Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

SIAM J. COMPUT. (© 2013 Society for Industrial and Applied Mathematics
Vol. 42, No. 3, pp. 924-1029

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES:
A DICHOTOMY THEOREM*

JIN-YI CAIf, XI CHEN¥, AND PINYAN LUS$

Abstract. Each symmetric matrix A over C defines a graph homomorphism function Za () on
undirected graphs. The function Za (-) is also called the partition function from statistical physics,
and can encode many interesting graph properties, including counting vertex covers and k-colorings.
We study the computational complexity of Za (-) for arbitrary symmetric matrices A with algebraic
complex values. Building on work by Dyer and Greenhill [Random Structures and Algorithms, 17
(2000), pp. 260-289], Bulatov and Grohe [Theoretical Computer Science, 348 (2005), pp. 148-186],
and especially the recent beautiful work by Goldberg et al. [STAM J. Comput., 39 (2010), pp. 3336—
3402], we prove a complete dichotomy theorem for this problem. We show that Za(:) is either
computable in polynomial-time or #P-hard, depending explicitly on the matrix A. We further prove
that the tractability criterion on A is polynomial-time decidable.
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1. Introduction. Graph homomorphism has been studied intensely over the
years [28, 23, 13, 18, 4, 12, 21]. Given two graphs G and H, a graph homomorphism
from G to H is a map f from the vertex set V(G) to V(H) such that, whenever
(u,v) is an edge in G, (f(u), f(v)) is an edge in H. The counting problem for graph
homomorphism is to compute the number of homomorphisms from G to H. For a fixed
graph H, this problem is also known as the # H-coloring problem. In 1967, Lovész [28]
proved that H and H' are isomorphic iff for all G, the number of homomorphisms from
G to H and from G to H' are the same. Graph homomorphisms and the associated
partition function defined below provide us an elegant and wide-ranging notion of
graph properties [23].

In this paper, all graphs considered are undirected. We follow standard defini-
tions: G is allowed to have multiple edges; H can have loops, multiple edges, and,
more generally, edge weights. (The standard definition of graph homomorphism does
not allow self-loops for G. However, our result is stronger: We prove polynomial-time
tractability even for input graphs G with self-loops; at the same time, our hardness
results hold for the more restricted case of G with no self-loops.) Formally, we use A
to denote an m x m symmetric matrix with entries (4, ), ¢,7 € [m] = {1,2,...,m}.
Given any undirected graph G = (V, E), we define the graph homomorphism function
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(1.1) Za@ = > 1] Acwew:

&V —=m] (u,v)EE

This is also called the partition function from statistical physics. It is clear from the
definition that Za (G) is exactly the number of homomorphisms from G to H, when
A is the adjacency matrix of H.

Graph homomorphism can express many natural graph properties. For example,
if we take H to be the graph over two vertices {0, 1} with an edge (0,1) and a loop
at 1, then the set of vertices mapped to 1 in a graph homomorphism from G to
H corresponds to a vertex cover of G, and the counting problem simply counts the
number of vertex covers. As another example, if H is the complete graph over k
vertices (without self-loops), then the problem is exactly the k-coloring problem for
G. Many additional graph invariants can be expressed as Za (G) for appropriate A.
Consider the Hadamard matrix

(1.2) H:G i)

We index its rows and columns by {0,1}. In the sum Zg(G), each term is either 1 or
—1 and equals —1 precisely when the induced subgraph of G on £7!(1) has an odd
number of edges. Therefore, (2" — Zi(G))/2 is the number of induced subgraphs of
G with an odd number of edges. Also expressible as Za(-) are S-flows, where S is a
subset of a finite Abelian group closed under inversion [18], and a scaled version of the
Tutte polynomial T'(x,y), where (z—1)(y —1) is a positive integer. In [18], Freedman,
Lovész and Schrijver characterized the graph functions that can be expressed as Za (+).

In this paper, we study the complexity of the partition function Za (-), where A is
an arbitrary fixed symmetric matriz over the algebraic complex numbers. Throughout
the paper, we let C denote the set of algebraic complex numbers and refer to them
simply as complex numbers when it is clear from the context. More discussion on the
model of computation can be found in section 2.2.

The complexity question of Za () has been intensely studied. Hell and Nesetfil
first studied the H-coloring problem [22, 23] (i.e., given an undirected graph G, decide
whether there exists a graph homomorphism from G to H) and proved that for any
fixed undirected graph H, the problem is either in polynomial time or NP-complete.
Results of this type are called complexity dichotomy theorems. Such theorems state
that every member of the class of problems concerned is either tractable (i.e., solvable
in P) or intractable (i.e., NP-hard or #P-hard depending on whether it is a decision or
a counting problem). This includes the well-known Schaefer’s dichotomy theorem [31].
The famous complexity dichotomy conjecture made by Feder and Vardi [16] on deci-
sion constraint satisfaction problems [11] motivated much of the subsequent work.

In [13], Dyer and Greenhill studied the counting version of the H-coloring prob-
lem. They proved that for any fixed symmetric {0, 1}-matrix A, Za () is either com-
putable in polynomial time or #P-hard. (In this paper, for a function computable
in polynomial time we will simply say “in P.”) Then in [4], Bulatov and Grohe gave
a sweeping generalization of this theorem to all nonnegative symmetric matrices A.
(See Theorem 2.5 for the precise statement.) They obtained an elegant dichotomy
theorem, which basically says that Za (-) is computable in P if each block of A has rank
at most one, and is #P-hard otherwise. More precisely, decompose A as a direct sum
of A; which correspond to the connected components H; of the undirected graph H
defined by the nonzero entries of A. Then, Za(+) is computable in P if every Za, () is
and is #P-hard otherwise. For each nonbipartite graph H;, the corresponding Za, (-)
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is computable in P if A; has rank at most one and is #P-hard otherwise. For each
bipartite H;, the corresponding Za,(+) is in P if A; has the form

0 B;
Ai= <B;f 0)’

where B; has rank one, and is #P-hard otherwise.

The result of Bulatov and Grohe is both sweeping and enormously applicable.
It completely solves the problem for all nonnegative symmetric matrices. However,
when we are dealing with nonnegative matrices, there are no cancellations in the
exponential sum Za(-). These potential cancellations, when A is either a real or
a complex matrix, may in fact be the source of surprisingly efficient algorithms for
computing Za (). The occurrence of these cancellations, or the mere possibility of
such occurrence, makes proving any complexity dichotomies more difficult. Such a
proof must identify all polynomial-time decidable problems utilizing the potential
cancellations, such as those found in holographic algorithms [36, 37, 8], and at the
same time carve out exactly what is left. This situation is similar to monotone versus
nonmonotone circuit complexity. It turns out that indeed there are more interesting
tractable cases over the reals, and in particular, the 2 x 2 Hadamard matrix H in (1.2)
turns out to be one such case. This is the starting point for the next great chapter
on the complexity of Za(-).

In a paper [21] comprising 67 pages of beautiful proofs of both exceptional depth
and conceptual vision, Goldberg et al. proved a complexity dichotomy theorem for
algebraic real-valued symmetric matrices A. Their result is too intricate to give a
short and accurate summary here. It states that the problem of computing Za (G)
for any algebraic real A is either in P or #P-hard. Which case it is depends on the
connected components of A. The overall statement remains that Za (G) is tractable
if every connected component of A is and is #P-hard otherwise. However, the exact
description of tractability for connected A is much more technical and involved. The
Hadamard matrix H and its tensor products H® --- ® H play a major role in the
tractable case. If we index rows and columns of H by the finite field Zo, then its
(z,y) entry is (—1)*Y. For the nonbipartite case, there is another 4 x 4 symmetric
matrix Hy, different from H ® H, where the rows and columns are indexed by (Zs)?
and the entry at ((z1,z2), (y1,92)) is (—1)%1¥2T2241 These two matrices, and their
arbitrary tensor products, all correspond to new tractable Za (). In fact, there are
some more tractable cases, starting with what can be roughly described as certain
rank one modifications on these tensor products.

The proof of [21] proceeds by establishing a long sequence of successively more
stringent properties that a tractable A must satisfy. Ultimately, it arrives at a point
where satisfaction of these properties implies that Za (G) can be computed as

T1,T2,...,Tn€L2

where fg is a quadratic polynomial over Zs. This sum is known to be computable in
polynomial time in n [10] [27, Theorem 6.30], the number of variables. In hindsight,
the case with the simplest Hadamard matrix H which was an obstacle to the Bulatov—
Grohe dichotomy theorem and was left open for some time could have been directly
solved if one had adopted the polynomial viewpoint of [21].

While positive and negative real numbers provide the possibility of cancellations,
there is a significantly richer variety of possible cancellations over the complex do-
main. We independently came to the tractability of Zy(-), with H being the 2 x 2
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Hadamard matrix, from a slightly different angle. In [9], the authors studied a certain
type of constraint satisfaction problem. This is motivated by investigations of a class
of counting problems called Holant problems, and it is connected with the technique
called holographic reductions introduced by Valiant [35, 36]. Let us briefly describe
this framework. A signature grid Q = (G, F) is a tuple in which G = (V, F) is a graph
and each v € V is attached a function F,, € F. An edge assignment o for every e € E
gives an evaluation [, .y Fo (0| g()), where E(v) denotes the set of incident edges of
v. The counting problem on an input instance €2 is to compute

Holant(Q2) = Z H Fy (0] Bw))-

o veEV

For example, if we take o: E — {0,1} and attach the exact-one function at every
vertex v € V, then Holant(f2) is the number of perfect matchings of G. Incidentally,
Freedman, Lovész, and Schrijver showed [18] that counting perfect matchings cannot
be expressed as Za (+) for any matrix A over R. However, every function Za (-) (vertex
assignment) can be simulated by Holant(-) (edge assignment) as follows: A defines a
function of arity 2 for every edge of G. Consider the bipartite vertex-edge incidence
graph G' = (V(G), E(G),E') of G, where (v,e) € E’ if e is incident to v in G. Then
attach the equality function at every v € V(@) and the function defined by A at
every e € E(G). This defines a signature grid Q with the underlying graph G’. Then
Za(G) = Holant(2).

Denote a symmetric function on n boolean variables by [fo, f1,..., fa], where f;
is the value on inputs of Hamming weight j. For example, the exact-one function is
[0,1,0,...,0] and H is just [1,1,—1]. The authors of [9] discovered that the three
families of functions (listing the values of a function lexicographically as in a truth
table on k boolean variables)

Fi={A([L,0]%F +i"[0, 1]*¥)|XeC, k=1,2,..., andr=0,1,2,3},
Fo={ ML, 1% +i"[1,-1)®%) | A eC, k=1,2,..., and 7 =0,1,2,3 },
Fs={A([L, 9] +i"[1, —]®**) | A eC, k=1,2,..., and r =0,1,2,3 }

all give rise to tractable problems: Holant(2) for any Q = (G, F1 U Fa U F3) can be
solved in P. In particular, by taking r = 1, k = 2, and A = (1 +4)~! in F3, we recover
the binary function [1,1, —1] that corresponds to the Hadamard matrix H in (1.2). If
we take 7 = 0, A = 1 in Fj, we get the equality function [1,0,...,0,1] on k bits. This
shows that Zg(-), as a special case, can be computed in P.

However, more instructive for us is the natural way in which complex numbers
appear in such counting problems, especially when applying holographic reductions.
One can say that the presence of powers of i = v/—1 in these three families “reveals”
the true nature of H as belonging to a family of tractable counting problems, where
complex numbers are the correct language. In fact, the tractability of Holant(§2) for
0 = (G, F1 UFy U F3) all boils down to an exponential sum of the form

(13) Z Z'L1+L2+~~~+Ls’

L1, T2, yTn G{OJ}

where each L; is an indicator function of an affine form of x1, 9, ..., x, over Zy (and
thus, the exponent of ¢ in the equation above is a mod 4 sum of mod 2 sums). From
here it is only natural to investigate the complexity of Za (-) for symmetric complex
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matrices, since it not only is a natural generalization but also can reveal the inner
unity and some deeper structural properties. Interested readers can find more details
in [9]. Also see Remark 12.10 at the end of section 12.

Our investigation of complex-valued graph homomorphisms is also motivated by
the partition function in quantum physics. In classical statistical physics, the partition
function is always real-valued. But in a generic quantum system, for which complex
numbers are the right language, the partition function is in general complex-valued
[17]. In particular, if the physics model is over a discrete graph and is nonorientable,
then the edge weights are given by a symmetric complex matrix.

Our main result is the following complexity dichotomy theorem, though its crite-
rion is too complicated to explain here.

THEOREM 1.1. Let A be a symmetric and algebraic complex matriz. Then Za(-)
either can be computed in polynomial time or is # P-hard.

Furthermore, under the model of computation described in section 2.2, we show
that the following decision problem is solvable in polynomial time.

THEOREM 1.2 (polynomial-time decidability). Given a symmetric and algebraic
complex matriz A, there is a polynomial-time algorithm that decides whether Za () is
in polynomial time or is #P-hard.

Recent developments. In [34], Thurley announced a dichotomy theorem?! for
Za(+), where A is a complex Hermitian matrix. The tractability result of the present
paper (in section 12) was used in [34]. Cai and Chen proved a dichotomy theorem for
Za(+) for directed graph homomorphisms, where A is a nonnegative but not neces-
sarily symmetric matrix [5]. A dichotomy theorem is also proved for the more general
counting constraint satisfaction problem when the constraint functions take values in
{0,1} [1, 2] (with an alternative proof given in [14] that also shows the decidability of
the dichotomy criterion), when the functions take nonnegative and rational values [3],
and when they are nonnegative and algebraic [7]. Finally, built on the methods and
results of [1, 14, 21] and the present paper, Cai and Chen proved a dichotomy theorem
for all algebraic complex-valued counting constraint satisfaction problems [6].

Organization. Due to the complexity of the proof of Theorem 1.1, both in terms
of its overall structure and in terms of technical difficulty, we first give a high-level
description of the proof for the bipartite case in section 3. We prove the first and
second pinning lemmas in section 4. A more detailed outline of the proof for the two
cases, bipartite and nonbipartite, is presented in sections 5 and 6, respectively, with
formal definitions and theorems. We then prove all the lemmas and theorems used
in sections 5 and 6, as well as Theorem 1.2, in the rest of the paper. An index of
conditions and problem definitions is given in Figure 1.1.

2. Preliminaries. In the paper, we let Q denote the set of rational numbers and
let R and C denote the set of algebraic real and algebraic complex numbers, respec-
tively, for convenience (even though many of the supporting lemmas and theorems
actually hold for general real or complex numbers, especially when computation or
polynomial-time reduction is not concerned in the statement).

2.1. Notation. For a positive integer n, we use [n] to denote the set {1,...,n}
(when n =0, [0] = (). We use [m : n], where m < n, to denote {m,m+1,...,n}. We

IHowever, the following is a counter example to Claim 3 on p. 50 of [34]: D[lcl]:’1 = Dg;]“’l =1,
Dgclm = ¢ (the imaginary unit), and DQCQ;2 = —i. We believe that this minor deficiency in the proof
probably can be overcome using the techniques in this paper, in particular those from section 8.4.
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(Pinning) p. 938 (U)—Ua) p. 941 (Us) p. 941
(R1)-(R3) p.943 (L1)—(L3) p. 944 (D1) - (D) p. 944
)-@)  poss W) P985 (RY)-(R}) p. 946
(C)-(Ly)  p.oaT (D)) (DY) D048 (TD)-(Ts) p. 952
(S1) p. 954 (82)—(8S3) p. 955 (Shapei) — (Shapes)  p. 959
(Shapeg) p. 964 (9 p- 981 (F1)—(Fa) p- 1003
(81)—(S%) p. 1013 (Shape} ) — (Shapef)  p. 1015 (FD)—-(FD) p. 1021
Za(G) and EVAL(A) p.925 Zc.o(G) and EVAL(C, D) p. 931
25 o(G,u) p- 931 Z§ (G u) p. 931
Za(G,w, k) and EVALP(A) p-933  Z,4(f) and EVAL(q) p- 933
Za(G,w, S) and EVAL(A, S) p.937  Zc.o(G,w, k) and EVALP(C,®)  p. 938
Zc,»(G,w,S) and EVAL(C,D,S) p.938 COUNT(A) p- 949

Fic. 1.1. Indez of conditions and problem definitions.

use 1, to denote the all-one vector of dimension n. Sometimes we omit n when the
dimension is clear from the context. For a positive integer N, we let wy = e>™/N | a
primitive Nth root of unity.

Let x,y be two vectors in C™. Then we use (x,y) to denote their inner product,

n
<X7y> = Zﬁl “Yis
i=1

and x oy € C" to denote their Hadamard product, (x oy); = x; - y; for all i € [n].
Let A = (4; ;) be a k x ¢ matrix and B = (B; ;) be an m x n matrix. We use
A, ., i € [K], to denote the ith row vector and A, ;, j € [¢], to denote the jth column
vector of A. We let C = A ® B denote their tensor product: C is a km x fn matrix
whose rows and columns are indexed by [k] x [m] and [¢] x [n], respectively, such that

C(i1,i2),(j17j2) = Ai1,j1 -Bi27j2 for all 71 € [k], 19 € [m], j1 S [5], and jQ (S [Tl]

Given an n X n symmetric complex matrix A, we use G = (V, E) to denote the
following undirected graph: V = [n] and ij € E iff A; ; # 0. We say A is connected if
G is connected, and we say A has connected components Ay, ..., Ay if the connected
components of G are V1,...,V; and A; is the |V;] x |V;| submatrix of A restricted by
Vi C [n] for all ¢ € [s]. Moreover, we say A is bipartite if G is bipartite; otherwise,
A is nonbipartite. Let ¥ and II be two permutations of [n]. Then we use Ayx 1 to
denote the n x n matrix whose (4, j)th entry is As;) (), 4,7 € [n).

We say C is the bipartization of a matrix F if

0 F

We usually use D; to denote the (4,)th entry of a diagonal matrix D.

We say a problem is tractable if it can be solved in polynomial time. Given two
problems P and Q, we say P is polynomial-time reducible to Q, or P < Q, if there
is a polynomial-time algorithm that solves P using an oracle for Q. These reductions
are known as Cook reductions. We also say P is polynomial-time equivalent to Q, or

P=9,if P<Qand O <P.
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2.2. Model of computation.? One technical issue is the model of computation
with algebraic numbers. We adopt a standard model from [26] for computation in an
algebraic number field. We start with some notation.

