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Abstract

This report surveys Karwa and Vadhan’s finite-
sample framework for differentially private confi-
dence intervals for the mean of a one-dimensional
Gaussian distribution. We explain how their algo-
rithms overcome the unbounded sensitivity of the
empirical mean by first privately localizing the
data, then clipping to a data-dependent but private
range, and finally adding calibrated noise to form
a conservative confidence interval. We summarize
both the known-variance and unknown-variance
settings, including the use of differentially private
histogram learners for range and variance estima-
tion. We then compare their upper bounds with
the corresponding statistical and privacy lower
bounds. The main message is that their confi-
dence intervals achieve the classical non-private
statistical rate together with an additional privacy
cost that is optimal up to polylogarithmic factors.

1. Introduction
Univariate Gaussian mean estimation has a long history and
has been extensively studied in statistics. Formally, given
independent samples X1, . . . , Xn ∼ N(µ, σ2), where the
variance σ2 can be either known or unknown, the goal is to
estimate the unknown mean µ. In (Karwa & Vadhan, 2018),
this task is further studied and the novelty comes from a
combination of three aspects:

1. Their algorithm is differentially private.

2. Their estimator is conservative: the algorithm outputs
a confidence interval whose coverage probability is at
least 1− α, even in finite samples.

3. They studied finite-sample accuracy instead of only
asymptotics, and showed that their algorithm is optimal
up to some polylog terms.
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2. Related Work
First, without the concern of privacy, it is very a classical
result (see, for example, (Lehmann & Romano, 2005)) that
under the assumption of known variance, the confidence
interval for a normal mean is

I(X1, .., Xn) = X ± σ√
n
· z1−α/2

where X is the sample mean and za represents the ath quan-
tile of a standard normal distribution. This interval has the
smallest expected size among all 1−α level confidence sets
for a normal mean. And this interval has a deterministic
length of

|I(X1, .., Xn)| = (2σz1−α/2)/
√
n = Θ(σ

√
log(1/α)/n)

When the variance σ2 is unknown, the interval is (see
(Lehmann & Romano, 2005))

I(X1, .., Xn) = X ± s√
n
· tn−1,1−α/2

where s2 is the sample variance (s2 := 1
n−1

∑n
i=1(Xi −

X)2) and tn−1,a is the ath quantile of a t-distribution with
n − 1 degrees of freedom. Now the length is a random
variable, and its expected length is

E [|I(X1, . . . , Xn)|] =
2σ√
n
kntn−1,1−α/2 = Θ

(
σ

√
log(1/α)

n

)
,

for an appropriate constant kn = 1 − O(1/n). for some
appropriate constant kn = 1−O(1/n).

Conservative hypothesis testing with differential privacy
was advocated by (Gaboardi et al., 2016). There are numer-
ous results but many of them were evaluated empirically or
the conservativeness only holds in a particular asymptotic
regime. In particular, both (Sheffet, 2015) and (Cai et al.,
2017) did give a finite-sample analyses; but they don’t have
a matching lower bound and the algorithm (Sheffet, 2015)
even requires the data to be bounded.

Remark that the paper ((Karwa & Vadhan, 2018)) we study
does provide a nearly matching lower bound, and have no
assumptions about boundedness of the data.
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3. Results
In this section, we summarize the main results in (Karwa &
Vadhan, 2018).

The overall structure of their approach is algorithmic rather
than purely statistical. The main difficulty is that the Gaus-
sian distribution is supported on the whole real line, so
the usual empirical mean has unbounded global sensitiv-
ity. Therefore, one cannot directly add Laplace or Gaussian
noise to the empirical mean without first controlling the
possible effect of a single data point.

Karwa and Vadhan solve this by using a multi-stage proce-
dure. First, they privately locate a short interval that contains
the relevant part of the data. Second, they clip or truncate the
data to this interval, so that the empirical mean has bounded
sensitivity. Finally, they add calibrated noise and widen the
resulting interval enough to guarantee coverage of the true
mean.

