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Announcements
• Homework: 

– HW5 due on Wednesday March 4 at 11:59 PM

• TA Discussion/Review Session on Thursdays at 5:30 PM in Morgridge 
Hall 3610.

• Class roadmap:
Machine Learning: Neural 
Networks I (Perceptron)

Machine Learning: Neural 
Networks II

Machine Learning: Neural 
Networks III

Supervised Learning



Outline

• Review KNN, MLE, Naïve Bayes 

• Single-layer Neural Network 
• Activation Functions
• Multi-layer Neural Network 



Review: 𝒌𝒌-Nearest Neighbors



Review: Supervised Machine Learning

(𝐱𝐱1, 𝑦𝑦1), (𝐱𝐱2, 𝑦𝑦2), . . . , (𝐱𝐱𝑛𝑛, 𝑦𝑦𝑛𝑛)

Maximum likelihood: best fits the data

Parametric Supervised Machine Learning 

Given some labeled training data 
drawn independently from 
a fixed underlying distribution,
 also called the i.i.d. assumption

select 𝑓𝑓(𝜃𝜃) from a pool of models ℱ
that best describe the data observed



Review: Bayesian Classification via MLE



Review: Bayesian classification

𝑦𝑦
̂

= arg𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑦𝑦|𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘)

= arg𝑚𝑚𝑚𝑚𝑚𝑚
𝑝𝑝(𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘|𝑦𝑦) ⋅ 𝑝𝑝(𝑦𝑦)

𝑝𝑝(𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘)

= arg𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚(𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘|𝑦𝑦)𝑝𝑝(𝑦𝑦)

(Posterior)

(by Bayes’ rule)

(Prediction)

What if x has multiple attributes 𝐱𝐱 = {𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘}

𝑦𝑦

𝑦𝑦

𝑦𝑦

Independent of y



Review: Naïve Bayes Assumption

𝑝𝑝(𝑋𝑋1, . . . , 𝑋𝑋𝑘𝑘|𝑦𝑦)𝑝𝑝(𝑦𝑦) = Π𝑖𝑖=1𝑘𝑘 𝑝𝑝(𝑋𝑋𝑖𝑖|𝑦𝑦)(𝑝𝑝)

Conditional independence of feature attributes

Easier to estimate

(using MLE!)



Quiz break
Q3-2: Consider the following dataset showing the result whether 
a person has passed or failed the exam based on various factors. 
Suppose the factors are independent to each other. 
We want to classify a new instance with 
Confident=Yes, Studied=Yes, and Sick=No.

• A  Pass

• B  Fail

Confident Studied Sick Result

Yes No No Fail

Yes No Yes Pass
No Yes Yes Fail
No Yes No Pass
Yes Yes Yes Pass
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Quiz break
We want to classify a new instance with 
Confident=Yes, Studied=Yes, and Sick=No.

• A  Pass

• B  Fail
Confident Studied Sick Result

Yes No No Fail

Yes No Yes Pass
No Yes Yes Fail
No Yes No Pass
Yes Yes Yes Pass



Single-layer Neural Network



Inspiration from neuroscience
- Inspirations from human brains
- Networks of simple and homogenous units

(wikipedia)



Cats vs. dogs?

Output 

Input 

Perceptron

𝑤𝑤1
𝑤𝑤2

𝑤𝑤𝑑𝑑

𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑



Linear Perceptron
• Given input    , weight     and bias    , perceptron outputs:

𝑓𝑓 = ⟨𝐰𝐰, 𝐱𝐱⟩ + 𝑏𝑏

𝐱𝐱 𝐰𝐰 𝑏𝑏

Cats vs. dogs?

Output 

Input 

𝑤𝑤1
𝑤𝑤2

𝑤𝑤𝑑𝑑

𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑

𝑏𝑏
1



Perceptron
• Given input    , weight     and bias    , perceptron outputs:

𝑜𝑜 = 𝜎𝜎 ⟨𝐰𝐰, 𝐱𝐱⟩ + 𝑏𝑏 𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise

𝐱𝐱 𝐰𝐰 𝑏𝑏

Input 

Cats vs. dogs?

