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CS 540 Introduction to Artificial Intelligence
Neural Networks: Backpropagation

University of Wisconsin—Madison
Fall 2025, Section 3
October 13, 2025



Announcements
 HWS due Friday 10/6 at 11:59 pm

ML: Unsupervised

e Midterm exam: L earning

ML: Linear Regression

Thursday 10/23 | |
7:30 DM to 9:00 om ML: K - Nearest Neighbors

o T & Naive Bayes
Humanities Building, Room 3650
ML: Neural Networks |
(Perceptron)

ML: Neural Networks II

ML: Neural Networks Il




A Simple Multilayer Perceptron

: Hidden node: RelLU activations
b3 /’) \/4 hl — maX{O, W1 X + bl}
%%
; Output node: no activation
b1 W2 5; — W3h1 —+ W4h2 —+ b3

Oy
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Making Predictions Match the Labels

b, / \ W Suppose we have one labeled example
W3 0.1 (x,y) = (2,1)
0
/ Jloa]
W ] (e
V1
by / / If we increase w, a little, will our
0 1% T .
) / A prediction get better or worse?
b2




Change Weights, Change Prediction

b3 W/ \ :)V‘i Compute: y on input x = 2
0 3 :
/ / 0.1 \
@ W1 @
b, / N1 /
0 Wo




Formalize the Intuition with Calculus

Use the squared loss:

@ 2(y,9) = (y — 9)°

b / \ Wy
W3 0.1 How does loss
0
h hen w,
/ / 0.1 \ Partial derivative: 667{ C agﬁfngeig
2
@ W1 @
\ 1
by / W/ For these weights, with (x,y) = (2,1)
0

2
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Notation for all the parameters at once

Collect all

@ parameters into a 0 =|Ws
. by
ba " W single vector 6 b,
D3
ORI

Write prediction function: y = f(x; 0)

1
b / / 2 (Squared) loss on a dataset:

@ ” @ L(6;X,y) =%Zf(9:x@yi} =%Z(f(x; 0) —y)°



Notation for all the parameters at once

@ Collect all Write all partial

parameters into a derivatives as one
b3 /W3 \m single vector 6 vector: the gradient

o (hy o . -
W»- awl

! W4 0L

b1 W- = | Wa VHL(H’X'y) — (7W2
by :

b b, dL

C)
b3 0b-




Dissecting our Gradient Notation

* When f maps vector x € R% to

scalar f(x) e R

Gradient Descent

VF(x) € R Input: dataset (X, y), loss .function L,
number of steps T, step size n
* We will work with functions of 1. Initialize 6,
many vectors (and matrices!) 2. Fort=1.2,...,T
L(6: X, v) 3. Calculate g; = VgL(8i_1; X, y)
4. Update 6y « 0,_1 — ng;
* Write gradient with respect to 6 5. Return 0y

VHL(Ht—l; X, y)



(Minibatch) Stochastic Gradient Descent

* Gradient descent uses loss on entire
dataset every step:

Stochastic Gradient Descent

n
VL(O; X,y) = 2 VE£(0; x;, y;) Input: dataset (X, y), loss function L,
1=1 number of steps T, step size n, batch size m

* This is extremely inefficient! 1. Initialize 6,
Fort=1,2,...,T

Select random (x4, 1), -, (X1, Ym)

2

3.
| 4. Calculat =Y Val(0,_1;x;,V;
* On big datasets, better to update c alculate gy = 2.i=1 Vo t(e-1; % i)
6

based on a few examples Update 0 < 01 —19¢

Return 81




How do we get
the gradient?

0.5 -

0.4 <

0.3 <

0.2 <

Single Model m
Standard LR Schedule /!

"/:-\ |

[Gao and Li et al., 2018]



Backpropagation: An Efficient Algorithm for
Gradients in Neural Networks

Forward pass: Backward pass:
Start with input layer,
compute all hidden
nodes and outputs
layer-by-layer

Start with output layer,
compute all partial
derivatives
layer-by-layer




Derivatives of functions of single variables

* For many functions f (x) we have simple rules to find the derivative.

af

o p— 2 —_—
If f(x) = cx* then — 2CX
. p aj p—1
Or more generally, if f(x) = cx¥ then — = CpX
. ar _ 1
If f(x) = logx then — =
° — df
If f(x) = ¢ then — — =0

https://www.storyofmathematics.com/derivative-calculus/



More Complex Functions

* Derivation rules can be applied hierarchically to find derivatives of more complex
functions.