Let A be a fixed symmetric matrix where every entry A; ; is an algebraic number.
We let o7 denote the finite set of algebraic numbers consisting of entries A;; of A.
Then it is easy to see that Za (G), for any undirected graph G, is a number in Q(</),
the algebraic extension of Q by «7. By the primitive element theorem [30], there
exists an algebraic number @ € Q(&7) such that Q(&/) = Q(«a). (Essentially, Q
has characteristic 0, and therefore the field extension Q(&) is separable. We can
take the normal closure of Q(%7), which is a finite-dimensional separable and normal
extension of Q, and thus Galois [24]. By Galois correspondence, there are only a finite
number of intermediate fields between Q and this Galois extension field and thus a
fortiori only a finite number of intermediate fields between Q and Q(«). Then Artin’s
theorem on primitive elements implies that Q(&7) is a simple extension Q(«).) In the
proof of Theorem 1.1 when the complexity of a partition function Za(+) is concerned,
the matrix A is considered fixed. Thus, we may assume we are given, as part of the
problem description, such a number «a, encoded by a minimal polynomial F(z) € Q[z]
of a. In addition to F, we are given a sufficiently good rational approximation & of
« which uniquely determines « as a root of F(x).3

Let d = deg(F). Then every number ¢ in Q(«7), including the A, ;’s and Za(G)
for any G, has a unique representation as a polynomial of a:

co+cr-a+---4cqg_1- o/i_l, where every ¢; is a rational number.

We will refer to this polynomial as the standard representation of c. Given a number
¢ € Q(«) in the standard representation, its input size is the sum of the binary
lengths of all the rational coefficients. It is easy to see that all the field operations
over Q(«7) in this representation can be computed in polynomial time in the input
size.

We emphasize that when the complexity of Za(-) is concerned in the proof of
Theorem 1.1, all the following are considered as constants since they are part of the
problem description and not part of the input: the size of A, the minimal polynomial
F(xz) of «, the approximation & of «, as well as the entries A4; ; of A encoded in the
standard representation. Given an undirected graph G, the problem is then to output
Za(G) € Q(&) encoded in the standard representation. We remark that the same
model applies to the problem of computing Zc o (-), to be defined in section 2.3.

However, for most of the proof of Theorem 1.1 this issue of computation model
seems not to be central, because our proof starts with a preprocessing step using the
purification lemma (see section 3 for a high-level description of the proof, and see
section 7 for the purification lemma), after which the matrix concerned becomes a
pure one, meaning that every entry is the product of a nonnegative integer and a
root of unity. So throughout the proof, we let C denote the set of algebraic numbers
and refer to them simply as complex numbers, except in the proof of the purification
lemma in section 7, where we will be more careful about the model of computation.

2For readers who are not particularly concerned with details of the model of computation with
complex numbers, this section can be skipped initially.

3This is a slight modification to the model of [26] and of [34, 33]. It will come in handy later in
one step of the proof in section 7, in which it allows us to avoid certain technical subtleties.
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After the proof of Theorem 1.1, we consider the decidability of the dichotomy
theorem and prove Theorem 1.2. The input of the problem is the full description of
A including the minimal polynomial F(z) of «, the approximation & of «, as well as
the standard representation of the entries A4, ; of A. We refer to the binary length of
all the components above as the input size of A. To prove Theorem 1.2, we give an
algorithm that runs in polynomial time in the binary length of A and decides whether
the problem of computing Za (-) is in polynomial time or #P-hard.

2.3. Definitions of EVAL(A) and EVAL(C,®). Let A € C™*™ be a symme-
tric matrix with entries (A4; ;). It defines a graph homomorphism problem EVAL(A)
as follows: Given an undirected graph G = (V, E), compute

ZaG) = Y wita(€), where wta(§) = [ Acw e

&V —[m] (u,v)EE

We call £ an assignment to the vertices of G and wta (§) the weight of €.

To study the complexity of EVAL(A), we introduce a much larger class of EVAL
problems with not only edge weights but also vertex weights. Moreover, the vertex
weights depend on the degrees of vertices of G, modulo some integer modulus. It is a
generalization of the edge-vertex weight problems introduced in [21]. See also [29).

DEFINITION 2.1. Let C € C™*"™ be a symmetric matriz and

© = (D, DM, ... DIV

be a sequence of diagonal matrices in C™*™ for some N > 1. We define the following
problem EVAL(C,D): Given an undirected graph G = (V, E), compute

(2.1) Zco (G Z wte,o (€
§:V—[m]

where

wte. @ < H Cg ()£ (0) ) < H D[deg v) mod N])
(

w,v)EE veV

and deg(v) denotes the degree of v in G.

Let G be an undirected graph with connected components G, ..., Gs.

PROPERTY 2.2. ZC’Q (G) = ZC7©(G1) X oo X ZC’Q (GS)

Property 2.2 implies that whether we need to design an algorithm for EVAL(C, D)
or reduce EVAL(C,®) to another problem EVAL(C’,®’), it suffices to consider con-
nected input graphs. Also note that since EVAL(A) is a special case of EVAL(C, D)
in which every D[ is an identity matrix, Property 2.2 and the remarks above apply
to EVAL(A) as well.

Next, suppose C is the bipartization of an m x n F, so C is (m +n) x (m + n).
Given a graph G and a vertex u in G, we use Z; to denote the set of £: V' — [m + n)
with &(u) € [m] and Zz to denote the set of & with £(u) € [m+ 1 : m +n]. Then let

Z5 o (G u) = Zwtc@ and  Zg o(G,u) = Zwtc@
€2, €22

The next property follows from the definitions.
PROPERTY 2.3. Zcn(G) = Z5 (G, u) + Z5 5 (G, u).
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We introduce these two new functions because of the following lemma.
LEMMA 2.4. For each i € {0, 1, 2}, let FU be an m; x n; _complex matriz, where
mgo = mime and ng = nine; let Cll be the bipartization of Flil ; and let

ol = (DI, ... DIV

be a sequence of (m; + n;) X (m; +n;) diagonal matrices for some N > 1, where

. [i,7]
lir] _ (P
b= ( QM>

and P[”], Q[i’r] are m; X my, n; X n; diagonal matrices, respectively. Assume
FlO =l g Fl ~ plOrl=plrdgplrl  agnd QU = Qi g QR
for allr € [0: N —1]. Then for any connected graph G and any vertex u* in G,

(2.2) Z&o]p[o] (Gu") = Zau,@m (G, u”) - ng,@[z] (G,u") and
(2.3) Z&o]p[o] (Gu") = Z&u,@m (G, u”) - ng,@[z] (G, u").

Proof. We only prove (2.2) about Z—. The proof of (2.3) is similar. First, if G is
not bipartite, then Zg, 5 (G, u*) =0 for all 7 € {0,1,2}, and (2.2) holds trivially.

Now assume G = (U UV, E) is a bipartite graph, u* € U, and every edge uwv € F
has one vertex u from U and one vertex v from V. We let &;, i € {0, 1,2}, denote the
set of assignments &; from U UV to [m; 4+ n;] such that & (u) € [m;] for all u € U and

&(v) € [mi +1:m;+ny] for all v € V. Since G is connected, we have

Zaﬂ,@[i] (G, U*) = Z Wtc[i])@[i] (fz) fOI' Z S {0, 1, 2}

£i€E;

We define a map p from Z; x 2y to Zg as follows: p(&1,&2) = &, where for every
u € U, &(u) is the row index of Fl% that corresponds to row & (u) of FIUI and row
&5(u) of FI2 in the tensor product FI% = FI!l @ FI2I; and for every v € V, &(v) —mo
is the column index of Fl that corresponds to column &; (v) —m; of FI! and column
£5(v) — my of FI in the tensor product. It is clear that p is a bijection, and

Wt o0 (o) = Whon pm (§1) - Wheiz oz (€2),
if p(&1,&2) = &. Equation (2.2) then follows, and the lemma is proved. O

2.4. Basic #P-hardness. We state the dichotomy of Bulatov and Grohe.
THEOREM 2.5 (Bulatov and Grohe [4]). Let A be a symmetric and connected
matriz with nonnegative algebraic entries. Then EVAL(A) is either in polynomial time
or #P-hard. Moreover, we have the following two cases:
1. If A is bipartite, then EVAL(A) is in polynomial time if the rank of A is 2;
otherwise EVAL(A) is # P-hard.
2. If A is not bipartite, then EVAL(A) is in polynomial time if the rank of A is
at most 1; otherwise EVAL(A) is # P-hard.
Theorem 2.5 gives us the following useful corollary.
COROLLARY 2.6. Let A be a symmetric and connected matrix with nonnegative
algebraic entries. If A has a 2 X 2 submatrix B such that all four entries of B are
nonzero and det(B) # 0, then the problem EVAL(A) is #P-hard.
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3. A high-level description of the proof. The first step in the proof of
Theorem 1.1 is to reduce the problem to connected graphs and matrices.

Let A be an m X m symmetric complex matrix. If G has connected components
{G;}, then Za(G) =[], Za(G;); if G is connected and A has connected components
{A;}, then ZA(G) = 32, Za,;(G). Thus, if every Za,(-) is computable in polynomial
time, then so is Za (-). The hardness direction is less obvious. Assume that EVAL(A;)
is #P-hard for some j; we want to show that EVAL(A) is also #P-hard by giving a
polynomial-time reduction from EVAL(A;) to EVAL(A).

Now let G' be an undirected graph. To compute Za,(G), it suffices to compute
Za,(G;) for all connected components G; of G. Therefore, we may just assume that
G is connected. Define a pinning version of Za (-) as follows. For any chosen vertex
w € V(G) and any k € [m], we let

ZA(Gawak) = Z H A&(“)f(”)

&V —[m], &(w)=k (u,v)EE

Then we can prove a pinning lemma (Lemma 4.1) which states that the problem of
computing Za (+) is polynomial-time equivalent to computing Za(-,-,-). Note that if
V; denotes the subset of [m] where A; is the submatrix of A restricted by Vj}, then
for a connected graph G, we have

Za,(G) =" Za(G,w, k),

keV;

which gives us the desired polynomial-time reduction from EVAL(A;) to EVAL(A).

The proof of this pinning lemma (Lemma 4.1) is a standard adaptation to the
complex numbers of the one proved in [21]. For technical reasons we indeed need a
total of three pinning lemmas (Lemmas 4.1, 4.3, and 8.4), and the proofs of the other
two are a bit more involved. We remark that all three pinning lemmas show only
the ezistence of polynomial-time reductions between Za (-) and Za(:,-,-) but do not
constructively produce such a reduction, given A. The proof of the pinning lemma in
[21] used a result by Lovész [29] for real matrices. It is possible to use a new result of
Schrijver [32] in the complex case. However, we give direct and self-contained proofs
of our three lemmas without using [29] or [32].

After this preliminary step, we restrict to connected and symmetric A. As indi-
cated, for our work the two most influential predecessor papers are those by Bulatov
and Grohe [4] and Goldberg et al. [21]. In both papers, the polynomial-time algo-
rithms for the tractable cases are relatively straightforward or are previously known.
The difficult part of the proof is to show that, in all other cases, the problem is #P-
hard. Our proof follows a conceptual framework similar to that of Goldberg et al. [21].
However, over the complex numbers, new difficulties arise in both the tractability and
the hardness part of the proof. Therefore, both the overall organization and the
substantive part of the proof have to be done separately.

First, the complex numbers afford a richer variety of cancellations, which could
lead to surprisingly efficient algorithms for EVAL(A) when the complex matrix A
satisfies certain nice conditions. This turns out to be the case, and we obtain addi-
tional nontrivial tractable cases. These boil down to the following class of problems
called EVAL(q). Let ¢ be a fixed prime power. The input of EVAL(q) is a quadratic
polynomial f(z1,x2,...,z,) with integer coefficients; the output is
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We show that for any fixed prime power ¢, EVAL(q) is in polynomial time. In
the algorithm (see section 12), Gauss sums play a crucial role. The tractability part
of our dichotomy theorem is then done by reducing EVAL(A), assuming A satisfies a
set of nice structural conditions (to be described in the rest of this section) imposed
by the hardness part, to EVAL(q) for some appropriate prime power g. While the
corresponding sums for finite fields (when ¢ is a prime) are known to be in polynomial
time [10, 15], [27, Theorem 6.30] and, in particular, this includes the special case of Z
used in [21], our algorithm over rings Z, is new and should be of independent interest.

Next we briefly describe the proof structure of the hardness part of the dichotomy
theorem. Let A be a connected and symmetric matrix. The difficulty starts with the
most basic proof technique, called gadget constructions. With a graph gadget, one
can take any input undirected graph G and produce a modified graph G* by replacing
each edge of G with the gadget. Moreover, one can define a suitable modified matrix
A* from the fixed matrix A and the gadget such that Za-(G) = Za(G*) for all
undirected graphs G.

A simple example of this maneuver is called thickening, where one replaces each
edge in the input G by ¢ parallel edges to get G*. It is easy to see that if A* is obtained
from A by replacing each entry A; ; by its tth power (A, ;)*, then the equation above
holds and we get a reduction from EVAL(A*) to EVAL(A). In particular, if A is real
(as in the case of [21]) and ¢ is even, this produces a nonnegative matrix A*, to which
one may apply the Bulatov—Grohe result:

1. If A*, as a symmetric and nonnegative matrix, does not satisfy the tractabil-
ity criteria of Bulatov and Grohe as described in Theorem 2.5, then both EVAL(A™*)
and EVAL(A) are #P-hard and we are done.

2. Otherwise, A* satisfies the Bulatov—Grohe tractability criteria, from which A
must satisfy certain necessary structural properties since A* is derived from A.

The big picture of the proof of the dichotomy theorem is then to design various
graph gadgets to show that, assuming EVAL(A) is not #P-hard, the matrix A must
satisfy a collection of strong necessary conditions over its complex entries A4; ;. (The
exact proof structure, however, is different from this very-high-level description, which
will become clear in the rest of this section.) To finish the proof, we show that for
every A that satisfies all these structural conditions, one can reduce EVAL(A) to
EVAL(q) for some appropriate prime power ¢ (which depends only on A), and thus
EVAL(A) is tractable.

For complex matrices A, we immediately encountered the following difficulty.
Any graph gadget will only produce a matrix A* whose entries are obtained from
entries of A by arithmetic operations + and x. While for real numbers any even
power guarantees a nonnegative quantity, as was done in [21], no obvious arithmetic
operations on the complex numbers have this property. Pointedly, conjugation is not
an arithmetic operation. However, it is clear that for roots of unity, one can produce
conjugation by multiplication.

Thus, our proof starts with a process of replacing an arbitrary complex matrix by
a purified complex matrix with a special form. It turns out that we must separate out
the cases where A is bipartite or nonbipartite. A purified bipartite (and symmetric,
connected) matrix is the bipartization of a matrix B, where

0 Gi1 G2 oo Clm—k TP
H2 C2,1 C2,2 e Cz,m—k Hk+2
B = . ) . )
i Cot Ch2 o Chym—k Hm
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for some 1 < k < m, in which every p; is a positive rational number and every ¢; ;
is a root of unity. The claim is that for every symmetric, connected, and bipartite
matrix A € C™*™, either we can already prove the #P-hardness of EVAL(A) or there
exists a purified bipartite matrix A’ € C™*™ such that EVAL(A’) is polynomial-time
equivalent to EVAL(A) (Theorem 5.2). For nonbipartite matrices A, a corresponding
statement holds (Theorem 6.2). For convenience, we only consider the bipartite case
in the discussion below.

Continuing now with a purified bipartite matrix A’, the next step is to further
regularize its entries. In particular we need to combine those rows and columns of the
matrix where they are essentially the same, apart from a multiple of a root of unity.
This process is called cyclotomic reduction. To carry out this process, we need to use
the more general problem EVAL(C,®) defined earlier in section 2.3. We also need to
introduce the following type of matrices, called discrete unitary matrices.

DEFINITION 3.1 (discrete unitary matrix). Let F € C™*™ be a (not necessarily
symmetric) matriz with entries (F; ;). We call F an M-discrete unitary matrix, for
some positive integer M, if it satisfies the following conditions:

1. Every entry F; ; of F is a root of unity, and F1; = F;1 =1 for all i € [m].
2. M s the least common multiple (lcm) of orders of all the entries F; ; of F.
3. For alli # j € [m], we have (F; ., F;,) =0 and (F,;F, ;) =0.

Some of the simplest examples of discrete unitary matrices are as follows:

11 1 1 1

11 i 1 —11 —11 b Lo¢c ¢ ¢ o
(1 —1>’ I R R A R S S SN
1 1 -1 1 1w w L ¢t ¢ ¢ ¢

1 ¢ ¢ ¢ ¢t

where w = €2™/3 and ¢ = €2™/5. Tensor products of discrete unitary matrices are
also discrete unitary matrices. These matrices play a major role in our proof.

Now we come back to the proof outline. We show that EVAL(A’) is either #P-
hard or polynomial-time equivalent to EVAL(C,®) for some matrix C € C2"*2" and
some ® of diagonal matrices from C2"*2" where n < m and C is the bipartization
of a discrete unitary matrix, denoted by F. In addition, there are further stringent
requirements for ®; otherwise EVAL(A') is #P-hard. The detailed statements can
be found in Theorems 5.3 and 5.4, summarized in properties (U;) to (Us). Roughly
speaking, the first matrix DI in © must be the identity matrix, and for any matrix
DUl in ©, each entry of DI"] is either zero or a root of unity. We call these conditions,
with some abuse of terminology, the discrete unitary requirements. The proof that
these requirements are necessary is demanding and among the most difficult in the
paper.

Next, assume that we have a problem EVAL(C,®) satisfying the discrete unitary
requirements with C being the bipartization of F. Recall that w, = e2mi/a,

DEFINITION 3.2. Let g > 1 be a prime power. The following ¢ X q matriz Fq is
called the q-Fourier matriz: The (x,y)th entry of Fq is wi¥, z,y € [0:q — 1].

We show that either EVAL(C, D) is #P-hard or, after a permutation of rows and
columns, F becomes the tensor product of a collection of suitable Fourier matrices:

Fo QFgp®@---QF,y,, whered>1and every ¢; is a prime power.