Activation function

Output 

𝑤𝑤1
𝑤𝑤2

𝑤𝑤𝑑𝑑

𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑

𝑏𝑏
1



Perceptron
• Goal: learn parameters 𝐰𝐰 = {𝑤𝑤1,𝑤𝑤2, . . . , 𝑤𝑤𝑑𝑑} and b to 

minimize the classification error  

Output Input 

Cats vs. dogs?
𝑤𝑤1
𝑤𝑤2

𝑤𝑤𝑑𝑑

𝑏𝑏
1



Training the Perceptron

• Iterative algorithm to decrease loss on training data
– Start with initial weights 𝑤𝑤0, 𝑏𝑏0
– When perceptron misclassifies a point, update the weights

• Randomly pick next training example
– It is a stochastic training algorithm 
– Similar to stochastic gradient descent (SGD)



The Perceptron Learning Rule

Gradient Descent
Input: dataset (X, y), loss function 𝐿𝐿,
number of steps 𝑇𝑇, step size 𝜂𝜂
1. Initialize 𝑤𝑤0
2. For 𝑡𝑡 = 1, 2, … , 𝑇𝑇
3. Calculate 𝑔𝑔𝑡𝑡 = ∇𝐿𝐿(𝑤𝑤𝑡𝑡−1; 𝑋𝑋, 𝑦𝑦)
4. Update 𝑤𝑤𝑡𝑡 ← 𝑤𝑤𝑡𝑡−1 − 𝜂𝜂𝑔𝑔𝑡𝑡
5. Return 𝑤𝑤𝑇𝑇

Perceptron Learning Algorithm
Input: dataset (X, y)
number of steps 𝑇𝑇, step size 𝜂𝜂
1. Initialize 𝑤𝑤0, 𝑏𝑏0
2. For 𝑡𝑡 = 1, 2, … , 𝑇𝑇
3. Pick random (𝑥𝑥𝑖𝑖, 𝑦𝑦𝑖𝑖)
4. Predict �𝑦𝑦𝑖𝑖 ← 𝜎𝜎( 𝑤𝑤𝑡𝑡−1, 𝑥𝑥𝑖𝑖 + 𝑏𝑏𝑡𝑡−1)
5. If �𝑦𝑦𝑖𝑖 ≠ 𝑦𝑦i:
6. 𝑤𝑤𝑡𝑡 ← 𝑤𝑤𝑡𝑡−1 + 𝜂𝜂(𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖)𝑥𝑥𝑖𝑖
7. 𝑏𝑏𝑡𝑡 ← 𝑏𝑏𝑡𝑡−1 + 𝜂𝜂(𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖)
8. Return 𝑤𝑤𝑇𝑇



From wikipedia

Perceptron
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From wikipedia

Perceptron



Learning AND function using perceptron

The perceptron can learn an AND function

0 1

1

𝑥𝑥1 = 1, 𝑥𝑥2 = 1, 𝑦𝑦 = 1

𝑥𝑥1 = 1, 𝑥𝑥2 = 0, 𝑦𝑦 = 0

𝑥𝑥1 = 0, 𝑥𝑥2 = 1, 𝑦𝑦 = 0

𝑥𝑥1 = 0, 𝑥𝑥2 = 0, 𝑦𝑦 = 0



Learning AND function using perceptron
The perceptron can learn an AND function

0 1

1



Learning AND function using perceptron
The perceptron can learn an AND function

0 1

1

Output 

𝑤𝑤2

𝑤𝑤1
𝜎𝜎(𝑥𝑥1𝑤𝑤1 + 𝑥𝑥2𝑤𝑤2 + 𝑏𝑏)

𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise

What’s w and b?



Learning AND function using perceptron
The perceptron can learn an AND function

0 1

1

Output 

𝑤𝑤2

𝑤𝑤1
𝜎𝜎(𝑥𝑥1𝑤𝑤1 + 𝑥𝑥2𝑤𝑤2 + 𝑏𝑏)

𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise

𝑤𝑤1 = 1,𝑤𝑤2 = 1, 𝑏𝑏 = −1.5



Learning OR function using perceptron

The perceptron can learn an OR function

0 1

1

𝑥𝑥1 = 1, 𝑥𝑥2 = 1, 𝑦𝑦 = 1

𝑥𝑥1 = 1, 𝑥𝑥2 = 0, 𝑦𝑦 = 1

𝑥𝑥1 = 0, 𝑥𝑥2 = 1, 𝑦𝑦 = 1

𝑥𝑥1 = 0, 𝑥𝑥2 = 0, 𝑦𝑦 = 0



Learning OR function using perceptron
The perceptron can learn an OR function

0 1

1



Learning OR function using perceptron
The perceptron can learn an OR function

0 1

1

Output 

𝑤𝑤2

𝑤𝑤1
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Learning OR function using perceptron
The perceptron can learn an OR function

