgEhrIUcBVrICGnoBLb3A68i9vQGkeyQscxtAJaU/ygDOKRuoWt8vloJu2Ee4wlYC3kRpkWeXuOq341axaLneLJafmjGH/JW5OSiRHvVv8aPsRS0KQyATVuuU6MXZSqpAzAVmhnWiIKRvQHrQMlTQE3UnHj2T2rlF8O4iUKYn2WP05kdJQ62Homc6QYl9PeiPxP6+VYHDUSbmMEwTJvhcFibAxskep2D5XwFAMDaFMcXOrzfpUUYYmu4IJwZ18+S9p7tXc/drB+V7p+CSPY4FskR1SIS45JMfkjNRJgzByTx7JM3mxHqwn69V6+26dsvKZTfIL1vsXyB2ZKw==</latexit>

rL(i)(w) =


@L(d)

@w0
,
@L(d)

@w1
, . . . ,

@L(d)

@wm

�T

<latexit sha1_base64="I3dG2XgHTkWKAYlBRW1PPwjWNZo="></latexit>

w  w � ↵rL(i)(w)

<latexit sha1_base64="cxfB4cNrpZv0sjhLIC37Ltiv0dc=">AAACFnicbVC7SgNBFJ31GeMramkzmAhJkbAbFC2DNhYWEcwDsjHcncyaIbOzy8ysISz5Cht/xcZCEVux82+cPApNPHDhcM693HuPF3GmtG1/W0vLK6tr66mN9ObW9s5uZm+/rsJYElojIQ9l0wNFORO0ppnmtBlJCoHHacPrX479xgOVioXiVg8j2g7gXjCfEdBG6mSKudwAu5z6GqQMB3iAi9gFHvUAuwI8Dvj6Lsmzwig/KORynUzWLtkT4EXizEgWzVDtZL7cbkjigApNOCjVcuxItxOQmhFOR2k3VjQC0od72jJUQEBVO5m8NcLHRuliP5SmhMYT9fdEAoFSw8AznQHonpr3xuJ/XivW/nk7YSKKNRVkusiPOdYhHmeEu0xSovnQECCSmVsx6YEEok2SaROCM//yIqmXS85J6fSmnK1czOJIoUN0hPLIQWeogq5QFdUQQY/oGb2iN+vJerHerY9p65I1mzlAf2B9/gBMYZzw</latexit>

Forward Pass

Backward Pass
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Computing Gradients: More Layers
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Backpropagation

•Now we can compute derivatives for particular neurons, but 
we want to automate this process
•Set up a computation graph and run on the graph
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Thanks Everyone!

Some of the slides in these lectures have been adapted/borrowed from materials developed by Mark Craven, 
David Page, Jude Shavlik, Tom Mitchell, Nina Balcan, Elad Hazan, Tom Dietterich, Pedro Domingos, Jerry Zhu, 
Yingyu Liang, Volodymyr Kuleshov 63