A useful way to view the paper is that the authors separate
the problem into several smaller private subroutines. The
first subroutine is a differentially private histogram learner,
which is used to locate a region of high probability mass.
The second subroutine privately estimates a range contain-
ing most Gaussian samples when the variance is known. The
third subroutine privately estimates the scale when the vari-
ance is unknown. These pieces are then combined to build
differentially private confidence intervals for the Gaussian
mean.

3.1. DP histogram learner

The first technical tool is a differentially private histogram
learner. Suppose we divide the sample space into bins
B1, . . . , BK . For a distribution D, its histogram with re-
spect to these bins is the vector

(p1, . . . , pK), pi = PX∼D(X ∈ Bi).

If the data were not private, one could simply count how
many samples fall into each bin and choose the bin with
the largest empirical count. However, these counts are data-
dependent, so releasing them directly may violate privacy.
The private histogram learner instead adds carefully cali-
brated noise to the empirical bin counts or frequencies. This
makes the released histogram differentially private while
still preserving enough accuracy to identify a bin with large
true probability mass.

In (Karwa & Vadhan, 2018), this tool is mainly used as
a localization procedure. The algorithm does not need to
estimate the entire distribution accurately. Rather, it only
needs to find a bin that is likely to be close to the center
of the Gaussian distribution. The key point is that if a bin
has very small true probability, then after privatization it
is still unlikely to be selected as the heaviest bin. Thus,

the private histogram learner allows the algorithm to locate
a meaningful region of the real line without revealing too
much information about any individual sample.

As studied in (Dwork et al., 2006), (Bun et al., 2019), and
(Vadhan, 2017), there exist differentially private algorithms
for learning histograms. The following lemma gives the
version used in (Karwa & Vadhan, 2018). The first guar-
antee says that each privatized bin probability is close to
the true bin probability. The second guarantee is especially
important for the later Gaussian algorithms: it bounds the
probability that a low-mass bin is incorrectly selected as the
maximum.

Lemma 3.1 (Histogram Learner). For every K ∈ N∪{∞},
domain Ω, for every collection of disjoint bins B1, . . . , BK

defined on Ω, n ∈ N, ϵ, δ ∈ (0, 1/n), β > 0 and α ∈ (0, 1)
there exists an (ϵ, δ)-differentially private algorithm M :
Ωn → RK such that for every distribution D on Ω, if

1. X1, . . . , Xn
iid∼ D, pk = P(Xi ∈ Bk),

2. (p̃1, . . . , p̃K)←M(X1, . . . , Xn), and

3.

n ≥ max

{
min

{
8

ϵβ
log

(
2K

α

)
,
8

ϵβ
log

(
4

αδ

)}
,

1

2β2
log

(
4

α

)}
(1)

then,

PX∼D
M

(|p̃k − pk| ≤ β) ≥ 1− α (2)

PX∼D
M

(
argmax

k
p̃k = j

)
≤

{
npj + 2e−(ϵn/8)·(maxk pk) if K < 2/δ,

npj if K ≥ 2/δ.

(3)

where the probability is taken over the randomness of M
and the data X1, . . . , Xn.

3.2. DP estimation of the range of a Gaussian R.V. with
known variance

We first consider the range-estimation problem when the
standard deviation is known, or more generally when a valid
upper bound on the standard deviation is known. This is
an intermediate subroutine. In the main known-variance
confidence interval theorem, the variance σ2 is assumed to
be known exactly, but the range estimator itself is slightly
more general: it works as long as the true standard deviation
is at most the supplied value σ.
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The goal of this algorithm is to output an interval
[Xmin, Xmax] that contains all the samples with high proba-
bility, while keeping the interval length as small as possible.
The algorithm first partitions the possible range of the mean
into bins of width roughly σ. It then runs the private his-
togram learner and selects the bin with the largest noisy
count. Since most of the probability mass of a Gaussian
distribution lies near its mean, the heaviest bin should be
close to µ. After selecting this bin, the algorithm expands it
by a term of order

σ
√
log(n/α).