Basically, we show that even with the stringent conditions imposed on the pair (C, D)
by the discrete unitary requirements, most of EVAL(C,®) are still #P-hard, unless
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F is the tensor product of Fourier matrices. On the other hand, the tensor product
decomposition into Fourier matrices finally brings in group theory and Gauss sums.
It gives us a canonical way of writing the entries of F' in a closed form. More exactly,
we index the rows and columns of F using x = (x1,...,2q) € Zqg, X - -+ X Zg, so that

Fry= H wg¥t for any X,y € Zg, X -+ X ZLg,.
i€[d]

Assume ¢, ...,qq are powers of s < d distinct primes pi,...,ps. We can also view
the set of indices as Zg, X -+ X Zg, = G1 X --- X G5, where G; is the finite Abelian
group which is the product of all the groups Z,, with g; being a power of p;.

This canonical tensor product decomposition of F gives us a natural way to index
the rows and columns of C and the diagonal matrices in ® using x. More exactly, we
index the first half of the rows and columns of C and every D"l in ® using (0, x) and
index the second half of the rows and columns using (1,x), x € Zg, X - -+ X Zq,.

With this canonical expression of F and C, we further inquire into the structure
of ®. Here one more substantial difficulty awaits us. There are two more properties
that we must demand of those diagonal matrices in ®. If © does not satisfy these
additional properties, then EVAL(C,®) is #P-hard.

First, for each r, we define A, and A, to be the support of DI, where A, refers
to the first half of the entries and A, refers to the second half of the entries (here we
follow the convention of using D; to denote the (7,7)th entry of a diagonal matrix D):

A, = {x : DK)],x) # O} and A, = {x : DZ])X) # O}.
We let S denote the set of subscripts 7 such that A, # @) and let 7 denote the set of
r such that A, # (. We can prove that for each r € S, A, = [[]_; A,; must be a
direct product of cosets A, ; in the Abelian groups G;, where i =1,..., s correspond
to the constituent prime powers of the group, and for each r € T, A, = [[_; A,
is a direct product of cosets in the same Abelian groups. Otherwise, EVAL(C,D) is
#P-hard.

Second, we show that for each r € S and r € T, respectively, D"l on its support A,
for the first half of its entries and on A,. for the second half of its entries, respectively,
possesses a quadratic structure; otherwise Zg o(-) is #P-hard. We can express the
quadratic structure as a set of exponential difference equations over bases which are
appropriate roots of unity of orders equal to various prime powers. The constructions
used in this part of the proof are the most demanding in the paper.

After all these necessary conditions, we finally show that if C and ® satisfy all
these requirements, there is a polynomial-time algorithm for EVAL(C,®) and thus,
EVAL(A) is also in polynomial time. To this end, we reduce EVAL(C, D) to EVAL(q)
for some appropriate prime power g (which depends only on C and ©). As noted
earlier, the tractability of EVAL(q) is new and is of independent interest.

4. Pinning lemmas and preliminary reductions. We prove two pinning
lemmas in this section, one for EVAL(A) and one for EVAL(C,®). The proof of the
first lemma is very similar to that of the pinning lemma from [21], but the second one
has some complications. We will prove a third pinning lemma in section 8.1.

4.1. A pinning lemma for EVAL(A). Let A be an m X m symmetric complex
matrix. We define a new problem EVALP(A): The input is a triple (G, w, 1), where
G = (V, E) is an undirected graph, w € V is a vertex, and i € [m]; the output is
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Za(Gow,i) = > wta(€).
&:V—[m]
§(w)=i

It is easy to see that EVAL(A) < EVALP(A). The other direction also holds.

LEMMA 4.1 (first pinning lemma). EVALP(A) = EVAL(A).

Proof. We define an equivalence relation ~ over [m]: i ~ j if for any undirected
graph G = (V,E) and w € V, Za(G,w,i) = Za(G,w, j). Note that we do not know,
given A, how to compute ~ efficiently, although this is possible using the new results
of Schrijver [32]. Instead, the lemma only proves, nonconstructively, the existence of
a polynomial-time reduction, which is sufficient for our purposes.

This relation divides the set [m] into s equivalence classes Ay, ..., A for some
positive integer s. For any distinct ¢,¢' € [s], there exists a pair P,y = (G, w), where
G is an undirected graph and w is a vertex of G, such that

ZA(G,w,z') = ZA(G,w,j) 75 ZA(G,w,z") = ZA(G,w,j’)

for all i, € A; and 7/, j’ € Ap. Again, we do not know how to compute such a pair
efficiently, but it always exists by the definition of the equivalence relation ~.

Now given any subset S C [s], we define a problem EVAL(A,S). The input is a
pair (G, w), where G = (V, E) is an undirected graph and w € V; the output is

Za(Gow,8) = > wta(§).
&:V—[m]
5(w)€Utes Ay

When S = [s], EVAL(A, S) is exactly EVAL(A). We make the following claim.
Cram 4.2. If S C [s] and |S| > 2, then there exists a partition {S1,...,Sk} of
S for some k > 1 such that EVAL(A, Sy) < EVAL(A,S) for all d € [K].
We use Claim 4.2 to prove Lemma 4.1. Let (G,w,) be an input of EVALP(A),
and let i € Ay for some t € [s]. We will use Claim 4.2 to prove that EVAL(A, {t}) <
EVAL(A). If this is the case, then we are done because

Za(Gow,i) = —— - Za(Grw, {1}).
| Al

Finally we show that EVAL(A, {t}) < EVAL(A). Tt is trivially true when s = 1.
When s > 2, by Claim 4.2 there exists a partition {S1,..., S} of S for some k > 1,
such that EVAL(A,S;) < EVAL(A,S) = EVAL(A), for all d € [k]. Without loss
of generality, assume ¢t € S;. If S; = {t}, then we are done; otherwise, |S1| > 2,
and we just rename S; to be S and repeat the process above. As |S| is strictly
decreasing after each iteration, this procedure will stop at some time. The lemma is
proved. a

Proof of Claim 4.2. Let t,t' be two distinct integers in S. We let P, v = (G*, w*),
where G* = (V*, E*). Tt defines the following equivalence relation ~* over S: For
a,be S, a~*"bif Za(G*,w*,i) = Za(G*,w*,j), where i € A, and j € A,.

This equivalence relation ~* is well-defined, being independent of our choices of
i € Ag,j € Ap. Tt gives us equivalence classes {S1, ..., Sk}, a partition of S. Because
(G*,w*) = P, v, by the definition of ~*, t and ¢’ belong to different classes and thus
k > 2. For each d € [k], we let Xq = Zao(G*,w*,i), where i € A, and a € Sg. This
number X, is well-defined and is independent of the choices of a € Sy and i € A,.
Moreover, the definition of ~* implies that Xy # Xy for all d # d’ € [k].
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Next, let G be an undirected graph and w be a vertex. We show that by querying
EVAL(A, S) as an oracle, one can compute Za (G, w, Sy) efficiently for all d. To this
end, for each p € [0 : k — 1] we construct a graph GI?! = (V[P ElPl) as follows. GIP! is
the disjoint union of G and p independent copies of G*, except that the w in G and
the w*’s in all copies of G* are identified as one single vertex w’ € V[P, Thus, we
have |VP!| = |V|+p-|V*| — p. In particular, Gl = G.

From the construction of these graphs, we get the following equations:

AN(CLRT Z (Xa)? - Za(G,w,Sq) forevery pe[0:k—1].
de k]

Since Xy # Xg for all d # d’, this is a Vandermonde system. We can solve it to get
ZA(G,w,Sq) for all d. As k and the size of G* are constants that are independent of
G, we get a polynomial-time reduction from EVAL(A, S4) to EVAL(A, S). O

4.2. A pinning lemma for EVAL(C, D). Let C € C?™*2™ be the bipartization
of F € C™ ™. Let ® = (DI ... , DIVN=1) be a sequence of N 2m x 2m diagonal
matrices. We define a problem EVALP(C,®): The input is a triple (G, w, ), where
G = (V, E) is an undirected graph, w € V, and i € [2m]; the output is

ZC,@(vavi) = Z WtC,@ (f)

Clearly, EVAL(C,®) < EVALP(C,®). However, unlike EVALP(A) and EVAL(A), we
can prove the other direction only when (C, D) satisfies the following condition:

(Pinning) Every entry of F is a power of wy, where N denotes the number of
matrices in ©; F//m is a unitary matrix, and D% is the 2m x 2m identity matrix.

LEMMA 4.3 (second pinning lemma). If (C,D) satisfies the condition (Pinning)
above, then EVALP(C,®) = EVAL(C, D).

COROLLARY 4.4. If (C,D) satisfies the condition (Pinning), then the problem of
computing ZaQ as well as Z‘a@ is polynomial-time reducible to EVAL(C,D).

Proof of Lemma 4.3. The proof structure is similar to that of Lemma 4.1. We
start by introducing the following equivalence relation over [2m]: i ~ j if for any
undirected G = (V,E) and w € V, Z¢c o (G, w,i) = Zc,o(G,w,j). It partitions [2m)
into s equivalence classes A, As, ..., As for some s > 1. For any distinct ¢, € [s],
there exists a pair P,y = (G, w), where G is an undirected graph and w is a vertex,
such that for all 7,5 € A; and 7/, j' € Ay,

Zew(Gow,i) = Zew(G,w, j) # Zew (G, w, i) = Zeo (G w, j').

Now for any subset S C [s], we define EVAL(C, D, S). The input is a pair (G, w),
where G = (V, E) is an undirected graph and w is a vertex in G; and the output is

Zeo(Gw,S) = Y wtca(d).
&:V—[2m)]
5(w)€Utes At

When S = [s], EVAL(C,D, S) is exactly EVAL(C, D). We make the following claim.
CLAM 4.5. If S C [s] and |S| > 2, there exists a partition {Si,...,Sk} of S for
some k > 1 such that EVAL(C, D, S;) < EVAL(C, D, S) for all d € [k].

Lemma 4.3 then follows from Claim 4.5. The rest of the proof is exactly the same
as that of Lemma 4.1 using Claim 4.2, so we omit it here. d
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N -1 edges
1 edge

Fic. 4.1. Graph GPl, pe[0: k —1].

Proof of Claim 4.5. Let t,t' be two distinct integers in S (as |S| > 2). Let
Py = (G*,w*), where G* = (V*, E*). It defines the following equivalence relation.
For a,be S, a~*bif Zco(G*,w*,i) = Zc o (G*,w*,j), where i € A, and j € A.

This partitions S into equivalence classes {51, ..., S;}. Because (G*,w*) = P, v,
t and ¢’ must belong to different classes and thus we have k > 2. For each d € [k], we
let Yy = Zc,o(G*,w*, 1), where i € A, and a € Sq. The definition of the equivalence
relation implies that Yy # Yy for all distinct d,d’ € [k].

Now let G be an undirected graph and w be a vertex. We show that by querying
EVAL(C,9, S) as an oracle, one can compute Zc o (G, w, S4) efficiently for all d. To
this end, for each integer p € [0 : k — 1], we construct a graph GIPl = (V[PI, ElPl) as
follows: GIP! contains G and p independent copies of G*. The vertex w in G is then
connected appropriately to the w* of each G* (see Figure 4.1). More precisely,

VIl =V U {v; i e [p] and v € V' U{z1,...,Zp, Y1, -, Up},

where z1,...,Zp,Y1,...,Yp are new vertices, and EP] contains the following edges:
1. if uv € E, then uv € E!; if uv € E*, then uv; € EP! for all i € [pl;
2. one edge between (w},z;) and (y;, w) for each ¢ € [p]; and
3. N — 1 edges between (z;,w) and (w},y;) for each ¢ € [p].
In particular, we have Gl = G.
We get the following equations. For p € [0 : k — 1], Zc o (GP,w, S) is equal to

p

p
> Zeo(Gwi) | [[ Zeo (G w i) | T D CiuCiz D> CiyCiy
ieUaeS A, j=1 j=1 \z€[2m] y€E€[2m]

i1,...,0p E[2m]

Note that deg(z;) = deg(y;) = N and the changes to the degrees of w and w} are all
multiples of N. By (Pinning), there are no new vertex weight contributions from D.
Also by (Pinning), er[zm] Ci; 2Ciz = (Fi, «, Fi ) = 0 unless i = i;. Therefore,

ZC,Q(G[:D],'UJ, S) = me . Z ZC,Q (G, w, Z) . (ZC,Q (G*,’w*,i))p

1€Uqes Aa

— m2p . Z (Yd)p . ZC7’)D (G; w, Sd)

de[k]
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Because Yy # Yy for all d # d’, this is a Vandermonde system and we can solve it to
get Zco,o (G, w, Sq) for all d. As both k and the size of G* are constants independent
of G, this gives a reduction from EVAL(C,®, S4) to EVAL(C, D, .S) for every d. |

4.3. Reduction to connected matrices. The following lemma allows us to
focus on the connected components of A.
LEMMA 4.6. Let A € C™*™ be a symmetric matriz with components {A;}.

1. If EVAL(A;) is #P-hard for some i € [s], then EVAL(A) is # P-hard.

2. If EVAL(A;) is polynomial-time computable for every i, then so is EVAL(A).
Proof. Lemma 4.6 follows from the first pinning lemma (Lemma 4.1). O
The main dichotomy, Theorem 1.1, will be proved by showing that for every

connected A € C™*™ EVAL(A) is either solvable in polynomial time or #P-hard.

5. Proof outline of the case: A is bipartite. We now give an overview of
the proof of Theorem 1.1 for the case when A is connected and bipartite. The proof
consists of two parts: a hardness part and a tractability part. The hardness part is
further divided into three major steps in which we gradually “simplify” the problem
being considered. In each of the three steps, we consider an EVAL problem passed
down by the previous step (Step 1 starts with EVAL(A) itself) and show that

1. either the problem is #P-hard, or

2. the matrix that defines the problem satisfies certain structural properties, or

3. the problem is polynomial-time equivalent to a new EVAL problem, and the
matrix that defines the new problem satisfies certain structural properties.

One can view these three steps as three filters that remove #P-hard EVAL(A)
using different arguments. Finally, in the tractability part, we show that all the EVAL
problems that survive the three filters are indeed polynomial-time solvable.

5.1. Step 1: Purification of matrix A. We start with EVAL(A), where A €
C™*™ is a fixed symmetric, connected, and bipartite matrix with algebraic entries.
It is easy to see that if m = 1, then EVAL(A) is tractable. So in the discussion below,
we always assume m > 1. In this step, we show that EVAL(A) is either #P-hard or
polynomial-time equivalent to EVAL(A’), in which A’ is also an m x m matrix but
has a very nice structure.

DEFINITION 5.1. Let A € C™ ™ be a symmetric, connected, and bipartite ma-
triz. We say it is a purified bipartite matrix if there exist positive rational numbers
Uiy .oyt and an integer 1 < k < m such that

1. A;j =0 foralli,j € [k]; Aij =0 foralli,j € [k+1:m]; and
2. Aij/(pipy) = Aji/ (i) is a root of unity for alli € [k], j € [k+1:m].
In other words, there exists a k x (m — k) matrix B of the form

M1 Cl,l C1,2 cee Cl,m—k Hk+1
H2 C2,1 C2,2 cee Cz,m—k Hk+2
B = . . . . . )
Lk Cea Ch2 - Chym—k L,

where every p; is a positive rational number and every (; ; is a root of unity, and A
is the bipartization of B.

THEOREM 5.2. Let A € C™*™ be a symmetric, connected, and bipartite matriz
with algebraic entries. Then either EVAL(A) is #P-hard or there exists an m X m
purified bipartite matriz A’ such that EVAL(A) = EVAL(A). (By Definition 5.1, A’
is symmetric and thus EVAL(A') is well-defined.)
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5.2. Step 2: Reduction to discrete unitary matrix. Now let A € C"™*™ de-
note a purified bipartite matrix. Note that we renamed the A’ passed down from Step
1 to A for convenience. We show that EVAL(A) is either #P-hard or polynomial-time
equivalent to EVAL(C,®) for some C and ®, where the matrix C is the bipartization
of a discrete unitary matrix. (See section 3 for the definition.) Also note that the
tensor product of two discrete unitary matrices is also discrete unitary.

THEOREM 5.3. Given a purified bipartite matriz A € C™*™  either 1. EVAL(A)
is tractable; or 2. EVAL(A) is # P-hard; or 3. there exists a triple (M, N), C,D) such
that EVAL(A) = EVAL(C, D), and (M, N),C,®) satisfies the following conditions:

(Uy) C e C* 2 for some n > 1, and

© = (D, DM ... DIV

is a sequence of N 2n x 2n diagonal matrices over C for some even N > 1.

(Usz) C is the bipartization of an M-discrete unitary matrix F € C**™ where
M >1 and M|N. (Note that C and F uniquely determine each other.)

(Us) DI is the 2n x 2n identity matriz, and for every r € [N — 1] we have

Jien), DN #£0 = 3¢ €[n], DI =1, and

PO

Jien+1:2n), DI #£0 — 3/ c[n+1:2n], D = 1.
(Uy) For allr € [N —1] and all i € [2n], Dlm € Q(wn) and |Dlm| € {0,1}.

5.3. Step 3: Canonical form of C, F, and ®. After the first two steps, the
original problem EVAL(A) is shown to be either tractable or #P-hard or polynomial-
time equivalent to a new problem EVAL(C,®). There are also positive integers M
and N such that ((M, N), C,®) satisfies conditions (U )—(Ua).

For convenience, we still use 2m to denote the number of rows of C and D[],
though it should be noted that this new m is indeed the n in Theorem 5.3, which
is different from the m used in the first two steps. We also denote the upper-right
m x m block of C by F.

In this step, we adopt the following convention: Given an n X n matrix, we use
[0:n — 1], instead of [n], to index its rows and columns. For example, we index the
rows of F using [0 : m — 1] and index the rows of C using [0 : 2m — 1].

We start with the special case when M = 1. As F is M-discrete unitary, we must
have m = 1. Tt is easy to check that EVAL(C,®) is tractable: C is a 2 x 2 matrix

(1 o)

Zc,o(G) is 0 unless G is bipartite; for connected and bipartite G, there are at most
two assignments £: V' — {0, 1} which could yield nonzero values; finally, for a graph
G with connected components G; Zc »(G) is the product of Z¢ o (G;)’s.

For the general case when the parameter M > 1 we further investigate the struc-
ture of F' as well as the diagonal matrices in ® and derive three necessary conditions
on them for EVAL(C,®) to not be #P-hard. In the tractability part, we prove that
these conditions are actually sufficient for it to be polynomial-time computable.