0 1

1

Output 

𝑤𝑤2

𝑤𝑤1
𝜎𝜎(𝑥𝑥1𝑤𝑤1 + 𝑥𝑥2𝑤𝑤2 + 𝑏𝑏)

𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise

𝑤𝑤1 = 1,𝑤𝑤2 = 1, 𝑏𝑏 = −0.5



Learning NOT function using perceptron
The perceptron can learn NOT function (single input)

0 1

Output 
𝑤𝑤1 𝜎𝜎(𝑥𝑥𝑤𝑤1 + 𝑏𝑏)

𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise

𝑤𝑤1 = −1, 𝑏𝑏 = 0.5

𝑥𝑥



XOR Problem (Minsky & Papert, 1969)

The perceptron cannot learn an XOR function
(it can only generate linear separators)

This contributed to the first AI winter



Quiz Break



Quiz Break

Answer: A. All units in a linear perceptron are linear. 
Thus, the model can not present non-linear functions. 



Quiz Break

Perceptron can be used for representing: 

A. AND function
B. OR function
C. XOR function
D. Both AND and OR function



Quiz Break

Perceptron can be used for representing: 

A. AND function
B. OR function
C. XOR function
D. Both AND and OR function



Activation Functions



Step Function activation

Step function is discontinuous, which
cannot be used for gradient descent 

𝜎𝜎(𝑥𝑥) = {1 if 𝑥𝑥 > 0
0 otherwise



Sigmoid/Logistic Activation

Map input into [0, 1], a soft version of 

𝜎𝜎(𝑧𝑧) = sigmoid(𝑧𝑧) =
1

1 + exp(−𝑧𝑧)

𝜎𝜎(𝑧𝑧) = {1 if 𝑧𝑧 > 0
0 otherwise



Tanh Activation

Map inputs into (-1, 1)

𝜎𝜎(𝑧𝑧) = tanh(𝑧𝑧) =
1 − exp(−2𝑧𝑧)
1 + exp(−2𝑧𝑧)

𝑡𝑡𝑡𝑡𝑡𝑡ℎ(𝑧𝑧) = 2𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠(2𝑧𝑧) − 1



ReLU Activation

ReLU: rectified linear unit (commonly used in modern 
neural networks)

ReLU(𝑥𝑥) = 𝑚𝑚𝑚𝑚𝑚𝑚(𝑥𝑥, 0)



Quiz Break

Which one of the following is valid activation function

a)Step function
b) Sigmoid function
C) ReLU function
D) all of above



Quiz Break

Which one of the following is valid activation function

a)Step function
b) Sigmoid function
C) ReLU function
D) all of above



The limited power of a single neuron
XOR problem

?

If one can represent AND, OR, NOT, 
one can represent any logic circuit (including XOR), 
by connecting them

XOR(x1,x2 )=(x1∧¬x2)∨(¬x1∧x2)



Learning XOR 

1 2

43



Multilayer
Perceptron



Cats vs. dogs?

Output 

Input 

𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑

The perceptron has one layer of weights

Each input node receives one 
scalar feature (e.g., one pixel)



Cats vs. dogs?

Output 

Input 

Beyond one layer
Big Idea: take our inputs from other perceptrons!

⋮

Perceptron A

Perceptron B

Perceptron M



Multilayer Perceptron with One "Hidden" Layer

Cats vs. dogs?
How to classify 

Output 

Hidden layer 
Input 

m neurons𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑



Single Hidden Layer

Input 𝑥𝑥 ∈ ℝ𝑑𝑑

Hidden 𝑊𝑊ℎ ∈ ℝ𝑚𝑚×𝑑𝑑, 𝑏𝑏ℎ ∈ ℝ𝑚𝑚

Intermediate output   
ℎ = 𝜎𝜎 𝑊𝑊ℎ𝑥𝑥 + 𝑏𝑏ℎ

𝜎𝜎 is an element-wise 
activation function 

Output 

Hidden layer 
Input 

m neurons𝑥𝑥1

𝑥𝑥2

𝑥𝑥𝑑𝑑

• Final output/final perceptron
𝜎𝜎( 𝑤𝑤𝑓𝑓, ℎ + 𝑏𝑏𝑓𝑓)