This expansion is large enough to contain all n Gaussian
samples with probability at least 1− α.

This range-estimation step is the key reason the final con-
fidence interval does not depend on a worst-case bound on
the data. Instead of requiring the analyst to provide a large
deterministic bound B, the algorithm privately learns a data-
dependent range whose length is comparable to the typical
range of Gaussian samples.

Theorem 3.2. For every n ∈ N, σ, ϵ, δ > 0, α ∈ (0, 1/2),
R ∈ (0,∞], there is a w > 0 and an (ϵ, δ)-differentially
private algorithm M : Rn → R × R such that whenever
µ ∈ (−R,R) and

n ≥ cmin

{
1

ϵ
log

(
R

σα

)
,
1

ϵ
log

(
1

δα

)}
,

(where c is a universal constant), if X1, . . . , Xn are iid
Gaussian random variables with mean µ and variance σ2

0 ≤
σ2 (where σ2 is known) and

(Xmin, Xmax)←M(X1, . . . , Xn),

we have:

PX∼N (µ,σ2
0)

M

(∀i Xmin ≤ Xi ≤ Xmax) ≥ 1− α.

and with probability 1,

|Xmax −Xmin| = w = O
(
σ
√

log(n/α)
)
.

3.3. DP estimation of variance

When the variance is unknown, the previous range estimator
cannot be applied directly because it needs a scale param-
eter. Karwa and Vadhan therefore first construct a private
constant-factor estimate of the standard deviation. This es-
timate does not need to be very precise. It only needs to
be large enough so that the later range estimator does not
underestimate the spread of the data.

The algorithm uses the fact that if

Xi ∼ N(µ, σ2),

then differences of pairs remove the unknown mean:

X2i −X2i−1 ∼ N(0, 2σ2).

Therefore, the absolute pairwise differences |X2i −X2i−1|
have typical size on the order of σ, independently of µ. The
algorithm divides the positive real line into exponentially
growing bins, such as

(2j , 2j+1].

It then runs the private histogram learner on these pairwise
differences and selects the heaviest noisy bin. Because the
bins grow geometrically, identifying the correct bin gives a
constant-factor estimate of σ.

The output σ̂ satisfies

σ ≤ σ̂ ≤ 8σ

with high probability. This one-sided behavior is important:
overestimating σ only makes the final interval wider, but
underestimating σ could cause the range estimator to miss
some samples and break the coverage guarantee.

Theorem 3.3. For every n ∈ N, σmin < σmax ∈ [0,∞],
ϵ, δ > 0, α ∈ (0, 1/2), there is an (ϵ, δ)-differentially pri-
vate algorithm M : Rn → [0,∞) such that if X1, . . . , Xn

are iid Gaussian random variables with mean µ and with
variance σ2 ∈ (σ2

min, σ
2
max), and

σ̂ ←M(X1, . . . , Xn),

we have:

1. High probability bound: If

n ≥ cmin

{
1

ϵ
log

(
log(σmax/σmin)

α

)
,
1

ϵ
log

(
1

δα

)}
,

(where c is a universal constant),

P
X∼N (µ,σ2)

M

(σ ≤ σ̂ ≤ 8σ) ≥ 1− α.

2. Expectation bound: If

n ≥ cmin

{
1

ϵ
log

(
σmax

σmin

)
,
1

ϵ
log

(
1

δα

)}
,

then

E
X∼N (µ,σ2)

M

[
σ̂2
]
≤ σ2 ·

(
c1 + c2 log

2(n) · α
)

for some universal constants c1 and c2.
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3.4. DP estimation of the range of a Gaussian R.V.
(unknown variance)

The unknown-variance range estimator combines the pre-
vious two subroutines. First, the algorithm runs the private
variance-estimation algorithm to obtain a constant-factor
estimate σ̂. Then it runs the known-variance range estimator
using σ̂ as the supplied scale parameter.