5.3.1. Step 3.1: Entries of DI"] are either 0 or powers of wp. In the first
step, we prove the following theorem.

THEOREM 5.4. Suppose (M, N), C,®) satisfies (U1)—(Uy) with M > 1. Then ei-
ther EVAL(C, D) is #P-hard or (M, N), C,®) satisfies the following condition (Us):

(Us) For allr € [N —1] and i € [0: 2n — 1], D" s either 0 or a power of wy .

K2
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5.3.2. Step 3.2: Fourier decomposition. Second, we show that either prob-
lem EVAL(C, D) is #P-hard, or we can permute the rows and columns of F, so that
the new F is the tensor product of a collection of Fourier matrices defined below.

DEFINITION 5.5. Let ¢ > 1 be a prime power, and k > 1 be an integer such that
ged(k,q) = 1. We call the following q x ¢ matriz Fqp a (q, k)-Fourier matrix: The
(x,y)th entry of F 4, where z,y € [0:q—1], is

wé@wy _ 62771' (kzy/q) ]
In particular, when k =1, we use F4 to denote F4 1 for short.

THEOREM 5.6. Assume ((M, N), C, D) satisfies conditions (Uy)—(Us) and M > 1.
Then either EVAL(C, D) is # P-hard or there exist permutations X and II of [0 : m—1]

and a sequence qi,qs, - ..,qq of d prime powers, for some d > 1, such that
(51) FE,H = ® Tqi'
1€[d]
Suppose there do exist permutations X, II and prime powers qi, ..., gq such that

Fyx 1 satisfies (5.1). Then we let Cx, i1 denote the bipartization of Fx i and let 5 i
denote a sequence of N 2m x 2m diagonal matrices in which the rth matrix is

=(m—1) ] , rel0:N-—1].

[r]
DH(m— 1)+m

Since permuting the rows and columns of C and D"l by the same permutation pair
does not affect the complexity of EVAL(C,®), EVAL(Cs 1, Dx 1) = EVAL(C,D).
From now on, we let F, C, and ® denote Fyx, 11, Cx 11, and Dx 11, respectively, with

(5.2) F=() F,.

i€[d]

Before moving forward, we rearrange the prime powers ¢, go, ..., qq and divide
them into groups according to different primes. We need the following notation. Let
p = (p1,...,ps) be a strictly increasing sequence of primes and t = (¢1,...,¢s) be a
sequence of positive integers. Let Q = {q; : i € [s]} be a set of s sequences in which
each q; is a nonincreasing sequence (g; 1, ..., ¢ ) of powers of p;. We let ¢; denote
gi for all 7 € [s], let

Lq; = H Z‘h’,j = qu XX Zqi,ti
Jelta]
for all 7 € [s], and let

ZQ = H Zqi,j = Zq'i = Z111,1 X X7

i€[s],j€[ti] i€[s]

X oo X g,y X oo XL

q1,tq ds,tg
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be the Cartesian products of the respective finite Abelian groups. Both Zg and Zq,
are finite Abelian groups under componentwise operations. This implies that both
Zg and Zg,; are Z-modules and thus kx is well-defined for all k¥ € Z and x in Zg or
Zq,- As Z-modules, we can also refer to their members as “vectors.” When we use
x to denote a vector in Zg, we denote its (4, j)th entry by z;; € Z,, ;. We use x;
to denote (x;; : j € [ti]) € Zg,, 80 x = (X1,...,Xs). Given x,y € Zg, we let x +y
denote the vector in Zg whose (¢,7)th entry is z; ; £ y; ; (mod ¢; ;). Similarly, for
each i € [s], we can define x £y for vectors x,y € Zg,.

From (5.2), there exist p,t, Q such that (M, N),C,D, (p, t, Q)) satisfies the fol-
lowing three conditions (R1)—(Rs), which we refer to combined as (R).

(R1) p = (p1,--.,ps) is a strictly increasing sequence of primes; t = (¢1,...,ts)
is a sequence of positive integers; Q = {q; : @ € [s]} is a collection of s sequences, in
which each q; = (gi1,- - ., ¢t ) is a nonincreasing sequence of powers of p;.

(R2) C is the bipartization of F € C™*™ and ((M, N), C,®) satisfies (U )—(Us).
(R3) There is a bijection p: [0:m — 1] = Zg (so m =[], ; gi,;) such that

(5.3) Fop = H wgd¥i for all a,b € [0:m — 1],
i€[s],jelti]

where (z;; 11 € [s], j € [ti]) =x = p(a) and (y;,; : i € [s],j € [t;]) =y = p(b). Note
that (5.3) also gives us an expression of M using Q. It is the product of the largest
prime powers g; = ¢;1 for each distinct prime p;: M = qig2 - - ¢s.

For convenience, from now on we use x € Zg to index rows and columns of F'
(54) Fyy= Fp—l(x)7p—1(y) = H OJI” Yii o for all X,y € Zo,

qi.;
i€[s],jE[t:]

whenever we have a tuple ((M, N),C, D, (p,t, Q)) that is known to satisfy condition

(R). We assume that F is indexed by (x,y) € Zg rather than (a,b) € [0 : m—1]? and

that (R3) refers to (5.4). Correspondingly, we use {0,1} x Zg to index the entries of

matrices C and DI'l: (0,x) refers to the (p~!(x))th row or column, and (1,x) refers

to the (m + p~1(x))th row or column.

5.3.3. Step 3.3: Affine support for ®. Now we have a 4-tuple ((M, N), C, D,
(p,t, Q)) that satisfies (R). In this step, we prove for every r € [N — 1] (recall that
D% is already known to be the identity matrix), the nonzero entries of the rth matrix
DI"l in ® must have a very nice coset structure; otherwise EVAL(C, D) is #P-hard.

For every r € [N — 1], we define A, C Zg and A, C Zg as

A ={x€Zo: D}

(0,x) 7& 0} and A, = {X S ZQ : Dgrl],x) 3& O}

We use S to denote the set of r € [N —1] such that A, # () and T to denote the set of
r € [N — 1] such that A, # (). We recall the following standard definition of a coset
of a group, specialized to our situation.

DEFINITION 5.7. Let ® be a nonempty subset of Zg (or Zq, for somei € [s]). We
say @ is a coset in Zg (or Zg,) if there is a vector xg € ® such that {x —x¢|x € ®}
is a subgroup of Zg (or Zq;). Given a coset ® (in Zg or Zg,), we use ®1 to denote
its corresponding subgroup {x — x'|x,x’ € ®}.

THEOREM 5.8. Let (M, N),C,D,(p,t, Q)) be a 4-tuple that satisfies (R). Then
either EVAL(C, D) is #P-hard or A, A, C Zg satisfy the following condition (L):

(L1) For everyr €S, A =[1:_, Ayi, where A,.; is a coset in Zq,, i € [s].
(L2) For everyr e T, Ay =111 Ars, where A, is a coset in Zq,, @ € [s].
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Suppose EVAL(C,®) is not #P-hard. By Theorem 5.8, ((M,N),C, D, (p,t, Q))
satisfies not only (R) but also (£). Actually, by (Us), D also satisfies the following:

(L3) There exists an al’l € A, for each r € S, a bl € A, for each r € T such
that

— D[T’]

[r]
D (1’b[7‘])

(0,al") =1

From now on, when we say condition (£), we mean all three conditions (£1)—(L3).

5.3.4. Step 3.4: Quadratic structure. In this final step within Step 3, we
prove that for every r € [N — 1], the nonzero entries of DI"l must have a quadratic
structure; otherwise EVAL(C, D) is #P-hard. We start with some notation.

Given x in Zg, for some i € [s], we use ext,(x) (extension of x for short), where
r € S, to denote the following unique vector:

(u[lr],...,uyjl,x, ugﬂl,...,a[;]) € Zo.

Similarly we let ext;.(x), where r € T, denote the following unique vector:

(bgﬂ,...,bgﬂl,x, bgﬂl,...,b[;”]) € Zo.

Let a be a vector in Zg, for some i € [s]. Then we use a to denote the vector b € Zg

such that b; = a and b; = 0 for all other j # i. Also recall that q; = qx1.
THEOREM 5.9. Let (M,N),C,®, (p,t,Q)) be a tuple that satisfies both (R) and

(£). Then either EVAL(C, D) is #P-hard, or ® satisfies the following condition (D):
(Dy) Forallr € S and x € A, we have

[r]  _ plrl [r] [r]
(5.5) Dig.xy = Di0,ext, (x1)Pi0,ext, (x2)) " Pl0,ext, (x2))"

(Dg) Forallr € T and x € A,, we have

rl _ plrl [r] [r]
(5.6) D(Lx) = D(Lext;‘(xl)) (1,extl(x2)) D(Lext;‘(xs))'

(D3) Forallr €S, ke [s], anda€ Ai,if,’w there are b € Zq, and o € Zy such that

(5.7) W -F o =01 DI

. (0.x+3) " P(0,%) for all x € A,.

Dy) For allr € T, k € |s], and a € A““, there are b € Zg, and o € Zy such
r.k Ak
that

(5.8) Wiy Py =DnM Dl

b, (1x+3) (1) for allx € A,.

Note that in (D3) and (D4), the expressions on the left-hand side do not depend
on all other components of x except the kth component x;, since all other components
of b are 0. The statements in conditions (D3)—(D4) are a technically precise way to
express the idea that there is a quadratic structure on the support of each diagonal
matrix D). We express it in terms of an exponential difference equation.

5.4. Tractability. Now we can state a theorem of tractability.
THEOREM 5.10. Suppose that ((M,N),C,D,(p,t,Q)) satisfies (R), (L), and
(D). Then the problem EVAL(C,®) can be solved in polynomial time.
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6. Proof outline of the case: A is not bipartite. Both the definitions and
the theorems of the case when the fixed matrix A is not bipartite are similar to, but
also have significant differences from, those of the bipartite case.

6.1. Step 1: Purification of matrix A. We start with A € C™*™ a sym-
metric, connected, and nonbipartite matrix with algebraic entries. In the discussion
below, we assume m > 1; EVAL(A) is clearly tractable if m = 1.

DEFINITION 6.1. Let A € C™*™ be a symmetric matriz. We say A is a purified
nonbipartite matrix if there exist positive rational numbers pi, po, ..., iy such that
A; 5/ (piy) is a root of unity for all i,j € [m].

In other words, A has the form

M1 C1,1 C1,2 e Cl,m M1
H2 C2,1 C2,2 e <2,7n H2
A= . . . : ;
Hm Cm,l Cm,Q oo Cm,m Hm

where (; ; = (j,; are all roots of unity. We prove the following theorem.

THEOREM 6.2. Let A € C™*™ be a symmetric, connected, and nonbipartite ma-
triz, where m > 1. Then either EVAL(A) is #P-hard or there exists a purified
nonbipartite matrizc A’ € C™*™ such that EVAL(A) = EVAL(A’).

6.2. Step 2: Reduction to discrete unitary matrix.

THEOREM 6.3. Let A € C™*™ be a purified nonbipartite matriz. Then either (1)
EVAL(A) is tractable or (2) EVAL(A) is #P-hard or (3) there exists a triple (M, N),
F, D) such that EVAL(A) = EVAL(F,D) and (M, N),F,D) satisfies (U;)-(U}):

U}) F € C™™™ for somen >1, and ® = (DO, ... DIN=1) s a4 sequence of N
n X n diagonal matrices for some even N > 1.

(US) F is a symmetric M-discrete unitary matriz, where M > 1 and M|N.

Us) DOV s the identity matriz. For each r € [N — 1], either DIl = 0 or DI
has an entry equal to 1.

(U}) For allr € [N —1] and i € [n], D" € Q(wy) and |D"| € {0,1}.

6.3. Step 3: Canonical form of F and ®. Now suppose we have a tuple
((M,N),F,D) that satisfies (U;)—(U}). For convenience we still use m to denote the
number of rows and columns of F and each DI"! in ®, though it should be noted that
this new m is indeed the n in Theorem 6.3, which is different from the m used in the
first two steps. Similar to the bipartite case, we adopt the following convention in
this step: given an n x n matrix, we use [0 : n — 1], instead of [n], to index its rows
and columns.

We start with the special case when M = 1. Since F is M-discrete unitary, we
must have m = 1 and F = (1). In this case, it is clear that the problem EVAL(C, D)
is tractable. So in the rest of this section, we always assume that M > 1.

6.3.1. Step 3.1: Entries of DI"! are either 0 or powers of wy.
THEOREM 6.4. Suppose ((M,N),F,D) satisfies U;)—(U}) and M > 1. Then ei-

ther EVAL(F, D) is #P-hard or (M, N),F,®) satisfies the following condition (UL):
UL) For all v € [N — 1], entries of DUl are either zero or powers of wy .

6.3.2. Step 3.2: Fourier decomposition. Let ¢ be a prime power. We say
W is a nondegenerate matrix in Zi“ if Wx # 0 for all x #£ 0 € Zg. The following
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lemma gives some equivalent characterizations of nondegenerate matrices. The proof
is elementary, so we omit it here.

LEMMA 6.5. Let q be a prime power and W &€ ngz' The following statements
are equivalent: (1) W is nondegenerate; (2) x — Wx 1is a bijection from Zg to itself;
and (3) det(W) is invertible in Z,.

DEFINITION 6.6 (generalized Fourier matrix). Let ¢ be a prime power and W =
(Wij) be a symmetric nondegenerate matriz in Z2**. We say a ¢* X ¢* matric Fyw
is a (q, W)-generalized Fourier matrix if there exists a bijection p from [0 : ¢> — 1] to
[0:q—1]* such that

(]:'q,W)i,j _ w};‘ﬁ1r1y1+W12r1y2+W21r2y1+W22r2y2 fOT’ all i,j c [0 . qQ _ 1]’

where x = (x1,x2) = p(i) andy = (y1,y2) = p(j).

THEOREM 6.7. Suppose ((M,N),F,D) satisfies conditions (U;)~(UE). Then ei-
ther EVAL(F,D) is #P-hard or there exists a permutation ¥ of [0 : m — 1] such
that

g 4
FE,E = <® Td,hw[i]) ® <® fqm’%) )
=1

i=1

where d = (d1,...,dq) and W = (W .. W) are two sequences, for some g > 0.
(Note that the g here can be 0, in which case d and W are empty.) For each i € [g],
d; > 1 is a power of 2 and WU is a 2 x 2 symmetric nondegenerate matriz over ZLa,;
a=(q1,...,q) and k = (k1,...,ke) are two sequences for some £ > 0 (again ¢ can
be 0). For each i € [{], q; is a prime power, k; € Zg,, and ged(g;, k;) = 1.

Assume there does exist a permutation ¥, together with the four sequences, such
that Fy y satisfies the equation above; otherwise, EVAL(F, D) is #P-hard. Then we
apply ¥ to DIl ¢ € [0: N —1], to get a new sequence Dy, of N diagonal matrices
in which the rth matrix of Dy, is

[r]
DE(m—l)
It is clear that EVAL(Fy 5, ®5x) = EVAL(F,®). From now on, we simply let F and ©
denote Fy 5 and Dy, respectively. Thus, we have

g 14
(61) F= <®-7:di,w['i]> ® <®‘7:%k1> :

Before moving forward to Step 3.3, we rearrange the prime powers in d and q
and divide them into groups according to different primes.

By (6.1), there exist d, W, p, t, Q, and K such that tuple (M, N),F,D,(d, W, p,
t, Q,K)) satisfies the following condition (R'):

(R}) d = (di,...,dy) is a nonincreasing sequence of powers of 2 for some g > 0;
W= (WM, ..., W) is a sequence of symmetric nondegenerate 2 x 2 matrices over
Z4, (note that d and W can be empty); p = (p1,...,ps) is a strictly increasing se-
quence of s primes for some s > 1, starting with p; = 2; t = (¢1, ..., ts) is a sequence
of integers with t7 > 0 and ¢; > 1 for all 4 > 1; Q@ = {q; : i € [s]} is a collection of
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sequences in which each q; = (¢i1,. ., ¢, ) is a nonincreasing sequence of powers of
p; (only g1 can be empty as we always fix p; = 2 even when no powers of 2 occur in
Q); K ={k; : i € [s]} is a collection of sequences in which each k; = (ki1,..., ki)
is a sequence of length ¢;. Finally, for all ¢ € [s] and j € [t;], ki ; € [0: ¢;,; — 1] and
satisfies ged (ki ;, ¢i,;) = ged(ki j,pi) = 1.

(RY) (M, N),F,D) satisfies conditions (U;)—(UL), and

m = 1_‘[(611)2 X H qi,j -

i€(g] i€[s],5€[t:]

(R%) There is a bijection p from [0 : m — 1] to Z3 x Zg, where

zi= 1] @a)* and Zo= [[ Z,,

i€[g] i€[s],j€ti]
such that (for each a € [0:m — 1], we use
($0)1‘7j 11 € [g],j S {1,2}) S Zfl and ($1)1‘7j 11 E [S],j S [tz]) S ZQ

to denote the components of x = p(a), where xo;; € Zq, and x1; j € Zg, ;)

. )WL ) )T
Fa’b — H wéwo,w,l 20,i,2) W™ (y0,4,1 Y0,i,2) H wki,j'rl,i,jyl,i,j

i qi,j
i€g] i€[s],j€[t:]
for all a,b € [0: m — 1], where ((zo,,), (21,1,;)) = x = p(a) and y = p(b).
For convenience, from now on we will directly use x € Z3 x Zg to index the rows
and columns of F, i.e., Fxy = F,-1(x) p-1(y)-

6.3.3. Step 3.3: Affine support for ®. Now we have a tuple ((M,N),F, D,
(d, W, p,t, Q,K)) that satisfies (R’). In the next step, we show for every r € [N — 1]
(DI is already known to be the identity matrix) the nonzero entries of DI"l (in D)
must have a coset structure; otherwise EVAL(F,®) is #P-hard.

For each r € [N — 1], let I',, C Z3 x Zg denote the set of x such that the entry
of D" indexed by x is nonzero. We also use Z to denote the set of 7 € [N — 1] such
that I',. # ). For convenience, we let Zg,, @ € [s], denote the following set (or group):

. Lq, ifi>1,
ZQi = 2 ip .
23 X Lq, ifi=1.

This gives us a new way to denote the components of

XELEXTg="Tqy X Lgy X - X Lq,,

ie, x = (x1,...,X,), where x; € Zg, for each i € [s].

THEOREM 6.8. Assume that (M, N),F,D,(d,W,p,t,Q,K)) satisfies condition
(R'). Then either EVAL(F,®) is #P-hard or ® satisfies the following condition:

(L4) For everyr € Z, T, = [[;_y T'ri, where T,y is a coset in ZLq, for all i € [s].

