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CS 540 Introduction to Artificial Intelligence
Perceptron

iversity of Wisconsin-Madison
Spring 2026 Sections 1 & 2



Announcements

Homework:
HW5 due on Wednesday March 4 at 11:59 PM

TA Discussion/Review Session on Thursdays at 5:30 PM in Morgridge
Hall 3610.

—

Cossrondmap: AWM

Machine Learning: Neural
Networks Il

Machine Learning: Neural
Networks Il
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Outline

* Review KNN, MLE, Naive Bayes
* Single-layer Neural Network
* Activation Functions

* Multi-layer Neural Network



Review: K-Nearest Neighbors




Review: Supervised Machine Learning

Parametric Supervised Machine Learning

(X1,¥1), (X2, Y2)s -+, (X, V) select f(8) from a pool of models F

Given some labeled training data that best describe the data observed

drawn independently from
a fixed underlying distribution,
also called the i.i.d. assumption Maximum likelihood: best fits the data



Review: Bayesian Classification via MLE

j} — f(x) = arg max p(y | x) (Posterior)

(Prediction)

px|y) - p(y)
— argmax ———— (by Bayes’ rule)

y p(x)

= arg ){nax px|y)p()

Using labelled training data, learn class priors and class conditionals



Review: Bayesian classification
What if x has multiple attributes X = {X{, ..., X} }

y = afg){naXp(y | X{,...,X;) (Posterion

(Prediction)

= arg max w (oy Bayes’ rule)

Y p(Xl, .o ’Xk)

4

Independent of y




Review: Nalve Bayes Assumption

Conditional independence of feature attributes

p(X1, ..., Xk |V)p(y) = N p(X;|y) ()

1

Easier to estimate

(using MLE!)




Quiz break

Q3-2: Consider the following dataset showing the result whether
a person has passed or failed the exam based on various factors.
Suppose the factors are independent to each other.

We want to classify a new instance with

Confident=Yes, Studied=Yes, and Sick=No.

Confident

Studied

Sick

Result

Yes

No

No

Fall

Yes

No

Yes

Pass

No

Yes

Yes

Fall

No

Yes

No

Pass

Yes

Yes

Yes

Pass

® A Pass

® B Fail
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Quiz break

We want to classify a new instance with
Confident=Yes, Studied=Yes, and Sick=No.

Confident Studied Sick Result
Yes No No Fail
Yes No Yes Pass

No Yes Yes Fail
No Yes No Pass
Yes Yes Yes Pass

P(y=Flxy;=Y,x, =Y,x3 =N)

1 1 1 2

=—*—*—*—/P(x1 =Y,x2 =Y;x3 =N)

2 2 2

1
4 % 5

X

* B Fall

P(y=Plx;=Y,x, =Y,x3 =N)

 P(x; =Y|Y =P)P(x, =Y|Y = P)P(x; = N|Y = P)P(y = P)

2 2
—_— —
3 3

4
XX

1

X =— X
3

9%x5

P(x1 — Y,Xz — Y,x:g —_ N)

3
E/P(xl — Y,xz — Y,.Xg — N)

Larger!
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Single-layer Neural Network



Inspiration from neuroscience

- Inspirations from human brains
- Networks of simple and homogenous units

Terminal buttons
(form junctions
with other cells)

R—9 " Cell body Dendrites
A o < E (soma) (receive messages .
R @ ® ° from other cells) Dendrites
» @ > (from another
e ¢ O . a2 o @ ® ﬂ neuron)
@
[ 4 » & % . . /\
v 9 *
&
i\ @§—= P ® - T Axon
e < ® o ® ® (passes messages away
- o ¥ o _ from the cell body to |
) ® . & o other neurons, muscles, '
. e ® o or glands) '
. . . ,s//
« 5 » Ld . ® 9 . 9 .
- A o o o
i 9 o | » -
. '
«_ . o e 2 P -
. o -
© v ® o > o’ Action potential
O o o (electrical signal
® - - o ® o traveling down Myelin sheath
¢ g .' . the axon) (covers the axon of some

neurons and helps speed
neural impulses)

(wikipedia)



Perceptron

Cats vs. dogs?




Linear Perceptron
» Given input x, weight w and bias b, perceptron outputs:

f=(wXx)+b v
X1

1
W1
Cats vs. dogs? xZ | b
. ~V2\

a A

Output




Perceptron
* Given input X, weight w and bias b , perceptron outputs:

1 1fx>0
o =o((w,x)+b) ox)= {O otherwise

Activation function

Cats vs. dogs? W1




Perceptron

» Goal: learn parameters W = {w{,W,,..., W4} and b to
minimize the classification error

Cats vs. dogs? | b




Training the Perceptron

* |terative algorithm to decrease loss on training data
— Start with initial weights wy, b,
— When perceptron misclassifies a point, update the weights

 Randomly pick next training example

— |t is a stochastic training algorithm
— Similar to stochastic gradient descent (SGD)