This works because, with high probability, σ̂ is an upper
bound on the true standard deviation up to a constant factor.
Thus, the enlarged bin in the range-estimation step is wide
enough to contain the Gaussian samples. At the same time,
since σ̂ is at most a constant multiple of σ, the final range is
still of the correct order:

O
(
σ
√

log(n/α)
)
.

The output of this algorithm is

(σ̂, Xmin, Xmax).

Here σ̂ is the private scale estimate, and [Xmin, Xmax] is
the private range used later for clipping. This algorithm is
the main bridge from the unknown-variance setting to the
known-variance clipping strategy.
Theorem 3.4. For every n ∈ N, σmax > σmin ∈ [0,∞],
ϵ, δ > 0, α ∈ (0, 1/2), R ∈ [0,∞], there is an (ϵ, δ)-
differentially private algorithm M : Rn → (0,∞)×R×R
such that whenever

n ≥ c·min

{
max

{
1

ϵ
log

(
R

σminα

)
,

1

ϵ
log

(
log(σmax/σmin)

α

)}
,
1

ϵ
log

(
1

δα

)}
,

(where c is a universal constant), if X1, . . . , Xn are iid
Gaussian random variables with mean µ ∈ (−R,R) and
with variance σ2 ∈ (σ2

min, σ
2
max), and

(σ̂, Xmin, Xmax)←M(X1, . . . , Xn),

we have:

1.

P
X∼N (µ,σ2)

M

(∀i Xmin ≤ Xi ≤ Xmax) ≥ 1− α

2.

P
X∼N (µ,σ2)

M

(
|Xmax −Xmin| ≤ O

(
σ
√
log(n/α)

))
≥ 1−α

3.
P

X∼N (µ,σ2)
M

(σ ≤ σ̂ ≤ 8σ) ≥ 1− α

Moreover, if

n ≥ c ·min

{
1

ϵ
log

(
σmax

σmin

)
,
1

ϵ
log

(
1

δα

)}
,

then

E
X∼N (µ,σ2)

M

[
σ̂2
]
≤ σ2

(
c1 + c2 log

2(n) · α
)
.

3.5. Main theorems (Upper Bound)

The main theorems of mean estimation can be split into two
cases:

1. variance is known

2. variance is unknown

3.5.1. VARIANCE IS KNOWN

We now move from range estimation to confidence interval
construction. In the known-variance setting, the variance σ2

is known exactly, just as in the classical Gaussian confidence
interval

X̄ ± σ√
n
z1−α/2.

The private algorithm follows the same basic structure, but
it must first control sensitivity.

The algorithm has three main steps. First, it privately esti-
mates a range [Xmin, Xmax] containing the data with high
probability. Second, it clips each sample to this interval:

Yi =


Xi, Xi ∈ [Xmin, Xmax],

Xmax, Xi > Xmax,

Xmin, Xi < Xmin.

After clipping, changing one data point can change the
clipped empirical mean by at most

Xmax −Xmin

n
.

Therefore, the Laplace mechanism can be applied to the
clipped mean.

Finally, the algorithm outputs an interval centered at the
noisy clipped mean. The radius of the interval contains two
parts: the usual Gaussian sampling error and an additional
term for the Laplace noise. The resulting interval has fixed
width, and its length is bounded by

max

{
σ√
n
O
(√

log(1/α)
)
,
σ

ϵn
polylog

(n
α

)}
.

The first term matches the classical non-private rate, while
the second term is the extra cost of privacy.
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Theorem 3.5. Let I be the set of all possible intervals
in R. For every n ∈ N, σ, ϵ, δ > 0, α ∈ (0, 1/2), R ∈
(0,∞], there is β > 0 and an (ϵ, δ)-differentially private
algorithm M : Rn → I such that if X1, . . . , Xn are iid
random variables from N (µ, σ2), with µ ∈ (−R,R) and
I ←M(X1, . . . , Xn), then

P
X∼N (µ,σ2)

M

(
I(X1, . . . , Xn) ∋ µ

)
≥ 1− α.