Suppose EVAL(F, D) is not #P-hard. Then by Theorem 6.8, tuple ((M,N),F, D,
(d, W, p,t, Q,K)) satisfies not only (R') but also (£}). By (U3), © also satisfies the
following:

(L%) For every r € Z, there exists an al”l € T, C Z3 x Zg such that the entry of
DUl indexed by all is equal to 1.

From now on, we refer to conditions (£}) and (£}) as condition (£').
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6.3.4. Step 3.4: Quadratic structure. In this final step within Step 3 for the
nonbipartite case, we show that for any index r € [N — 1], the nonzero entries of DI"]
must have a quadratic structure; otherwise EVAL(F, D) is #P-hard.

We need the following notation. Given x in Zq, for some i € [s], we let ext,(x),
where r € Z, denote the following unique vector:

(u[lr],...,agi]l,x, uﬂl,...,a[;]) € H qu.
J€ls]

Given a € Zq, for some i € [s], we let & = (ay,...,85) € [Ler Zq, such that a; = a
and all other components are 0.
THEOREM 6.9. Suppose ((M,N),F,D,(d, W,p,t,Q,K)) satisfies (R') and (L).
Then either EVAL(F, D) is #P-hard or ® satisfies the following condition (D'):
(D) Forallr € Z and x € T, we have

(6.2) pil —pll  pl .. pl]

ext,(x1) "7 ext,(x2) ext,(xs)"

(D) Forallr € Z, k€ ls], andac l"lri)‘,;, there are b € L, and o € Ly such that

-D;[f] for allx € T',..

(6.3) W Fyy =Dl
Note that in (6.3), the expression on the left-hand side does not depend on other
components of x except the kth component x; € Zg, .

6.4. Tractability.
THEOREM 6.10. Let (M,N),F,D,(d,W,p,t,Q,K)) be a tuple that satisfies all
conditions (R'), (L"), and (D'). Then EVAL(F,D) can be solved in polynomial time.

7. Proofs of Theorems 5.2 and 6.2. In this section, we prove Theorems 5.2
and 6.2. Let A = (4, ;) denote a connected, symmetric m x m algebraic matrix. (At
this moment, we do not make any assumptions about whether A is bipartite.) We
also let @/ = {4;; : i,j € [m]} denote the finite set of algebraic numbers from the
entries of A. In the first step, we construct a new m x m matrix B from A, which
satisfies the following conditions:

1. B is also connected and symmetric (so that EVAL(B) is well-defined);

2. EVAL(B) = EVAL(A); and

3. each entry of B is the product of a nonnegative integer and a root of unity.
We let B’ be the nonnegative matrix such that Bj; = |B;;|. In the second step,
we show that EVAL(B’) < EVAL(B). Because B’ is a connected, symmetric, and
nonnegative (integer) matrix, we can apply the dichotomy of Bulatov and Grohe [4]
(see Theorem 2.5) to B” and show that either EVAL(B’) is #P-hard or B is a (bipartite
or nonbipartite, depending on A) purified matrix. When EVAL(B’) is #P-hard, we
have EVAL(B’) < EVAL(B) = EVAL(A) and thus EVAL(A) is #P-hard as well. This
proves both Theorems 5.2 and 6.2.

7.1. Equivalence between EVAL(A) and COUNT(A). Before the construc-
tion of B, we define a class of counting problems closely related to EVAL(A). It has
been used in previous work [21] for establishing polynomial-time reductions between
different EVAL problems.

Let A € C™*"™ be any fixed symmetric matrix with algebraic entries. The input
of the problem COUNT(A) is a pair (G, x), where G = (V, E) is an undirected graph
and x € Q(«7). The output is
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#4(G,x) = ‘{assignment £:V = [m] | wta($) = x}‘,

a nonnegative integer. We prove the following lemma.

LEMMA 7.1. EVAL(A) = COUNT(A).

Proof. To prove EVAL(A) < COUNT(A), recall that the matrix A is considered
fixed with m being a constant. Let G = (V, E) and n = |E|. We use X to denote the
following set of complex numbers:

(7.1) X = H Afj] integers k; j > 0 and Z kij=n

i,j€[m] i,j€[m]

n+m271

It is clear that |X| is polynomial in n, being ("'} ') counting multiplicity, and X
can be enumerated in polynomial time (in n). It follows from the expression in the
definition of wta (§) that for any x ¢ X, #4 (G, x) = 0. This implies that

Za(G) =)z #a(G.2)

zeX

for any undirected graph G and thus EVAL(A) < COUNT(A).

For the other direction, we construct for any p € [|X]] (recall that |X]| is poly-
nomial in n) a new undirected graph GIP! from G by replacing every edge uv of G
with p parallel edges between u and v. It is easy to check that any assignment £ that
has weight z over G has weight z” over G[P!. This gives us the following collection of
equations: For every p € [|X]],

ZA(GP)y =" aP 4, (G, x).

reX

Note that this is a Vandermonde system. Since we can query EVAL(A) for the values
of Za(G'?)), we can solve it and get # 5 (G, z) for every nonzero x € X. We can also
derive #4 (G, 0), if 0 € X, using the fact that the # A (G, z)’s sum to m!"!. O

7.2. Step 1.1. We now construct the desired matrix B from A. We need the
following notion of a generating set.
DEFINITION 7.2. Let o/ = {a1,...,a,} be a set of n nonzero algebraic numbers
for some n > 1. We say {g1,...,g4} for some d > 0 is a generating set of & if
1. every g; is a nonzero algebraic number in Q(&7), and
2. for every a € <, there erists a unique tuple (k1,...,kq) € Z¢ such that

a

o 18 a root of unity.

g’fl gk

Clearly d = 0 iff the set & consists of roots of unity only. It can also be derived
from the definition that g% - - gsd of any nonzero (ki,...,kq) € Z* cannot be a root
of unity. We prove the following lemma.

LEMMA 7.3. Every set &/ of nonzero algebraic numbers has a generating set.

Lemma 7.3 follows directly from Theorem 17.1. Actually the statement of The-
orem 17.1 is stronger: A generating set {gi,ga,..., g4} can be computed from &7
in polynomial time. More precisely, following the model of computation discussed
in section 2.2, we let a be a primitive element of Q(«7) so that Q(«/) = Q(a) and
let F'(z) be a minimal polynomial of c. Then Theorem 17.1 shows that given the
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standard representation of the a;’s, one can compute the standard representation of
g1 -..,94 € Q(a) in polynomial time in the input size of the a;’s with {g1,..., g4}
being a generating set of 27. Moreover, for each element a € &/ one can also compute
in polynomial time the unique tuple of integers (k1,...,kq) such that a/(gf1 e gsd)
is a root of unity. In addition, if we are given an approximation & of « that uniquely
determines « as a root of F'(x), then we can use it to determine which root of unity it
is in polynomial time. Note that in Lemma 7.3 we only need the existence of a gen-
erating set {g1,...,94}. But later in section 17, the polynomial-time computability
of a generating set will be critical to the proof of Theorem 1.2, the polynomial-time
decidability of the dichotomy criterion.

Now we return to the construction of B. Letting &/ denote the set of nonzero
entries of A, by Lemma 7.3, &/ has a generating set 4 = {g1,...,94}. The matrix
B = (B, ;) is constructed as follows. Let p1 < --- < pg denote the d smallest primes.
For every i,j € [m], B;j; = 0if A; ; = 0. Suppose A, ; # 0. Since ¢ is a generating

set, we know there exists a unique tuple of integers (k1,. .., kq) such that
A;
Gij =55 . %
gll [N gdd

is a root of unity. Then we set B; j = pi' - ~p§d < Gije
What we did in constructing B is just replace each g; in ¢ with a prime p;. B; ;
is well-defined by the uniqueness of (ki,...,kq) € Z%; conversely by taking the prime

factorization of |B; ;| we can recover (ki,...,kq) uniquely and recover A; ; by
B:
_ k k 2,J
Aij=91" 94" o ka
Py Py

The next lemma shows that such a replacement does not affect the complexity.

LEMMA 7.4. Let A € C™*"™ be a symmetric and connected matriz with algebraic
entries and let B be the m xm matriz constructed above. Then EVAL(A) = EVAL(B).

Proof. By Lemma 7.1, it suffices to show that COUNT(A) = COUNT(B). Here we
only prove one of the two directions: COUNT(A) < COUNT(B). The other direction
can be proved similarly.

Let (G, z) be an input pair of COUNT(A), where G = (V,E) and n = |E|. We
use X to denote the set of algebraic numbers defined earlier in (7.1). Recall that | X|
is polynomial in n since m is a constant and can be enumerated in polynomial time.
Furthermore, if © ¢ X, then #a (G, ) must be zero.

Suppose x € X. Then we can find a particular sequence of nonnegative integers
(k7 1,7 € [m]) in polynomial time such that >, k7 ; = n and

(7.2) = [ Al
i,JE[m]
Note that (k; ;) is in general not unique for the given z. Using (k7 ;), we define y by
k:
(7.3) y = H B'L’,j’ .
i,j€[m]

It is clear that = 0 iff y = 0. This happens precisely when some ki; >0 for some
entry A;; = 0.
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The reduction COUNT(A) < COUNT(B) then follows from the following claim:

To prove this claim, it suffices to show that for any assignment &: V' — [m], wta (§) =
z iff wtg(§) = y. Here we only show that wta (§) = x implies wtg(§) = y. The other
direction can be proved similarly.

Let £: V — [m] denote an assignment. For every i, j € [m], we use k; ; to denote
the number of edges uv € E such that (&(u),&(v)) = (i,7) or (j,¢). Then

(7.5) wia(€) = [] A7 and wts(©) = ] B
]

i,j€[m 1,j€[m]

For x = 0, we note that the weight wta (&) is 0 iff for some zero entry A; ; =0
we have k; ; > 0. By the construction of B, 4; ; =0 iff B; ; =0, so wtg(§) = 0.

In the following, we assume both z,y # 0. We only consider assignments £ such
that its k; ; = 0 for any A; ; = 0 (equivalently k; ; = 0 for any B; ; = 0). Thus we
may consider the products in (7.5) are over nonzero entries A; ; and B, j, respectively.

Now we use the generating set 4 = {g1,...,94} chosen for o7. There are integer
exponents €1 ; j, €2, j,- - -, €d,i,; and roots of unity ¢; ; such that for all A; ; # 0,

d d
€ri,j €,i,j
Ay = Hgg "Gy oand By = HP@ Y G
=1 =1

The expression of B; ; here follows from the construction of B. By (7.2) and (7.5),

d
s (kL e .
wta(§) =1 = Hggzw( TR g voot of unity.
=1

The sum in the exponent is over ¢,j € [m] where the corresponding A, ; is nonzero.
This last equation is equivalent to (since ¢ is a generating set)

(7.6) > (ki — k) -eei; =0 forallle[d]
(]
which in turn implies that
ki j kfj
(7.7) TG =115
i,J (]
It then follows from (7.3), (7.5), (7.6), and (7.7) that wtg(§) = v. O

7.3. Step 1.2. The following lemma holds for any symmetric B € C"™*™,

LEMMA 7.5. If B} ; = |Bi ;| for all i,j € [m], then EVAL(B’) < EVAL(B).

Proof. From Lemma 7.1, it suffices to show that COUNT(B’) < COUNT(B). Let
(G, x) be an input of COUNT(B’). As B’ is nonnegative, we have #g/(G,z) =0 if
is not real or < 0. Now suppose z > 0, G = (V, E), and n = |E|. We let

Y = H Bf;” integers k; ; > 0 and Z kij=n

i,j€[m] i,j€[m]
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We know that |Y| is polynomial in n, and Y can be enumerated in polynomial time
in n. Let Y, denote the set of elements of Y whose complex norm is x.
The lemma then follows directly from the equation

#B’(va) = Z #B(Gvy)a

yEYy

because for every assignment &: V' — [m], wtp/(§) = z iff |wtg(£)| = «. This gives us
a polynomial reduction since Y, C Y, |Y,| is polynomially bounded in n, and Y, can
be enumerated in polynomial time. a

Finally we prove Theorems 5.2 and 6.2.

Proof of Theorem 5.2. Let A € C™*™ be a symmetric, connected, and bipartite
matrix. We construct matrices B and B’ as above. Since we assumed A to be
connected and bipartite, both matrices B and B’ are connected and bipartite. Thus,
we know there is a permutation IT of [m] such that By 1 is the bipartization of a
k x (m — k) matrix F for some k € [m — 1], and By; 1y is the bipartization of F/, where
F}; = |F; | for all i € [k] and j € [m — k]. Since permuting the rows and columns of
B does not affect the complexity of EVAL(B), we have

(7.8) EVAL(B; ;) < EVAL(Bpi,ir) = EVAL(B) = EVAL(A).

As B’H’H is nonnegative, by Bulatov and Grohe we have the following cases:
L. If EVAL(BY; 1) is #P-hard, then by (7.8), EVAL(A) is also #P-hard.
2. If EVAL(BY; 1) is not #P-hard, then the rank of F' must be 1. (It cannot be
0 since A is assumed to be connected and bipartite.) Thus, there exist nonnegative
rational numbers f1, . .., tty, such that F} ; = pip;yx for all i € [k] and j € [m — kJ.
Moreover, p1; # 0 for all ¢ € [m] since otherwise B[; [y is not connected.
As every entry of B is the product of the corresponding entry of B and
some root of unity, By 11 is a purified bipartite matrix. The theorem is proved. a
Proof of Theorem 6.2. Let A € C™*™ be a symmetric, connected, and nonbipar-
tite matrix. We construct B and B’ as above. Since A is connected and non-bipartite,
B and B’ are connected and nonbipartite. Also, B’ is nonnegative. Consider the fol-
lowing cases. If B’ is #P-hard, then EVAL(B’) < EVAL(B) = EVAL(A) implies
that EVAL(A) must also be #P-hard. If B’ is not #P-hard, then by Bulatov and
Grohe, the rank of B is 1. (It cannot be 0 as we assumed m > 1, and B is con-
nected.) Because B is symmetric, it is a purified nonbipartite matrix. The theorem
follows. O

8. Proof of Theorem 5.3. We start the section by introducing a technique for
establishing reductions between problems EVAL(A) and EVAL(C,®). It was inspired
by the twin reduction lemma proved in [21].

8.1. Cyclotomic reduction and inverse cyclotomic reduction. Let A be
an m x m symmetric (but not necessarily bipartite) complex matrix, and let (C, D)
be a pair that satisfies the following condition (7):

(71) Cis an n x n symmetric complex matrix.

(72) © = (D, ..., DIN-1) is a sequence of N n x n diagonal complex matrices
for some N > 1.

(73) Every diagonal entry in DY is a positive integer. Moreover, for each a € [n],

there exist nonnegative integers a0, . .., aq,n—1 such that
N-1 N-1
DU = Z aqp and DI = Z Qap-whi forallr € [N —1].
b=0 b=0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES 953

In particular, we say that the tuple (aq,0,...,0q,n-1) generates the ath entries
of ®.

We need the following definition.

DEFINITION 8.1. Let Z = {Rqp : a € [n],b € [0: N — 1]} be a partition of [m)]
(note that any R here may be empty) such that for every a € [n],

N-1
U Rap #0.

b=0
We say A can be generated by C using Z if for alli,j € [m],
(8.1) Aij=Coa - w?Ver ,  wherei € Rop and j € Ryr yy.

Given any pair (C,D) that satisfies (T'), we prove the following lemma.
LEMMA 8.2 (cyclotomic reduction lemma). Assume that (C,9) satisfies (T)
with nonnegative integers aqp. Let # = {Rqp} be a partition of [m] satisfying

|Rob| = @ap and m=

a

n N-—1
Qg b >n

1 b=0

and let A denote the matriz generated by C using Z. Then EVAL(A) = EVAL(C, D).
Proof. Tt suffices to prove for any undirected graph G = (V, E),

ZA(G)Z Z WtA(f) and ZC733 Z Wtcg

£V —[m] n:V—=[n

are exactly the same. To this end, we define a surjective map p from {&}, the set of
all assignments from V' to [m], to {n}, the set of all assignments from V" to [n]. Then
we show that for every n: V — [n],

(8.2) wteo(m) = Y, wta(&).
&:p(§)=n

We define p(§) as follows. As Z is a partition of [m], for each v € V there exists a
unique pair (a(v), b(v)) such that {(v) € Rq(y),b(v)- Let n(v) = a(v) for each v, and let
p(&) = n. Tt is easy to check that p is surjective. To prove (8.2), we write wta (§) as

_ _ €(u)+€2 (v)
wta(©) = [ Acwcwy = [T Cowym x wir™ .
wveFlR wweFE

It follows that

S wia®© = [ Cowmw x> Ll

&p(§)=n wek §&:p(§)=nveV

o bdc (v)

= 11 G < 11 <Z | R0 - i )
uveFE veV

deg(v) mod N

= II Cowae x TL D5 ™™ = wicio (),

uveFE veV
and the lemma follows. O
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By combining Lemmas 8.2 and 7.5, as well as the dichotomy theorem of Bulatov
and Grohe, we have the following handy corollary for dealing with EVAL(C,D).

COROLLARY 8.3 (inverse cyclotomic reduction lemma). Let (C,D) be a pair that
satisfies condition (T). If C has a 2 X 2 submatriz

Cir Ciy

Cir Cie
such that all four entries are nonzero and |C; ;Cj¢| # |Ci¢Cj k|, then EVAL(C,D) is
#P-hard.

Proof. By the cyclotomic reduction lemma, there is a symmetric m X m matrix
A for some positive integer m and a partition Z of [m], where

N—-1
(8.3) %:{Ra,b|ae[n],be[0:]\f—1]} and | J Rap#0 forallac [n],
b=0

such that EVAL(A) = EVAL(C,®). Moreover, A and C satisfy (8.1).