df dh
_—-|-—
dx dx dx

* Sumrule: If f(x) = h(x) + g(x) then —

* Productrule: If f(x) = h(x) - g(x) then Zf h(x) —+ g(x)

. df _ dhdg
Chain rule: If f (x) = h(g(x)) then —~ 0

* More complex chain rule: if f(x) = f1(f2(-** fn(x) --+)) then Zﬁ =
df1dfz ., Ain
df;dfs dx

https://www.storyofmathematics.com/derivative-calculus/



Computing Partial Derivatives

* Rules from single-variable calculus directly extend to multivariate calculus
with one small change.

of

* When computing Py treat all other variables as constants.
L
* Examples:
of 1
* If f(xq,x2) = logx; + logx, then — = —
6x1 X1
af
° |ff(x1, xZ) — xl(xl + xZ) then — Py — X1
2

https://www.storyofmathematics.com/derivative-calculus/



Back to Our Simple Example

4
@ Drop bias terms to simplify the picture
/ \ Wy Add in notation for loss, and data point
0.1 (x,y) = (2,1)

DN | =




Back to Our Simple Example

4

y

1\

DN | =

Drop bias terms to simplify the picture

Add in notation for loss, and data point
(x,y) = (2,1)

We already performed forward pass,
our algorithm stored output,
Intermediate hidden node values



Back to Our Simple Example

14 -
—
@ R 0)_/4 Use the squared loss: £(y,9) = (J — y)*
y
[\ wa .
W3 0.1 Let's compute ——
/0. 2
] ()7
\Mil 2 Orange lines: single path from w, to loss
w2
\ : Chain rule: 2& = 92 9 Oh2




Back to Our Simple Example

DR
Y 0.4
y
/ W,
W3 0.1
/0
hy
2 @ W1 &
\ 1
W
1

o¢ a¢ 39y _ dh,

| — =—X X —=
Chain rule s = 25 X 3 X o

First term:
£ =(y—y)°

04

— =2y —vy) = —1.2
35 (¥ —y)



Back to Our Simple Example

y
~ 10.4
y
/ W,
W3 0.1
1
Wl hz
1
W
1

ot a¢ 39y _ dh,

hain rule;: — = — X X —=
Ca uie aWZ 857 ahz aWZ

Second term:




Back to Our Simple Example

y

0.4

Wy
0.1

n;

Chain rule; — = — X

of d¢ 99  0Oh,

aWZ 037 ahz aWZ

Putting it all together:

0¢

aWZ

= (-1.2) x (0.1) x (2) = —.24



The Backpropagation Algorithm:
Layer-by-Layer, Backwards

Want to find partial derivative for
weight w in middle of network

Connects from h, to h,

. LA 0 oh
hain rule;: — = — x —=
Cha ule ow dh, ow

We already

computed this
This is simple
to compute




@ & =) &) The spelled-out intro to neural 1 X -+ o

O & O 6 =) www.youtube.com/watch?v=VMij-351tku0 Ca o v O éj =

YouTube

@ Saferi File Edt  View Mistory Dookmarks Develcp  Wiedow  Help
(=] S o a t
™ = P P " o3 > O
jupyter micrograd_from_scratch_yay Last Creckpore: 8 mnutes age (autosaved)

+ » B 4+ ¢ PHun B C »
TOr CNALD An v,._prev:
edges.add((child, v))
build(child)
build{root)
return nodes, edges

def draw_dot(root):
dot = Digraph(format="svq", Qraph_sttr={"rankdir':

nodes, oodges = tracelroot)
for n in nodes:
uid str(igdin))
g Jo ny voiue in
dot.nocde(name = wid,
if n._op:
’ ft & »-1"' ° ssullt of SO De s creat ] P fe for 1 I

doman, # its doman contans an open interval J

nn . e - . r Y eoonerd - o
', Ccreoat rectanguias re ge | 1t

label =

4} 4 J - - C |
% (n.label, n.data), shape=‘re

£y Smalk), there eusts & positive resl rure

dot.node(mame = uid + n,._op, label = n.
# ) act this pod= to It
dot.edgelvid + n,_op, uid) 1) 5 detined, and
for nl, n2 in edges:

F connect il to t op Mooe

dot.edgel(stri{id(nl)), str(id(n2)} + n2._op)
 of §mil)

return dot
0 this Amd i3 calied the dorvatve of f at @, and

valive Ol fwith respott O x M &, “dv by x ol
112]: craw_cot(L)

a | data 2.0000 f | data -2.0000
B ¥ AR ’
[ 9 e e | data 6 0000

— P\ —
)1 data -3.0000 [ : ) -J[ d | data 4.0000

data 100000

P o 30:07/2:25:51 SStarting the core Valtie object of micrograd and its visualization »

The spelled-out intro to neural networks and backpropagation: building micrograd

Andrej Karpathy w
99K Sh Ask S oos
1.07M subscribers [Cb gﬂ A> are 4 As m ave

Highly recommended: https://karpathy.ai/zero-to-hero.html



Backpropagation: An Efficient Algorithm for
Gradients in Neural Networks

Forward pass: Backward pass:
Start with input layer,
compute all hidden
nodes and outputs
layer-by-layer

Start with output layer,
compute all partial
derivatives
layer-by-layer




Bonus: More Backprop Math



Calculate Gradient (on one data point)

Wi1

9

W21

04(X,y)
ow11

* Data point: ((xl,xz);}’)

* Want to compute



Calculate Gradient (on one data point)

Wi1

9

W21

W X —y log(¥)
111 + 5|gmr:ud function —(1—y)log(1 - ¥)
. — )
Wo1X2 > f(X, Y )

Use chain rule!




Calculate Gradient (on one data point)

:W” y
W21
—y log(¥)
5|grnr:nd function —(1—=y)log(1-9)
> £(x,y)
R O ks
0z oy 1-y

gl  dl 39 0z

* By chain rule: dw,, 09 0z 0wy,




Calculate Gradient (on one data point)

:W” y
W21
—y log(¥)
5|grnr:nd function —(1—=y)log(1-9)
> £(x,y)
Yoo P13
0z oy 1-y
dl al dy

* By chain rule: AW ay 3 xl



Calculate Gradient (on one data point)

W11
; 9
W31
—v log(¥y
Wi1X4 ylog(y)

+ 5|grnr:nd function —(1 —y)log(1-79)
—_— j:} EEEEEEEEEEEE—————
Wo1 X5 > ’E(X, y)

0y
5, =0 (2)=0(2)(1-0(2))

o Al
ﬂwll_ﬁ y(l_y)xl

* By chain rule:



Calculate Gradient (on one data point)

—ylog(y)
5|grnr:nd function —(1 —y)log(1-79)

A

- 7 £(%,y)
=0(z)=0(2)(1—0(2))

_57
0z

ol 1 —
* By chain rule: AW, = (1 Y y
! —y

)y(l V)xq



Calculate Gradient (on one data point)

; y
W21
—ylog(y)
W11%1 + 5|grnr:nd function —(1 —y)log(1 - %)
W21X2 > (7)7 f(X, Y)
5, =0 (z)=0(z)(1—0(2))
dl

* By chain rule:

ﬂwll - (5; o y)xl



Calculate Gradient (on one data point)

W11 ,
W21
—y log(¥)
W11%1 + 5|gmn|d function —(1 —y)log(1 - %)
* z — )
W21X2 > (7)7 f(X, Y)
5, =0 (z)=0(2)(1—0(2))
dl dl dvy
e Bychainrule: —=——=w; = —y)wi,

dx; 0y 0z



Calculate Gradient (on one data point)

e —y log(y)
Wi, aq 1>+ sigmoid function —(1 —y)log(1—79)
— 7 (X
Wg)ﬂu oy , (% 5)
5, =0 (2)=0(2)(1—0(2))

_ (2) _ot _ (2)
(y y)w]_]_ 1 aﬂlﬁ (y y)w

* By chain rule: ﬂu
11



Calculate Gradient (on one data point)

By Chaln FU|e ﬂw111)_ aﬂll awil} — (y y]wll W:’Ei-}



Calculate Gradient (on one data point)

[(x,y)

+ Z11
wz(i}l'z > 3{111 al!

T (2)
aﬂll o {}’ y)wll
al al daqq

awlq) B a4 awﬂ}

~ 2
=y - }')W;ilzl)ﬂn(l — aq1)Xq

* By chain rule:



Calculate Gradient (on one data point)

[(x,y)
0aq4 dl

daq4

" 2

* By chain rule: ﬂ — ol 0ay; 1 ol 0ay;

ax]_ 3-:111 axl 6{112 ﬂxl
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