Moreover, |I| = β and if

n ≥ cmin

{
1

ϵ
log

(
R

σα

)
,
1

ϵ
log

(
1

δα

)}
,

(where c is a universal constant), then

β ≤ max

{
σ√
n
O

(√
log

(
1

α

))
,
σ

ϵn
polylog

(n
α

)}
.

(4)

3.5.2. VARIANCE IS UNKNOWN

In the unknown-variance setting, the algorithm must also
account for uncertainty in the variance. The non-private
confidence interval uses the sample variance and a t-quantile
rather than the known value of σ. The private algorithm
follows the same idea, but it must estimate both the mean
and the variance in a way that preserves differential privacy.

The algorithm first runs the unknown-variance range es-
timator to obtain a private interval [Xmin, Xmax]. It then
clips the data to this interval and adds Laplace noise to the
clipped empirical mean. In addition, it privately estimates
the sample variance of the clipped data. Because the clipped
data lie in a bounded interval, the clipped sample variance
has bounded sensitivity, so Laplace noise can also be added
to this quantity.

The final interval is centered at the noisy clipped mean and
uses the private variance estimate together with a t-quantile.
The algorithm deliberately makes the private variance esti-
mate conservative, so that the interval remains valid even
after adding privacy noise. Unlike the known-variance case,
the interval length is random because it depends on the pri-
vate variance estimate. Therefore, the theorem bounds the
expected length of the interval.

The final expected length has the same general form as in
the known-variance case:

max

{
σ√
n
O
(√

log(1/α)
)
,
σ

ϵn
polylog

(n
α

)}
.

Again, the first term is the usual non-private statistical error,
and the second term is the additional privacy cost.

Theorem 3.6. Let I be the set of all possible intervals in
R. For every n ∈ N, σmin < σmax ∈ [0,∞], ϵ, δ > 0,
α ∈ (0, 1/2), R ∈ [0,∞), there is an (ϵ, δ)-differentially
private algorithm M : Rn → I such that if X1, . . . , Xn are
iid random variables from N (µ, σ2), where µ ∈ (−R,R)
and σ ∈ (σmin, σmax), and I ←M(X1, . . . , Xn), then

P
X∼N (µ,σ2)

M

(
I(X1, . . . , Xn) ∋ µ

)
≥ 1− α.

Moreover, if

n ≥ c1
ϵ
min

{
max

{
log

(
R

σmin

)
, log

(
σmax

σmin

)}
, log

(
1

δ

)}

+
c2
ϵ
log

(
log(1/ϵ)

α

)
.

(where c1 and c2 are universal constants), then

β := E
X∼N (µ,σ2)

M

[
|I(X1, . . . , Xn)|

]

≤ max

{
σ√
n
O

(√
log

(
1

α

))
,
σ

ϵn
polylog

(
1

α

)}
.

3.6. Main theorems (Lower Bound)

They first proved a theorem without privacy.

Theorem 3.7. Let X1, . . . , Xn
iid∼ N(µ, σ2) where µ ∈

(−R,R), σ2 is known, and R > cσ2 for a fixed (but arbi-
trarily small) constant c > 0. Let I = I(X1, . . . , Xn) be
any measurable set where I ⊆ (−R,R) such that for every
α ∈ (0, 1/2), and µ ∈ (−R,R), if

PX∼N(µ,σ2)

(
I(X1, . . . , Xn) ∋ µ

)
≥ 1− α

,

EX∼N(µ,σ2)

[
|I(X1, . . . , Xn)|

]
≥ 2σ√

n
z1−α

2
− Õ

(
1

n

)
.