Now suppose there exist ¢ # j,k # ¢ € [n] such that C; x,Ci,, Cjk, and Cj, are
nonzero and |C; yCj¢| # |Ci ¢Cj r|. We arbitrarily pick an ¢’ from UyR;; (known to
be nonempty), a j’ from UyR;p, a k' from U Ry p, and an ¢’ from Uy Ry p,. Then from
(8.1), we have [Ay w| = |Cikl, [Av o] = Ciel, [Aj | = |Cjkl, [Aj 0] = [Cjel, and

|Ai/,]€/Aj/,€/| 75 |Ai/,€/Aj/7kZ/|'

Let A’ = (JA;;]) for all 4,j € [m]. Then A’ has a 2 x 2 submatrix of rank 2 and all
its four entries are nonzero. By the dichotomy of Bulatov and Grohe (Corollary 2.6),
EVAL(A') is #P-hard. It follows that EVAL(C,®) is #P-hard, since EVAL(C,D) =
EVAL(A) and by Lemma 7.5, EVAL(A’) < EVAL(A). O

Combining Lemma 8.2, (8.2), and the first pinning lemma (Lemma 4.1), we get
the following.

COROLLARY 8.4 (third pinning lemma). Let (C,®) be a pair that satisfies (T).
Then we have EVALP(C,®) = EVAL(C, D). In particular, the problem of computing
ZG o (or Z§ 5) is polynomial-time reducible to EVAL(C,D).

Proof. Tt suffices to show that EVALP(C,®) < EVAL(C,®). By the cyclotomic
reduction lemma, there exist a symmetric m X m matrix A for some m > 1 and a
partition Z of [m] such that # satisfies (8.3) and EVAL(A) = EVAL(C, D). A, C, and
Z also satisfy (8.1). By the first pinning lemma, we have EVALP(A) = EVAL(A) =
EVAL(C,®). So we only need to reduce EVALP(C,®) to EVALP(A).

Now let (G, w,) be an input of EVALP(C,®), where G is an undirected graph,
w is a vertex in G, and ¢ € [n]. By (8.2), we have

Zeo(Guwi)= Y wtcom)= Y wal@)= >  Za(G,w,j).

nm(w)=i &:61(w)=1 JEULR; b

This gives us a polynomial-time reduction from EVALP(C,®) to EVALP(A). O
Note that compared to the second pinning lemma, the third pinning lemma does
not require C to be the bipartization of a unitary matrix. It only requires (7).

8.2. Step 2.1. Let A be a purified bipartite matrix. After collecting its entries
of equal norm in decreasing order by permuting its rows and columns, there exist a
positive integer N and four sequences p, v, m, and n such that (A, (N, p, v, m,n))
satisfies the following condition:
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(S1) A is the bipartization of an m x n matrix B, so A is (m+n) x (m+n). p =
(1,5 ps) and v = (v1,...,14) are two strictly decreasing sequences of positive
rational numbers where s > 1 and ¢t > 1. m = (mq,...,m,) and n = (n,...,n) are
two sequences of positive integers such that m = > m,; and n = > n;. The rows of
B are indexed by x = (21, 2z2), where x1 € [s] and x2 € [my,]; the columns of B are
indexed by y = (y1,¥2), where y; € [t] and ya € [n,,]. We have, for all x,y,

Bx>y = B(w17w2)7(y17y2) = :U’Ill/ylevy7

where S = {Sxy} is an m x n matrix in which every entry is a power of wx:

JI50 I S(1,5), (1) S(1,),(200) - S(L0)t0) \ [V1Iny
B_ oL, S(2,5),(1,%) S(2,%),(2,%) -+ S(2,%),(t,%) oI,
BsTim, J \S(s,%),(1,5) S(s,5),(20%) « - S(s,%),(t,%) vy,
where I, denotes the k x k identity matrix.
We let
I= U {(z}j) RS [mi]} and J= U {(z’,j) je [ni]},

1€[s] i€[t]

respectively. We use {0} x I to index the first m rows (or columns) of A and {1} x J
to index the last n rows (or columns) of A. Given x € I and j € [t], we let

Sx,(jx) = (Sx,(j1)s - -+ Sx,(Gimy)) € C™

denote the jth block of the xth row vector of S. Similarly, given y € J and i € [s],

Sty = (Sany o Simy) €C™

denotes the ith block of the yth column vector of S.

LEMMA 8.5. Suppose (A, (N, u, v, m,n)) satisfies (S1). Then either EVAL(A) is
#P-hard, or (A, (N, u, v,m,n)) satisfies the following two conditions:

(S2) For all x,x' € I, either there exists an integer k such that Sx,. = wh - Sy .
or for every j € [t], (Sx,(j*)» Sx’,(j,)) = 0.

(S3) For ally,y’ € J, either there exists an integer k such that S.y = wk - S,y
or for every i € [s], (S(i )y, S,y = 0.

Proof. Assume EVAL(A) is not #P-hard. We prove (Sz2) here. (S3) is similar.

Let G = (V, E) be an undirected graph. We construct a new graph G[P! for each
p > 1 by replacing every edge uv in F with a gadget shown in Figure 8.1. Formally
we define graph G[P! = (VIPI, EIP]) ag

vl =y u {ae,be te € E},

and E?! contains the following edges: For each e = uv € E, add

a,

pN-1 edges
b, —— 1 edge

Fic. 8.1. Gadget for constructing graph G}, p > 1.
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1. one edge (u,a.) and (b, v) and
2. (pN —1) parallel edges (a.,v) and (u,b.).
The construction of GP! gives us an (m +n) x (m + n) matrix APl such that

Zaw (G) = ZA (G for all undirected graphs G.
Thus, we have EVAL(AP)) < EVAL(A), and EVAL(AP]) is also not #P-hard.

The entries of AP are as follows. First,

A [p]

[p]
A (1,v),(0,u

Ou),(1,v) = ):O forallue I and v € J.

So APl is a block diagonal matrix with two blocks of m x m and n x n, respectively.
The entries in the upper-left m x m block are

[ N— N—
Ao = (Z Ao,),(1.2) (Av).(1.2)" 1) (Z(Am,u),(m)” 1A(o,v»(l,b))

acJ beJ
= (Z Bu,a(Bv,a)pN1> <Z(Bu,b)leBv,b>
acJ beJ

for all u,v € I. The first factor of the last expression is

1 N
Z ,U*u1Va1Su73(,uv1Va1)pN 1Sv,a - ,uuhugfv ! Z Vp u (@ *)a v, (17*)>
acJ

Similarly, we have for the second factor

Z(me)prle b = nglv 1Mv1 Z V u (i *)7 v, (z,*)>
beJ

As a result, we have

[r] N
A(I()) u),(0,v) — ,uu1u1)1 Z Vp u (@ *)a v, (17*)>

1€[t]

It is clear that the upper-left m x m block of APl is nonnegative. This holds for its
lower-right n x n block as well, so AlP! is a nonnegative matrix.
Now let u # v be two indices in I (if |I| = 1, (S2) is trivially true); then we have

4
(] [ 2pN N
A w00 Aoy 00 = (st PPV Dm0
i€ [t]
which is positive, and

AEZ()){V),(QN) = (:uuhum)QpN Z V;‘DN<Su7(i,*)a Sv7(i,*)>

1€[t]

(]
A(O,u) ,(0,v)

Since EVAL(A[P)) is not #P-hard, by Bulatov and Grohe (Corollary 2.6),

(8.4) Z V 7(1 %) 7(i,*)> €40, Z n; - l/fN
1€ [t]
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On the other hand, the following inequality always holds: For any p > 1,

(8.5) SN (8w Sviin) | < D i PN,
i€t] i€[t]

For the equality of (8.5) to hold, S must satisfy [(Sy, (i «), Sv,i,«))| = ni for all i € [t]
and thus Sy ;) = (wn )k - Sy, (i) for some k; € [0: N —1]. Furthermore, these k;’s
must be the same. As a result, Sy . and Sy . are linearly dependent, which contradicts
our assumption. It then follows from (8.4) that

> v (S u (i) Su i) =0 forallp > 1.
1€ [t]

As vy, ...,14 is strictly decreasing, these equations form a Vandermonde system. It
follows that (Sy, (i «), Sv,(,%)) = 0 for all 4 € [t]. This finishes the proof of (Sz). 0

We have the following corollary.

COROLLARY 8.6. For all i € [s] and j € [t], the rank of the (i, j)th block matriz
S (i,%),(,%) of S has the same rank as S.

Proof. Without loss of generality, we prove rank(S(j .),(1,+)) = rank(S).

First, we use Lemma 8.5 to show that

S(1,%),(1,%)
rank : = rank(S).

S(s,*),(L*)

To see this, we take any h = rank(S) rows of S which are linearly independent. Since
any two of them Sy (. .y and Sy (, ,) are linearly independent, by condition (S2), the
two subvectors Sy (1,+) and Sy (1) are orthogonal. Therefore, the corresponding h
rows of the matrix on the left-hand side are pairwise orthogonal, and the left-hand
side is at least h. Of course it cannot be larger than h, so it is equal to h.

By using condition (S3), we can similarly show that

S(1,%),(1,%)
rank(S(1 4),(1,+)) = rank :
S(s,*),(L*)
As a result, we have rank(S( 4),(1,+)) = rank(S). O

Now suppose h = rank(S). Then by Corollary 8.6, there must exist indices
1<ii<---<ip<mpandl <j; <--- < jp < ngsuchthat the {(1,41),...,(1,ip)}x
{(1,71),---,(1,7n)} submatrix of S has full rank h. Without loss of generality (if this
is not true, we can apply an appropriate permutation II to the rows and columns of
A so that the new S has this property) we assume iy = k and j, = k for all k € [h].
We use H to denote this h x h matrix: H; ; = S(1 4 (1,5)-

By Corollary 8.6 and Lemma 8.5, for every index x € I, there exists a unique
pair of integers j € [h] and k € [0 : N — 1] such that

(86) Sx7* = wfﬂv . S(lj)*
This gives us a partition of index set {0} x I:

Ho = {R,j. i €lsl,j€hkel0: N-1]}.
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For every x € I, (0,x) € R ;)% if i = z1 and x, j, k satisfy (8.6). By Corollary 8.6,

U R,k #0 forallic[s]and j € [h].
ke[0:N—1]

Similarly, for every index y € J there exists a unique pair of integers j € [h] and
k €]0: N —1] such that

(8.7) Swy = WX - Su.19);
and we partition {1} x J into
Py ={Rapr:i€t]jelh,kel0:N-1]}.
For every y € J, (1,y) € R(1,,j),% if i = y1 and y, j, k satisfy (8.7). By Corollary 8.6,

U  Raijw#0 forallielt]and ;e [n].
k€[0:N—1]

Now we define (C,®) and use the cyclotomic reduction lemma (Lemma 8.2) to
show that EVAL(C,®) = EVAL(A). First, C is an (s +t)h X (s + t)h matrix which is
the bipartization of an sh x th matrix F. We use the set I’ = [s] x [h] to index the
rows of F and J' = [t] x [h] to index the columns of F. We have

Fxy = payVyy Hey yy = Hay Vyy S(1,20),(1,y0)  for all x € I''yel,
or equivalently,

/LlI H H ... H VlI
/J,QI H H H VQI

sl H H ... H vl

where I is the h x h identity matrix. We use ({0} x I') U ({1} x J’) to index the rows
and columns of C.

Second, ® = (DI, ... DIV-1) is a sequence of N diagonal matrices of the same
size as C. We use {0} x I' to index the first sh entries and {1} x J’ to index the last th
entries. The (0,x)th entries of © are generated by (|R(0,z,,20),0l, - - - [R(0,21,22),N—1),
and the (1,y)th entries of © are generated by (|R(1,y, y.),00- - > [R(1,y1,y0),N—1]):

N-1

N-—1
D%{x) =Y [Rawi,en k| -0 and DK],w =Y Ry k| 9N
k=0 =0

forall? € [0: N —1],x = (z1,22) € I, and y = (y1,y2) € J'.
This finishes the construction of (C,®), and we prove the following lemma.
LEMMA 8.7. EVAL(A) = EVAL(C, D).
Proof. First we show that A can be generated from C using %y U %;.
Let x,x" € I, (0,%x) € R(0,2,,5),k, and (0,x’) € Rg 4 jr) k- Then we have

A(0,%),(0,x) = C(0,21,7),(0,2,5) = 0

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES 959

since A and C are the bipartizations of B and F, respectively. Therefore,

k+k’
A00.05¢) = Clo.21.).0.05.57) - N
holds trivially. Clearly, this also holds for the lower-right n x n block of A.
Let x € I, (0,%x) € Rz, 5),k> ¥ € J, and (1,y) € Ry, jo).» for some j, k, j', K.
By (8.6) and (8.7), we have

k
A0,x),(1,y) = Pa1Vy1 Sx,y = Ha1Vy S(1,5)y * WN

k+k'

= k+k'
= e, VyS(1,5),(1,57) - WN :

= Cl0,01,),(1y1.3") " WN
A similar equation also holds for the lower-left block. Thus, A can be generated from
C using Zo U %;. Moreover, the construction of  implies that © can be generated
from the partition Zy U %;. The lemma then follows directly from the cyclotomic
reduction lemma. O

Before moving forward to the next step, we summarize our progress so far. We
showed that EVAL(A) is either #P-hard or equivalent to EVAL(C, D), where the pair
(C, D) satisfies the following conditions (Shape; )—(Shapes):

(Shape;) C € C™*™ (note that the m here is different from the m used at the
beginning of Step 2.1) is the bipartization of an sh x th matrix F (so m = (s + t)h).
F is an s x t block matrix. We use I = [s] x [h] and J = [t] x [h] to index the rows
and columns of F, respectively.

(Shapes) There are two strictly decreasing sequences p = (p1,...,us) and v =
(v1,...,1) of positive rational numbers. There is also an h x h full-rank matrix H
whose entries are all powers of wy for some positive integer N. Entries of F can be
expressed using u, v, and H explicitly as follows:

Fyy = pa vy Hypy, forallxelandyeJ.

(Shapes) © = (DI ... DIV-1) is a sequence of m x m diagonal matrices. We
use ({0} x I) U ({1} x J) to index the rows and columns of matrices C and DI"l. D
satisfies (73), so for all r € [N — 1], x € [s] x [h], and y € [t] x [h],

Ml _ AN I
Diox) =Dox and Diyy=Dp

8.3. Step 2.2. In Step 2.2, we prove the following lemma.

LEMMA 8.8. Either EVAL(C,®) is #P-hard or H and D) satisfy the following
two conditions:

(Shapey) (1/vh)-H is a unitary matriz, i.e.,

<Hi)*,Hj7*> = <H*7i,H*7J‘> =0 fO’I“ all 4 75] S [h]
(Shapes) D% satisfies, for all x € I and for all'y € J,

and DL pll

0 _ o] |-
D =D (Ly) = 7 (1,(y1,1))"

(07x) (07(‘T171))
Proof. We rearrange the entries of DI indexed by {1} x J into a ¢t x h matrix
0 . .
X ;= Du(i’j)) for all i € [t] and j € [h]
and rearrange its entries indexed by {0} x I into an s X h matrix

0 . .
Y= DEO{(Z.’J.)) for all i € [s] and j € [h].
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Note that by condition (73), all entries of X and Y are positive integers.
The proof has two stages. First, we show in Lemma 8.9 that either EVAL(C, D)
is #P-hard or H, X, and Y must satisfy

(8.8) (H;»xoH;,,X;.) =0 forall ke [tjandi#je€[h] and
(8.9) (Hy;oH, ;,Yr.)=0 forallke[s]andi#j€ [h].

We use U to denote the set of h-dimensional vectors that are orthogonal to
Hl’* o HQ’*, HL* o H37*, ceey Hl,* [¢] Hh’*.
The above set of h — 1 vectors is linearly independent. This is because

h h
Z a; (HL* o H—L*) = Hl)* o <Z U«z‘Hi7*> )
=2

=2

and if 2", a;(H,. o H;,) = 0, then Y., a;H, . = 0 since all entries of H, , are
nonzero. Because H has full rank, we have a; =0, 1 = 2,...,h. As a result, U is a
linear space of dimension 1 over C.

Second, we show in Lemma 8.10 that, assuming (8.8) and (8.9), either

(8.10) (H; . oH; ., (X;.)?) =0 forallke€[tjandi#j€[h] and
(8.11) (H,;oH.;,(Yr.«)?) =0 forall k€ [s] andi#j € [h],

or EVAL(C, D) is #P-hard. Here we use (Xj,+)? to denote Xy, . o X ..

Equations (8.8) and (8.10) then imply that both Xy . and (Xj .)? are in U and
thus they are linearly dependent (since the dimension of U is 1). On the other hand,
by (73), every entry in Xy, . is a positive integer. Therefore, X}, . must have the form
u - 1 for some positive integer u. The same argument works for Yy , and the latter
must also have the form «’ - 1. By (8.8) and (8.9), this further implies that

<H1‘7*,Hj’*> =0 and <H*’1‘,H*7j> =0 foralli: 7&_] S [h]

This finishes the proof of Lemma 8.8. O

Now we proceed to the two stages of the proof. In the first stage, we prove the
following.

LEMMA 8.9. Fither H, XY satisfy (8.8) and (8.9), or EVAL(C, D) is #P-hard.

Proof. Suppose EVAL(C, D) is not #P-hard; otherwise we are done.

We let ©* = (D[O], e D[O]), a sequence of N m x m diagonal matrices in which
every matrix is a copy of DI (as in ©). It is easy to check that ©* satisfies condition
(73). Let G = (V, E) be an undirected graph. For each p > 1, we build a new graph
Gl = (V] EPl) in the same way as we did in the proof of Lemma 8.5. This gives us
an m x m matrix Cl?! such that Zain - (G) = Zc.o(GP) for all undirected graphs
G. Thus, EVAL(CIPl, ©*) < EVAL(C, D), and EVAL(CI?|, ©*) is also not #P-hard.

Matrix C! is a block matrix with the same block structure as C. The upper-right
and lower-left blocks of C[P! are zero matrices. For x,y € I, we have

C'([g],x),((),y) = <Z Fx7a(Fy7a)pN_1Xa1,a2> (Z(F&b)pN_le,bthl&) .

acJ beJ
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From (Shapes) and the fact that all entries of X are positive integers, we can rewrite
the first factor as

,ur1 (,uy1 )pN—l Z(Vtu )pNHz2,a2Hy2,a2Xa1,a2
acJ

= Mz, (:uyl)pN_l Z (Va)pN <HI2,* 0 Hy27*7 Xa,*>'
a€lt]

Similarly, we can rewrite the second factor as

(Nw1)pN_1My1 Z (Va)pN (Hay, 0 Hy, 1, X 0.

a€lt]

Since v, > 0 for all a, we have
2

(812) OB 0y = Gty )P D (va)?N (Hay w0yl Xa) |

a€lt]

so the upper-left block of CP! is nonnegative. Similarly one can show that the same
holds for its lower-right block. Thus, C[?! is a nonnegative matrix.