The Perceptron Learning Rule

Perceptron Learning Algorithm

Input: dataset (X, y)
number of steps T, step size n

Gradient Descent

1. Initialize Wy, bO
2.Fort=1,2,.., T

3 Pick random (x;,y;)

4 Predict y; « o({W¢_1,%;) + bi_1)
5. |f :)/;i == V-

6. Wy < w1 + 1Y — Yi)X;i

/ by < be_1 + 1Y — Vi)

3. Return wy

Input: dataset (X, y), loss function L,
number of steps T, step size n

1. Initialize wy

2.Fort=1,2,..,T

3.  Calculate g = VL(W;_1; X, y)
4. Update wy < w1 —ng;

5. Return wr




Perceptron

domestication

From wikipedia



Perceptron

s|ze

domestication

From wikipedia



Perceptron

s|ze
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domestication

From wikipedia



Perceptron

domestication

From wikipedia



Learning AND function using perceptron

The perceptron can learn an AND function

x1=1x,=1,y=1
x1=1,x,=0,y=0
x1=0,x,=1,y=0
x1=0,x, =0,y =0




Learning AND function using perceptron

The perceptron can learn an AND function




Learning AND function using perceptron

The perceptron can learn an AND function

W1
\ OUtpUt 0(x1W1 + XoW» + b)

e

W2 o (x) = {1 if x >0
0 otherwise

-




Learning AND function using perceptron

The perceptron can learn an AND function

%A
OUtPUt O-(X1W1 + XoW» + b)

/

W5 o(x) = {1 if x>0

0 otherwise

w, =1,w, =1,b=—1.5




Learning OR function using perceptron

The perceptron can learn an OR function

x1=1,x,=1,y=1
x1=1,x,=0,y=1
x1=0x,=1,y=1
x1=0,x, =0,y =0




Learning OR function using perceptron

The perceptron can learn an OR function

AN




Learning OR function using perceptron

The perceptron can learn an OR function

W1
\ OUtpUt 0'(x1W1 + XoW,H + b)

/

W5 o(x) = {1 if x>0

0 otherwise




Learning OR function using perceptron

The perceptron can learn an OR function

Wq
> Output O-(X1W1 + X2 W5 + b)
W» o (x) = {1 ifx >0
0 otherwise

AN

w, =1,w, =1,b = —0.5




Learning NOT function using perceptron

The perceptron can learn NOT function (single input)

W1

X Output o(xw; + b)

1 ifx>0
0 otherwise

0(x) = {

Wi = _1,b — 05



XOR Problem (Minsky & Papert, 1969)

The perceptron cannot learn an XOR function
(it can only generate linear separators)

This contributed to the first Al winter



Quiz Break

Consider the linear perceptron with x as the input. Which function can the linear perceptron
compute?

(1) y=ax+b

(2)y=ax“*+ bx +c

A. (1)
B. (2)
C.(D(2)

D. None of the above



Quiz Break

Consider the linear perceptron with x as the input. Which function can the linear perceptron
compute?

(1) y=ax+b

(2)y =ax*+ bx + ¢

A. (1)
B. (2)

C. (1)(2)

D. None of the above

Answer: A. All units in a linear perceptron are linear.
Thus, the model can not present non-linear functions.



Quiz Break

Perceptron can be used for representing:

A. AND function

B. OR function

C. XOR function

D. Both AND and OR function



Quiz Break

Perceptron can be used for representing:

A. AND function

B. OR function

C. XOR function

D. Both AND and OR function
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Activation Functions



Step Function activation

S | | a(x)={1 if x>0
Step function is discontinuous, which 0 otherwise

cannot be used for gradient descent

1

0.5

|
-2 -1lo -1 -0.5 0o 1 15 2




Sigmoid/Logistic Activation

1 ifz >0

Map input into [0, 1], a soft version of o(2)={, . "~ .

1

O'(Z) — Slngld(Z) — 1-|—6X—p(—Z)




Tanh Activation

Map inputs into (-1, 1)

0(z) = tanh(z) =

tanh(z) = 2sigmoid(2z) — 1

1 —exp(—22z)
1+ exp(—22)
— B




RelLU Activation

RelLU: rectified linear unit (commonly used in modern

neural networks)
ReLU(x) = max(x,0)




Quiz Break

Which one of the following 1s valid activation function

a)Step function

b) Sigmoid function
C) ReLU function

D) all of above



Quiz Break

Which one of the following 1s valid activation function

a)Step function

b) Sigmoid function
C) ReLU function

D) all of above



The limited power of a single neuron
XOR problem

If one can represent AND, OR, NOT,
one can represent any logic circuit (including XOR),
by connecting them

XOR(x1,x2 =(xIAx2)V(—x1AXx2)



Learning XOR




Multilayer
Perceptron




The perceptron has one layer of weights

Each input node receives one

scalar feature (e.g., one pixel)

Cats vs. dogs?

\ Output




Beyond one layer

Big Idea: take our inputs from other perceptrons!