Network parameterized by
𝑊𝑊ℎ, 𝑏𝑏ℎ, 𝑤𝑤𝑓𝑓, 𝑏𝑏𝑓𝑓



Multi-layer perceptron: Example

Hidden layer 

Input 3 neurons

ℎ1 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤1𝑖𝑖

(1) + 𝑏𝑏1)

𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑

𝑤𝑤11
(1)

𝑤𝑤12
(1)



Multi-layer perceptron: Example

Hidden layer 

Input 3 neurons

ℎ2 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤2𝑖𝑖

(1) + 𝑏𝑏2)
𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑
𝑤𝑤21

(1)

𝑤𝑤22
(1)



Multi-layer perceptron: Example

Hidden layer 

Input 3 neurons

𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑

𝑤𝑤31
(1)

𝑤𝑤32
(1) ℎ3 = 𝜎𝜎( ∑

𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤3𝑖𝑖

(1) + 𝑏𝑏3)



Multi-layer perceptron: Example

Hidden layer 

Input m=3 neurons

𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑

ℎ3 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤3𝑖𝑖

(1) + 𝑏𝑏3)

ℎ2 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤2𝑖𝑖

(1) + 𝑏𝑏2)

ℎ1 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤1𝑖𝑖

(1) + 𝑏𝑏1)



Multi-layer perceptron: Example

Hidden layer 

Input m=3 neurons

𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑

ℎ3 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤3𝑖𝑖

(1) + 𝑏𝑏3)

ℎ2 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤2𝑖𝑖

(1) + 𝑏𝑏2)

ℎ1 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤1𝑖𝑖

(1) + 𝑏𝑏1)

Output 𝑤𝑤1
(2)

𝑤𝑤2
(2)

𝑤𝑤3
(2)



Multi-layer perceptron: Example

Hidden layer 

Input m=3 neurons

𝑥𝑥1

𝑥𝑥2

•Standard way to connect Perceptrons
•Example: 1 hidden layer, 1 output layer, depth = 2

𝐱𝐱 ∈ ℝ𝑑𝑑

ℎ3 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤3𝑖𝑖

(1) + 𝑏𝑏3
(1))

ℎ2 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤2𝑖𝑖

(1) + 𝑏𝑏2
(1))

ℎ1 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑑𝑑
𝑥𝑥𝑖𝑖𝑤𝑤1𝑖𝑖

(1) + 𝑏𝑏1
(1))

Output 𝑤𝑤1
(2)

�𝑦𝑦 = 𝜎𝜎( ∑
𝑖𝑖=1

𝑚𝑚
ℎ𝑖𝑖𝑤𝑤𝑖𝑖

(2) + 𝑏𝑏(2))𝑤𝑤2
(2)

𝑤𝑤3
(2)

Sigmoid 
activation





𝑚𝑚 × 𝑑𝑑
𝑑𝑑 × 1

𝑚𝑚 × 1 𝑚𝑚 × 1

𝐱𝐱 ∈ ℝ𝑑𝑑

𝐖𝐖 𝐛𝐛

Multi-layer perceptron: Matrix Notation



𝑚𝑚 × 𝑑𝑑
𝑑𝑑 × 1

𝑚𝑚 × 1 𝑚𝑚 × 1

𝐱𝐱 ∈ ℝ𝑑𝑑

𝐖𝐖 𝐛𝐛

Element-wise 
activation function

Key elements: linear operations + Nonlinear activations

Multi-layer perceptron: Matrix Notation





Classify cats vs. dogs
Output 

Hidden layer 
Input 

100 neurons



Quiz Break



Quiz Break



Demo: Learning XOR using neural net

https://playground.tensorflow.org/

https://playground.tensorflow.org/


https://medium.com/@lmpo/a-brief-history-of-ai-with-deep-learning-26f7948bc87b



What we’ve learned today…

• Single-layer Perceptron

oMotivation

o Activation function

o Representing AND, OR, NOT

•  Multilayer Perceptron

• Brief history of neural networks



Suggested Readings

• Textbook: Artificial Intelligence: A Modern Approach (4th edition). Stuart 
Russell and Peter Norvig. Pearson, 2020.

– Sections 19.6.4, 21.1
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