Now for any x € I, we have
2

C([S)],x%(o,x) = (Nr1)2pN Z (Va)pN Z Xap ,
a€lt] be[h]

which is positive, and for any x # y € I, we have

0 0 _ 2pN N
Clo, 00 Cloy0,) = (o )P | D a)™ D7 Xap | >0,

a€lt] be[h]
Since EVAL(CP!,©*) is not #P-hard and (CIP), ©*) satisfies (7), by the inverse

cyclotomic reduction lemma (Corollary 8.3), we have either

[p] 2 ~ipl [p] [p]
(8.13) (Clo0.05) = Cl00.050C 010 O Coy.(0.9)

We claim that if the former is true, then x5 = ys. This is because, in this case,

=0.

Z(l/a)pN<Hx2,* oHy, «, Xq) | = Z(Va)pN Z Xab,

a€lt] a€lt] be[h]

and the norm of (H,, . o Hy, ., X, .) must be >befn) Xa,p- The inner product, how-
ever, is a sum of X, ;’s weighted by roots of unity, so the entries of H,, . o H,, . must
be the same root of unity. Thus, H,, . and H,, . are linearly dependent. Since H is
a matrix of full rank, we conclude that xo = yo. Together with (8.13), we have

Z (Va)PN (Hyy w0 Hyy o, X, ) =0 for all p > 1 and all 5 # ya,

a€lt]

since the argument is independent of the value of p. These equations form a Van-
dermonde system, and we conclude that (Hg, . o Hy, ., X, .) = 0 for all a € [t]
and all zo # yo. This finishes the proof of (8.8). Equation (8.9) can be proved
similarly. O
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In the second stage, we prove the following lemma.

LEMMA 8.10. Suppose matrices H, X, and Y satisfy both (8.8) and (8.9). Then
either they also satisfy (8.10) and (8.11) or EVAL(C,®) is #P-hard.

Proof. We will only prove (8.11). Equation (8.10) can be proved similarly.

Again, we let ®* denote a sequence of N m x m diagonal matrices in which each
matrix is a copy of D% (so ©* satisfies (73)). Note that the matrix C[!l we used in
the proof of Lemma 8.9 satisfies the following property: When zo = yo, by (8.12),

2

C([(lJ],x),(my) = (Mmlﬂyl)N Z (Va)N Z Xap |

a€lt] be[h]

and this is equal to 0 when x5 # y5. Let L denote the second factor on the right-hand
side, which is independent of x and y, so the right-hand side becomes (fi, 1y, )™ L.

Additionally, because of (8.9), we have that Yy, , and Y1 . are linearly dependent
for every k. Thus, for every k € [s], there exists a positive, rational A; such that

(8.14) Yiw = A Yia

Because of this, we only need to prove (8.11) for the case when k = 1.
Now we start the proof of (8.11). Suppose EVAL(C,®) is not #P-hard. We use
G = (V, E) to denote an undirected graph; then for each p > 1, we build a new graph
G®) = (V) E®) by replacing every edge e = uv € E with a gadget that is shown
in Figure 8.2. More exactly, we define G?) = (V(®), E(®)) a5
Ve =yuy {ac,be, ce,de,al,b,,cl,d, : e € E},

[c3) e’ Ve Ve e

and E®) contains exactly the following edges: For every edge e = uv € E, add
1. one edge (u, a.), (a,,v), (ce,be), (de, ae), (c.,b.), and (d.,al);
2. pN — 1 parallel edges between (a.,v) and (u,a’);
3. N — 1 parallel edges between (ae, c.), (be,de), (al,cl), and (b, d.).
It is easy to check that the degree of every vertex in G() is a multiple of N.
Moreover, the construction of G gives us a new m X m matrix R®), which
is symmetric since the gadget is symmetric, such that Zgw) o-(G) = Zc.o(GW) for

all G. Thus, EVAL(R(®),®*) < EVAL(C,®), and EVAL(R(),D*) is also not #P-hard.

== N-I edges
e pN-1 edges
—— 1 edge

be

FiG. 8.2. Gadget for constructing G®), p > 1.
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Moreover, R is a block matrix which has the same block structure as C. The
upper-right and lower-left blocks of R(®) are zero matrices. The entries in its lower-
right block are as follows: For x,y € J,

(p) N-1(1]
R(lx) (Ly) — < Z Fax ay p COa) (0,b) a1 ¢12}/bl bz)
a,berl

% < Z (Fa,x)pN 1F C[(l)Ja) Ob)Yal)aQYbl,@).

a,berl

Recall that C a),(0,b) = = 0 when ag # by. From (8.14), Yo, 4, Y5, b2 = Aay Aby Y1,05 Y165 -
As a result, we can simplify the first factor to be

Vi, (Vyl )pN?lL Z (Hay )pNHaz,ﬂCzHa27y2 (Hay /’I’bl)N)\al Aby Y1,0, Y1 0,

a,bel,ax=bs
- Vzl Vyl pN 'L Z (p+1)N(:ub )N)‘al/\bl Z Haz IzHa2 Y2 (}/1 ¢12)
a1,b1€[s] az€[h]

= Vg, (Vyl )pN?lLI : <H*7w2 ° H*,yz ) (Y17*)2>7
where

L'=1L Z (Mal)(erl)N(//'bl)N)‘al/\bl
al,ble[s]

is positive and is independent of x,y. Similarly, the second factor becomes

(Vﬂh)pN_lVylL/ : <H*7w2 o H*7y27 (Yl,*)2>'

As a result, we have
- 2
REIf’)x)’(Ly) = (L/)2 ’ (Vflyyl)pN ’ <H*,962 ° H*,yz ) (Yl,*)2>

Thus the lower-right block of R() is nonnegative. Similarly, one can prove that the
same holds for its upper-left block, so R() is nonnegative.
We apply Corollary 8.3 to (R®),©*). As EVAL(R®),©*) is not #P-hard, either

(p) _ ) (p) p) _
(R(ﬁ))x))( 1) ) R(ﬁ)x 1 X)R(ﬁ))y)7(1)y) or R(1 ), (Ly) = 0 forany x#ye€J.

We claim that if the former is true, then x5 = ys. This is because, in this case,
‘<H*,12 o H*7y2a (Y17*)2>‘ = Z Y127i'
i€[h]

However, the left-hand side is a sum of (Y7 ;)?, which are positive integers, weighted
by roots of unity. To sum to a number of norm Zie[h] le)i the entries of H, ,, o H, 4,
must be the same root of unity. As a result, H, ;, and H, ,, are linearly dependent.
Since H is of full rank, we conclude that o2 = y». In other words, we have shown that

(Hy 2, 0H,,,, (Y1.)?) =0 for all 2o # yo.

By combining it with (8.14), we have finished the proof of (8.11). O
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8.4. Step 2.3. Now we get a pair (C,D) that satisfies (Shape;)—(Shapes) since
otherwise, by Lemma 8.8, EVAL(C, ®) is #P-hard and we are done.

In particular, by using (Shapes), we define two diagonal matrices K[! and L
as follows. K[ is an (s 4 t) x (s +t) diagonal matrix. We use (0,4), i € [s], to index
its first s rows and (1, 7), j € [t], to index its last ¢ rows. Its diagonal entries are

o _ Aol o _ ol
Koy = Do,y and Ky =Dy

L% is the 2h x 2h identity matrix. We use (0,4), i € [h], to index its first h rows and
(1,4), j € [h], to index its last h rows. By (Shapes), we have

for all i € [s] and j € [t].

[0] [0] [0] [0] [0] [0]
(8.15) D(o x) = K(o 1) L(om) and D(1 v) = K(l 1) L(l)yz)
for all x € I and y € J, or equivalently,
(0] [0] [0 ]
Dii v Kt @ L)

The goal of Step 2.3 is to prove a similar statement for DIl 7 € [N — 1], and these
equations will allow us in Step 2.4 to decompose EVAL(C, D) into two subproblems.

In the proof of Lemma 8.8, we crucially used the property (from (73)) that all the
diagonal entries of DI are positive integers. However, for 7 > 1, (73) only gives us
some very weak properties about DI"l. For example, the entries are not guaranteed
to be real numbers. So the proof that we are going to present here is more difficult.
We prove the following lemma.

LEMMA 8.11. Let (C,D) be a pair that satisfies (Shape;)—(Shapes). Then either
EVAL(C,D) is #P-hard or it satisfies the following additional condition:

(Shapeg) There exist diagonal matrices KO and L such that DI KO and
LI satisfy (8.16). Ewery entry of KO s a positive integer, and LI is the 2h x 2h
identity matriz. For each r € [N — 1], there exist two diagonal matrices K"l and LI".
KU is an (s +1t) x (s + 1) matmx and L™ is a 2h x 2h matriz. We index K"l and
LUl in the same way we index KI° and LI, respectively. Then

] I ]
pirl — (Pos _ (Kiom ® Loy .
D[T] K[T] ®L[T]

(1,%) (1,%) (1,%)

Moreover, the norm of every entry in L") is either 0 or 1, and for any r € [N —1],

[l _ [r] [l _ [r]
Koo =0 < L, =0 and K(l*)_0<:>L( =0

=1 and L, #0 = Jiep] L[] =1

£0 = Jieln), LI (Li

(0,9)

We now present the proof of Lemma 8.11. Fix an r € [N — 1] to be any index.
We use the following notation. Consider the diagonal matrix DI, It has two parts:

(O*

DET] Y c Csh*sh and DET] Y c Cthxth

The first part has s blocks, where each block is a diagonal matrix with h entries. We
will rearrange the entries indexed by (0, %) into another s x h matrix, which we denote
as D (just as we did with DI in the proof of Lemma 8.8), where

D;j =D, forallig][s|and je [h]

We prove the following lemma in section 8.4.2.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES 965

LEMMA 8.12. Either problem EVAL(C,®) is #P-hard, or we have (1) rank(D) <
1 and (2) for each i € [s], all nonzero entries of D; . have the same norm.
Proof of Lemma 8.11. We start with the first half, that is,

(8.17) D, =K, oLy,
Assume D! is nonzero; otherwise the lemma is true by setting K[g] o= L%]_*) =0.

(0,%)
As a result, we know that D # 0.

Let D, be a nonzero entry of D, where a € [s] and b € [h]. From Lemma 8.12,
the rank of D is 1, so D; .« = (D;/Dqp) - Dg « for any i € [s]. By setting

D,

Ky =D;p and L =

we have

D[T]

I
0,y = Pid = Koy L

©0.) Loy foralli€[s]and j € [h],

and (8.17) follows. The second half can be proved similarly.
One can also check that K"} and L") satisfy all the properties stated in (Shapeg).
This finishes the proof of Lemma 8.11 (assuming Lemma 8.12). O

8.4.1. The vanishing lemma. We need the following lemma in the proof of
Lemma 8.12.

LEMMA 8.13 (vanishing lemma). Let k be a positive integer and let (z; n)n>1, for
1 <i <k, be k infinite sequences of nonzero real numbers. For notational uniformity
we also denote by (zon)n>1 the sequence where xo, =1 for all n > 1. Suppose
Tit1,n

n—oo xi,’l’b

=0 for0<i<Ek.

Part A. Let a; and b; € C for 0 < i < k. Suppose for some £ € [k], a; = b; for all
0<i<¥; ap="0by=1; and Im(ap) = Im(by). If for infinitely many n,

k k
E A;T4.n E bzﬂ?z‘,n
i=0 i=0

then we have ap = by.
Part B. Let a; € C for 0 <1i < k. If for infinitely many n,

k
E ;Tiqmn
i=0

then we have a; =0 for all 0 < i < k.

Proof. We first prove Part B, which is simpler. Taking n — oo (technically
we take a subsequence of n approaching oo where the equality holds, and the same
below), we get ap = 0. Since z1,, 7# 0, we can divide out |21, | and get for infinitely
many n,

)

207

=0.

k
> @i n 210
=1

Now the result follows by induction.
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Next we prove Part A. Multiplying by its conjugate, we get

k k k k
> aiwin | | D TGwin | = | D biwin | | D biwin
i=0 =0 i=0 =0

Every term involves a product x; ,x; . If max{i, j} < ¢, then the terms
QAT nTjn = bzaxznxjn

and they cancel (since a; = b; and a; = b;). If max{s, j} > ¢, then both a;@;z; nxjn
and b;b;x; nxj, are o(|zen,|) as m — oo. This is also true when max{i,j} = ¢ and
min{¢,j} > 0. The remaining terms correspond to max{i,j} = ¢ and min{i,j} = 0.
After canceling out identical terms, we get

(ae + @) wen + o(|zen|) = (be + be)xen + o(|Te,n])

as n — oo. Dividing out z¢,, and then taking limit n — oo, we get Re(ag) = Re(by).
It follows that ay = by since Im(ay) = Im(by). 0

We also remark that Part A of the vanishing lemma above cannot be extended
to arbitrary sequences {a;} and {b;} without the condition that Im(a;) = Im(b,), as
shown by the following example: Let

1 3
a1:3—|—\/§i, a2:3<§—|—\/7—i>, and b1:b2=3.
Then |1+ a2+ azx?| = |1+ b2 +bex?| is an identity for all real values z. In particular
this holds when  — 0. We note that a; # b;.

8.4.2. Proof of Lemma 8.12. Without loss of generality, we assume 1 = puq >

> pus >0and 1 =v; > - > 1y > 0. (Otherwise, we can multiply C by an

appropriate scalar so that the new C has this property. This operation clearly does
not affect the complexity of EVAL(C,D).) We assume EVAL(C, D) is not #P-hard.

Again we let ©* denote a sequence of N m x m diagonal matrices in which every
matrix is a copy of the matrix DI in D (so D* satisfies (73). Recall that 7 is a fixed
index in [N — 1], and recall the definition of the s x h matrix D from DI,

Let G = (V, E) be an undirected graph. For each n > 1, we build a new graph
Gl by replacing each edge uv € E with a gadget shown in Figure 8.3. More exactly,
we define G[" as follows. Let p, = n?N + 1 and ¢, = nN — 1. (When n — o0, ¢,
will be arbitrarily large, and for a given g, p, will be arbitrarily larger.) Then

e’r e

V[n] = V U {a67$e7iaye,i7beaceaa/eax/e,iay(;iab/ C/ rec Eal S [’f’]},

and El" contains exactly the following edges: For every edge e = uv € E, add

1. one edge (u,a.), (v,al), (ae,Ye,i), and (al,y. ;) for all i € [r];

2. N — 1 parallel edges (v, a.), (u,a.), (ac, c.;), and (ag, ;) for all i € [r];

3. pn parallel edges (b, zc i) and (b, ;) for all i € [r];

4. gy parallel edges (cc,¥e,i) and (c,y, ;) for all i € [r].
It is easy to check that the degree of every vertex in GI" is a multiple of N except for
be and b.,, which have degree r mod N, and ¢, and ¢, which have degree N —r mod N.

Since the gadget is symmetric with respect to vertices u and v, the construction

of G[" gives us a symmetric m x m matrix RI"™ (recall that m = (s + t)h) such that
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Fic. 8.3. Gadget for constructing G, n>1. (Note that the subscript e is suppressed.)

Zgim o-(G) = Zco(GM) for all G. As a result, EVAL(RI", ©*) < EVAL(C,D), and
we know that EVAL(RI™ ©*) is also not #P-hard.
The entries of R[™ are as follows: For u € I and v € J, the ((0,u), (1,v))th and

1,u), (0, v))th entries of RI" are zero. For u,v € J, Rl is the product of
(1,u),(1,v)

T

N—1gpn 1[0] n [0] N1 (0] [r] [(N—r]
S (Sre oty ) (5 morsoil, ) e oo, of,
a,b,cel \xeJ yeJ

and

T

N—1pn 1l0] 0 N 1 (0] [r] [N—r]
> <ZF By D<1x>> > FayF& DA | FA FanDig ) D Pioe) -
a,b,cel \xeJ yeJ

We simplify the first sum. By using (Shapes) and (Shapes), we have

- n — I 0
ZFN 1Fp (1]x) _'utzlv1 1“51 Z(Vﬂﬁl)N e Ha2,12Hb2,r2DE1],(r1,1))

xeJ xeJ
n —14p, MO
(8.18) =l ST e )N D L (H, L H, ).
Ile[t]

Let L denote the following positive number that is independent of u, v, a, b, and c:

L=h-Y" (va)V 147 D

(1,(11,1))'
wle[t]

y (Shapey), (8.18) is equal to L - ul~'pp™ if ay = by and 0 otherwise. Similarly,
Z FayF& D (1 9= L' pg,plr if ag = cp
yeJ

and 0 otherwise, where L’ is a positive number independent of u, v, a, b, and c.
By (Shapes), we have

D[N vl _ D[T]

0e) = Dioe) = Devea:
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[n]

Combining these equations, the first factor of R(1,u),(1,v) becomes

- - n " n T T 0 =
AR (L'Mfz\i ey ) (L’-ualui‘ ) 12 Hay s oo DY) 01 1) Dbas Do
acl,b,ce(s]
Let Z denote the following positive number that is independent of u and v:
_ N-1)" " N plo]
zZ=3Y (L.Ma1 1) (L’-ual) YD 1)y
a1 €[s]

Let P, = rp, and Q,, = 7q,; then the first factor becomes

Z - l/ullllj)\lf_1 Z ub",ug" Z Db,aDc,aHa,ugHa,vz-
b,c€[s] a€lh]

We can also simplify the second factor so that

R e = 22 @)V | Y0 118> DoaDeHa,us Ha v,
b,c€[s] a€[h]

X Z szn,ugn Z Db’,aDc/,aHa,ugHa,vz
b’ €[s] a€lh]

As EVAL(RI™, %) is not #P-hard and (RI"),D*) satisfies (T) for all n > 1, the
neces[s?ry condition of the inverse cyclotomic reduction lemma (Corollary 8.3) applies
to RI™.