Since z1−α
2
= Θ(

√
log(1/α)), the lower bound for statis-

tical error is then Ω(σ
√

log(1/α)
n ), which matches the first

term in the upper bound (4).

Then they showed the following lower bound for privacy
error.

Theorem 3.8. Let M(X1, . . . , Xn) be any (ϵ, δ)-
DP algorithm that outputs a random measurable set
S(X1, . . . , Xn) ⊂ (−R,R) such that, for every α ∈ (0, 1),

and µ ∈ (−R,R), whenever X1, . . . , Xn
iid∼ N(µ, σ2)

where µ ∈ (−R,R) and σ2 is known, if

5



DP Gaussian Mean Estimation

1.

PM
X∼N(µ,σ2)

(
S(X1, . . . , Xn) ∋ µ

)
≥ 1− α.

2.
EM
X∼N(µ,σ2)

[
|S(X1, . . . , Xn)|

]
≤ β

then,

1. For all α ∈ (0, 1
2 ), and δ < α/2n,

β ≥ c ·min

(
σ

ϵn
log

(
1

α

)
, R

)
. (5)

2. If β < σ < R, then,

n ≥ c1 ·min

(
1

ϵ
log

(
1

α

)
,
1

ϵ
log

(
1

δ

))
and

n ≥ c2 ·min

(
1

ϵ
log

(
R

σ

)
,
1

ϵ
log

(
1

δ

))
.

Remark: Suppose β < R, then this lower bound matches
the second term in upper bound (4) up to some polylog
terms.

4. Future Directions
Karwa and Vadhan’s work suggests several natural direc-
tions for future research. The first direction is to close the
remaining gap between the upper and lower bounds. In
the known-variance case, the lower bound shows that any
differentially private confidence interval must pay a privacy
cost of order

Ω

(
σ

ϵn
log

(
1

α

))
,

while their upper bound has a privacy term of the form

σ

ϵn
polylog

(n
α

)
.

Thus, the leading statistical term already matches the classi-
cal non-private rate, but there remains a polylogarithmic gap
in the privacy-dependent term. A sharper algorithm or lower
bound would clarify whether this gap is only an artifact of
the analysis or is genuinely necessary.

A second direction is to improve the practical performance
of the algorithm. Although the algorithm has strong finite-
sample guarantees, it can be conservative in practice because
it first privately estimates a range and then adds noise cal-
ibrated to the clipped sensitivity. Later work such as (Du
et al., 2020) studies more practical differentially private
confidence intervals for Gaussian means and compares sev-
eral algorithms empirically. This line of work asks whether

one can preserve the finite-sample validity of Karwa and
Vadhan’s approach while producing intervals closer to the
optimal non-private interval length.

A third direction is to extend the central idea of the paper—
private localization, clipping, and noisy estimation—to
other statistical tasks. For example, (Kamath et al., 2020)
studies private mean estimation for heavy-tailed distribu-
tions, where one must again control the influence of ex-
treme observations before adding privacy noise. Similarly,
(Biswas et al., 2020) develops CoinPress, a practical pri-
vate estimation framework for multivariate sub-Gaussian
mean and covariance estimation. These works suggest that
the localization-and-clipping idea from (Karwa & Vadhan,
2018) is not only useful for one-dimensional Gaussian confi-
dence intervals, but also forms a general strategy for private
estimation with unbounded or weakly bounded data.

Finally, another broad direction is to develop general-
purpose methods for valid inference after privatization. In-
stead of designing a separate confidence interval for each
statistic, later work has studied bootstrap and simulation-
based approaches for differentially private confidence in-
tervals. For instance, (Ferrando et al., 2022) develops a
parametric bootstrap approach, while (Chadha et al., 2024)
studies private resampling methods for confidence intervals
in settings such as mean estimation, median estimation, and
logistic regression. These works move beyond the specific
Gaussian setting and aim to build a more general theory of
statistically valid inference under differential privacy.
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