Perceptron A InPUt

—

Cats vs. dOgS? Perceptron B

\ Output

Perceptron M




Multilayer Perceptron with One "Hidden™ Layer

nput Hidden |
- idden layer
How to ClaSSIfy X m neurons
Cats vs. dogs?
X2

Output




Single Hidden Layer

d
Input x € R Input |
Hidden Wh e RmMxd bh e RM Hidden layer
’ X1 m neurons
Intermediate output
h = O'(th + bh) y
2

o IS an element-wise Output
activation function

* Final output/final perceptron
a((wf, h) + br) Xg

Network parameterized by
Wh' bh, Wf, bf




Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
3 neurons
Input q m
1
Wl(i) hl — O-(iglxiwli + bl)
X1
X € R4 (1)
Wi»

X2



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
3 neurons
Input
(1)
A1 21 d

X € R / hy = o( Y x;wy;” + by)
( l

) =1

—

2

N



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input

X1
X € R% \

X2 *’3(1)
e h, = o z x;ws) + bs)

32



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
nput m=3 neurons
h, = a(zx M b)
X1
x € R? hz—a(wa(1)+b2)
X2

ha = a(zx w4 by)



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
nput m=3 neurons
hy = o( 2 x;w' ) + by) (2)
X X\Output
X € R h, = a( z xiws?) + by W2 N

2 1 L@
h3—0(2xw()+b3 W3



Multi-layer perceptron: Example

-Standard way to connect Perceptrons
‘Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
nput M=3 neurons
h, = o z xw! ) +
X1
X € R hz—a(ZxW(1)+b(1

Sigmoid
activation




Multi-layer perceptron: Matrix Notation

e |nput d Input
.p xER " Hidden layer
e Hidden W' € R™ pl) € R™ m neurons

 |Intermediate output
h = 6(WWx + b))
h e R”




Multi-layer perceptron: Matrix Notation

dXx1

I
Mm

7
.

= >
Q.
PG



Multi-layer perceptron: Matrix Notation

Key elements: linear operations + Nonlinear activations

m X d mx1l mX1
=Ty "4 *

| -
0.2+
|

Element-wise
activation function

|
9000000000



Multi-layer perceptron: Matrix Notation

 Input x € R? Input
| Hidden layer
« Hiddenw® € R™ p) e R™ M neurons

* |Intermediate output
h = 6(W"x + b))
9 = o(w'*h + b'?)

Output



Input
Hidden layer

100 neurons

Classify cats vs. dogs
Output




Quiz Break

Let x = [ ] Which of the following functions is NOT an element-wise
operation that can be used as an activation function?

A f(x) = 2]
- [max(0, x1)
B 1(x) max((O,)xz)
~ [exp(xq
1) = oy



Quiz Break

Let x = [ ] Which of the following functions is NOT an element-wise
operation fhat can be used as an activation function?

A f(x) = 2]
maX(O, xl)
B 1(x) = max((O,)xz)
- Texp(xy
€169 = | exp(ay



emo: Learning XOR using neural net

Q-

REGENERATE

Epoch
I.'-\..--\..-

000,211

FEATURES

NI

Which oroperties do
v IS Dropertes dd

Vol want to feed in'
WL W . (S Rt o W N I B

_+
X, j

4+ -

8 neurons

b Ul B0 Id L3 &

_|.

RelLU

2

o
1 I-.--\._I'..-

HIDDEN LAYERS

r = i
1 Ly ] rF

| ==y el &
1l B .'.I|. A0

welghts shown

https://playground.tensorflow.org/

4+ -

2 neurons

oA .I. Fi=r T S
| '..=:._|-\.I AarZanon rale

0.01

OUTPUT

lest loss 0.019

fraining loss 0.011

Dl II-\. 1 o
1 =t bt '\..-I' LY

Classification

=


https://playground.tensorflow.org/

A Brief History of Al with Deep Learning

First First i Second Second Third
Golden Age Dark Age Golden Age | Dark Age Golden Age
P === msmsss s st —————— B it oo memec e ——————— P = o .

Birth AlexNet DeepSeek-R1

of Al Backpropagation SVMs 2012 2025

1956 AT;‘ELJNE XOR 1986 1995 Transformer ol
Artificial Problem Neocognitron RBM 2017 l | 2024
Nf:;[;n PET:E;FD” 1965 1360 UAT cyN  [nitialization SPT-3 4 GPT.AV

15989 1998 2006 2023

1970 1980 2000 2010 2020

McCulloch-Pitts Rosenblatt Widrow-Hoff Minsky-Papert

X1 Inputs  Waights Mt input Astivation OR R -

%3 o~ ) funcean funcnan 1’ ’ 1_’ .! Kl . '::::_I_-.-E I --.,__f'.;_:_._ 2
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https://medium.com/@Impo/a-brief-history-of-ai-with-deep-learning-26f7948bc87b



What we’ve learned today...

* Single-layer Perceptron

O Motivation

O Activation function

O Representing AND, OR, NOT
* Multilayer Perceptron

* Brief history of neural networks



Suggested Readings

* Textbook: Artificial Intelligence: A Modern Approach (4th edition). Stuart
Russell and Peter Norvig. Pearson, 2020.

- Sections 19.6.4, 21.1
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