In the proof below, for notational convenience we suppress the index n > 1 and use
P,Q, and R to represent sequences {P,},{Q,}, and {RI"}, respectively. Whenever
we state or prove a property about R, we mean R[™ has this property for any large
enough n (sometimes it holds for all n > 1). Moreover, since we only use the entries
of R indexed by ((1,u), (1,v)) with u; = v; = 1, we let Ry = R(1,(1,u)),(1,(1,0)) for
all u,v € [h]. As a result, we have (note that v, = 1)

(8.19)

Rum :Zz ZM?N? ZDb,aDc7aHa7uHa7v Z NII)D/N?/ Z Db’,aDc’,aHa7uHa7v
b,c€([s] a€[h] b’ ,c’ €[s] a€[h]

We will consider the above expression for R, , stratified according to the order
of magnitude of u{fu?u{ﬁu?f = (popir ) ¥ (teper )@ Because P = ©(n?) and Q = O(n),
when n — oo, @ is arbitrarily and sufficiently large, and P is further arbitrarily and
sufficiently large compared to . Thus, terms are ordered strictly first by uppy and
then by pcpe . Inspired by this, we define the following total order <,, over

T:{<£, CC,) :b,b,e,c € [S]}

For T; and 15 in T, where

by ¢ by ¢
T1:<b,1 0’1) and ng<bz CZ)
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we have Th <, T5 if either pp, pp; < pin, iy, OF foy oy, = Hby By, N fhey fle < fey He, -
For convenience, we denote the entries of a 2 x 2 matrix 7; or T in T by

bi C; b (&
v, o) \y )

respectively. Using <,,, we divide 7 into classes 71, 72, ..., Tq ordered from the largest
to the smallest, for some d > 1, such that the following hold:

L If T, Ty € T, for some i € [d], then uy, puy;, = po, pipy, and pie, pre;, = fe, ficy,-
Note that this is an equivalence relation which we denote by =,,.

2. If Ty € Ti, T2 € Tj and i < j, then either iy, puy; > iy, piy, O fip, fiy;, = fip, fy,
and fic, ey > fhes el -

For each i € [d], we arbitrarily pick a T' € 7; and use U; to denote pppup and W;
to denote p.per. (Note that U; and W; are independent of the choice of T'.) It is clear
that there is exactly one matrix, (] 1), in 71.

Now we can rewrite (8.19) as follows:

(820) Ru,v = ZZ Z UiPWiQ Z Xu,v,Ta
i€ [d] TeT;

where

Xu,v,T = Z Db,aDc,aHa,uHa,v Z Db’,aDc/,aHa,uHa,v for T = (é)/ CC/>
a€lh] a€(h]

Clearly the term with the maximum possible order in the sum (8.20) corresponds
to the choice of T' = (} 1) € T1, since pq is strictly maximum among all pq, ..., gs.
This is true for every (u,v), and it will be the actual leading term of the sum, provided
the coefficient of UP W2 = ;25129 is nonzero.

Consider the diagonal entries where u = v. First notice that from (8.19), we have

Ry = Ry for all u € [h]; second, the coefficient of the leading term UF W& is

2

Xu,%(l 1) - Z |D1)a|2 = HD17*||47
a€lh]

11

which is, again, independent of u. Without loss of generality, we may assume D1 , # 0;
otherwise, we can remove all terms involving p; in (8.19) and pe will take its place,
and the proof is completed by induction. (If all D; , = 0, then the statement that D
has rank at most one is trivial.)

Assuming that D4 . # 0, we have R, ., = R1,1 # 0 for all u € [h] (and sufficiently
large n). This is because, ignoring the positive factor Z2, the coefficient Dy .||* of
the leading term U’ WlQ is positive. By using Corollary 8.3, we have the following.

PROPERTY 8.14. For all sufficiently large n, |R11| > 0 and |Ry.»| € {0,|R11|}
for all u,v € [h].

From now on, we focus on v =1 and let H,, = H, 1 o Hy o, {H0}oepp forms
an orthogonal basis with each ||H.||*> = h. We also denote Xi 1 by X, 1, so

821) Xor= | DyaDeaMaon || Y. DiaDeaHay | for T = <£, cc,)
a€(h] ac[h]
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We make three more definitions. Let K = {i € [h] : D1 ; # 0}. By our assumption
K#0. Let A={ve[h]: forall i,j € K,Hin=H;o}and B=[h] — A If |[K| =1,
then A = [h]. The converse is also true, which follows from the fact that {H. . }oen
forms an orthogonal basis. Also since H. 1 is the all-one vector, 1 € A and A is
nonempty. Moreover, if K = [h], then A = {1}. This again follows from the fact that
{H. .} forms an orthogonal basis.

Now we consider the coefficient X, 7 of U¥ WlQ in Ry ,, where T = (} }) For
every v € A, it has norm [|D1 .||* > 0. Then from Property 8.14 and Part B of the
vanishing lemma the next property follows.

PROPERTY 8.15. For any v € A and sufficiently large n, |Ry | = |R11].

If B # 0, then for any v € B, the coefficient of T'= (] ;) in Ry, is

X'U,T = <Z |D1,a|2Ha,v><Z |Dl,a|2m> = Z |D1,a|2Ha,v

acK acK aeK

2
e R.

Since we assumed v € B, Y | D1,a|*Ha,v is a sum of positive terms |Dy ,|* weighted
by nonconstant H, ,, for a € K, each with complex norm 1. Thus its absolute value
must be strictly less than ||Dy .||?, which is only achieved when all H, ,, for a € K,
are equal to a constant. It follows that X, 7 < || D1 .||*. Therefore, for v € B (and n
sufficiently large), we have |Ry ,| < |R1,1|. By using Property 8.14 and Part B of the
vanishing lemma, we have the following property.

PROPERTY 8.16. Ifv € B, then for all sufficiently large n, Ry, =0 and thus,

> Xor=0 forallicl[d.
TeT:

In particular, by applying Property 8.16 to 7; = {(% 1)}, we have

Z |D1a|*Ha,w = Z |D1.o/*Haw = (D14)?, Hew) =0 for every v € B,
a€EK aceK

because |Dj 4| is real. Here we use |Dy .|? to denote the vector (|Dy 1], |D12)?,...).
Furthermore, because {#. ,} forms an orthogonal basis, |D1 .|?> must be expressible
as a linear combination of {#. , : v € A} over C. From such an expression, we have
|Dy|? = |Dy;|* for all i, j € K, by the definition of K. Since Dy . is only nonzero on
K, |D1,| is a constant on K and D;; = 0 for any ¢ € [h] — K. (The above proof does
not actually assume B # 0; if B = (), then A = [h] and by {#H. .} being an orthogonal
basis, |K| = 1. Then the above statement about D1 , is still valid, namely, D1 . has
a unique nonzero entry and is zero elsewhere.) We summarize as follows.

PROPERTY 8.17. |Dy.|> L H., for allv € B. |Dy.|? is constant on K and 0
elsewhere. In particular, the vector xi, which is 1 on K and 0 elsewhere, is in the
span of {H. v € A} and is orthogonal to all {H.. : v € B}.

Our next goal is to show that on K, D5 , is a constant multiple of D, .. Clearly
if B =10, then we have |K| =1 as noted above and thus it is trivially true that Do .
is a constant multiple of Dy . on K. So we assume B # (). We now consider

2 1 1 2

T and T belong to the same 7, for some g € [d]. By Property 8.16, ZTGTQ Xor =0
for every v € B. So we focus on terms X, 7, where T' € T, (i.e., T =, T1). Suppose
T =, Tv; then ppppy = papre and peprer = papie. Thus, {b,0'} = {c, '} = {1,2}, so
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1 1 2 2
EZ{T17T2,T3=<2 2>,T4=<1 1)}

However, due to the presence of a row (1 1), the sum

h h
Z |Dl,a|2Ha,v - Z |D1,a|2Ta,v =0

a=1 a=1

for any v € B as shown above. Therefore, the coefficients X, 1, X, 1, corresponding
to T3 and Ty are both 0.
We need one more definition: T is of a conjugate-pair form if it is of the form

T:(g g).

For a matrix 7" in conjugate-pair form, the corresponding coefficient

2

X’U,T = > 0.

h
Z Db,aDc7aHuﬁv
a=1

The remaining two matrices 77 and T5 in 7, both have this form, so both X, 7,
and X, 1, are nonnegative. Since X, r, + X, 1, =0, X, 7, = X, 1, = 0. This gives

Z D1,4D2oHar =0 forallve B.
a€(h]

Hence Dy . 0Dy, L H., for all v € B. It follows that D1 . 0 Do . can be expressed
as a linear combination of #. , over v € A. By the definition of A, this expression
has a constant value on entries indexed by a € K, where |D; 4| is a positive constant.
Therefore, over K, D5, is a constant multiple of D; .. This accomplishes our goal
stated above, which we summarize as follows.

PROPERTY 8.18. There exists some complex number X, such that Dy o = AD1 q,
forallae K.

Let K9 = {i € [h] : D2,; # 0}. Note that the A above could be 0, so it is possible
that K ¢ Ks. Our next goal is to show that for every v € A, H., , takes a constant
value on K». This means that for all v € A, H; , = H;, for all 4,j € Ko. Without
loss of generality, we assume Dj . # 0 since otherwise Ko = ) and everything below
regarding D» , and regarding H. , on K> is trivially true.

To this end, we consider the matrices in 7, and their corresponding coefficients
X, 1, for any v € A. We will apply the more delicate Part A of the vanishing lemma
on Ry, and R;; for an arbitrary v € A. Our target is to show that

(8.22) > Xyr= Y Xir foranyve A
TeTy TeT,

By Property 8.15, |R1 | = |R1,1| for any sufficiently large n. To apply the vanishing
lemma, we first show that terms that have a higher order of magnitude satisfy

(8.23) Y Xur= Y Xir foralll<g <gandve A
TGTq/ TETq/
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We also need to show that

(8.24) > Xpr|=Im| Y Xz

TeT,y TET,

By definition, every T' >,, T} satisfies upppr > p1pi2. Thus, the first column of T
is either (1 1)*, (1 2)T, or (2 1)T.

First, consider those matrices T' >, T where each row of T" has at least one 1.
For every v € A, the two inner product factors in (8.21), namely,

h h
Z Db@EHmv and Z Db’,aDc’7a H(L’U

a=1 a=1

must be actually a sum over a € K, since Dy , is zero elsewhere. But for a € K, Hq
is just a constant a,, of norm 1 (a root of unity), independent of @ € K. Thus

h h
§ Db,aDc,aHa,v = Oy § Db,aDc,a and § Db/,aDc/,a Ha,v =0y § Db/,aDc’,a-
a=1 a€eK a=1 aeK

Since o, @y = |a,|? = 1, it follows that their product is

h h
(Z Db,aDc,aHa,v> <Z Db/,aDc/,aHa,v> = <Z Db,aDc,a> <Z Db’,aDc’,a> ’
a=1 a=1 aceK aceK

which is the same as the coefficient X; 1 corresponding to T" for v9 =1 € A. So for

all such T, their contributions to R;, and to R; ; are the same for any v € A.
Such T' >,, T with at least one 1 in each row include any matrix of the form

(o)) (1)

These exhaust all T >, T1, and (8.23) follows.

Such T >,, T} also include 17 and T3 in T4. So Xy 7, = X171, and Xy, = X11,
for any v € A. Now we deal with matrices T3 and T;. We note that the sum of X, 1,
and X, 1,, at any v, is

(8.25)
h _ h _
(Z |Dl,a|2Ha,v> <Z |D2,a|2Ha,v> + (Z |D2,a|2Ha,v>(Z |Dl,a|2Ha,v> ’
aceK a=1 a=1 aeK

which is a real number. Equation (8.24) then follows.
Now we can apply Part A of the vanishing lemma, which gives us (8.22). Since
Xv7T1 = X17T1 and Xv,T2 = Xl,TzJ we have

Xox, + Xom, = X117y + X1, = 2 |Dy ][ Day] .

However, this is clearly the maximum possible value of (8.25). (By our assumption,
D1« D2«]|> > 0.) The only way the sum in (8.25) can achieve this maximum
at v € A is for H,, to take a constant value 3, for all a € K5, and H,, to take
a constant value a,, for all a € K, for some pair of complex numbers «, and 3, of
norm 1. Moreover, by (8.25) we have a3, + @B, = 2. It follows that o, = f,.
Therefore, H,,,, is constant on @ € K U Ky for each v € A. We summarize it as
follows.
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PROPERTY 8.19. For every v € A, there exists a complex number «,, of norm 1
such that Hq o = o for all a in K U Ks.

We eventually want to prove Ko = K. Our next goal is to prove that [Dg | L
H. , for all v € B. Of course if B = (), then this is vacuously true. We assume B # (.

For this purpose we will examine

« (2 2
w3 %)
and the class 7, it belongs to. By Property 8.16, we have

Z Xy =0 foranywveB.
TeT,

Thus we will examine T' € Ty, namely, ppiy = fefte = 3.

Now there might be some other pair (b,b') # (2,2) such that pppuy = p3. If such a
pair exists, it is essentially unique and is of the form (1, s) or (s, 1), where s > 2. Then
T4 consists of precisely the following matrices, namely, each column must be either
(2 2)T, (s )T, or (1 s)T. Let’s examine such a matrix 7' in more detail. Suppose
T € T, has a row that is either (1 1) or (1 2) or (2 1). Then,

h h
Xpr = (Z DbﬂDcyaHa,U) <Z Db/7aDc/7aHa,v> =0 foranywe B.

a=1 a=1

This is because of the following: The presence of D, , restricts the sum to a € K.
By Property 8.17, we know that for every v € B, |Dy.|*> L H.,. Moreover, on set
K, we know from Property 8.18 that both vectors Dy . 0Dy, and Dy, 0o D> . can be
replaced by a constant multiple of the vector |Dy .|? (the constant could be 0) and
thus also perpendicular to #, , (and to H. v).

Now suppose 1" is a matrix in 74, and yet it does not have a row which is either
(11)or (12)or(21). It is easy to check that the only cases are

. (22 (1 s (s 1
P2 (D) e e ()

Thus, X, 7« + Xo 1, + Xy, = 0 for all v € B. However, as noted above, all three
matrices T, Ty, and T» have the conjugate-pair form, so their contributions

2 2 2

, and

3

h
Z D2,amHa,v
a=1

h
Z Dl,aDs,aHa,v
a=1

h
Z Ds,aDl,aHa,v
a=1

are all nonnegative. It follows that all three sums are zero. In particular, from X, 7«
we get |Da|? L H,, for all v € B.

It follows that the vector |Da . |? is in the span of {#H., : v € A}. This linear
combination produces a constant value at any entry |Ds ,|? for a € K U Ky. This is
because each vector H. . for v € A has this property by Property 8.19.

As we assumed Dy . # 0, and Dy, is 0 outside of Ky (by the definition of K»),
this constant value produced at each entry |Ds 4| for a € K U K3 must be nonzero.
In particular, Dy, # 0 at a € K. It follows that K C K. It also implies that the
vector, which is 1 on K U Ky = K3 and 0 elsewhere, is in the span of {#H. , : v € A}.
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Next we prove that K = Ko, by showing that |K| = | K| (since we already know
K C K5). Let xx denote the h-dimensional characteristic vector for K, which is 1
for any index a € K and 0 elsewhere. Similarly, we denote by xx, the characteristic
vector for Ky. Both vectors xx and xk, are in the linear span of {H., : v € A}.
Write xx = >, ca ToHx,v, where z, € C; then

h
vaH*m”2 = <XK7H*7U> = ZXK(Q)Ham = Z Ham = |K|a_v

a=1 aceK

by Property 8.19. It follows that |z,|h = | K| for each v € A. Thus

KN\?,  |A||K?
KL= lIxxl® = Dl - [#a0ll® = 4] (%) p=
vEA

and it follows that |K| = h/|A|. Exactly the same argument gives |Ks| = h/|A]|.
Hence |K| = |K2| and K = K». At this point the statement in Property 8.18 can be
strengthened to the following.
PROPERTY 8.20. There exists some complex number X such that Da . = ADq .
Our final goal is to generalize this proof to all Dy, for £ =1,2,...,s. We prove
this by induction.
Inductive hypothesis: For some ¢ > 2, the (¢ — 1) rows Dy ,..., Dy«
satisfy that D; . = A; - Dy for some )\; and 1 <7 < /.
The proof mainly follow that of the case £ = 2 above, except for one crucial argument
at the end. We presented the special case ¢ = 2 alone for ease of understanding.
We prove that Dy, = A¢ - Dy . for some A\;. Clearly we may assume Dy . # 0,
for otherwise the inductive step is trivial. To start, consider the matrices

{1 1 7
Tl:(l €> and T2:<€ 1)

and the corresponding class 7, they belong to. By Property 8.16, we have for every
v € B, ZTGTQ Xv,r = 0. We only need to examine those T' € 7, with exactly the
same order as that of T, To: pppy = pepter = p1pte- To satisfy this condition, both
columns of 7" must have entries {1, £} or have both entries < £. No entry in {b,¥’, ¢, '}
can be > ¢. There are two cases now: Case 1—There is a row (b ¢) or (V' ¢/) (or both)
which has both entries < ¢; Case 2—Both rows have an entry = /.

In Case 1, at least one of the inner product sums in the product

h h
X’U,T = <Z Db,am?—la}v> <Z Db’7aDc’,a Ha,v)
a=1

a=1

takes place over a € K. This follows from the inductive hypothesis. In fact that inner
product is a constant multiple of 3 i [D1,q|*Ha,o or its conjugate 3 c i [D1.a[*Ha,o
which are 0 according to Property 8.17 for all v € B.

In Case 2, it is easy to check that to have the same order e, T can only be T3
or T5. Now observe that both 77 and T have the conjugate-pair form. Thus, their
contributions X, 7, and X, 7, are both nonnegative. Since X, , + X, 7, = 0, both
of them have to vanish:

> DiaDioHan=0 and > DiaDigHan=0 foralove B
a€lh] a€lh]
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Hence Dq . 0Dy L H., for all v € B. It follows that the vector Dy , o Dy . belongs
to the linear span of {H., : v € A}. From the definition of A, this expression has
a constant value on entries indexed by a € K. Therefore, on K, Dy, is a constant
multiple of D; ,. We summarize this as follows.

PROPERTY 8.21. There exists some complex number Ay such that Dy = A D14
forallae K.

Let Ky = {i € [r] : Dy; # 0}. Next, we prove that for every v € A, H, , takes
a constant value on Ky, i.e., H;, = H;v, for all indices %, j € K,. We had assumed
D, . # 0, since otherwise the induction is completed for £. Then K, # 0.

To show that H. , is a constant on Ky, we consider

I 11
T3:(1 1) and T4:<€ €>

and the class T, they belong to. We want to apply Part A of the vanishing lemma to
show that

(8.26) Z X1 = Z X1, 7 foranywv e A.
TeTy TET,

For this purpose, we need to compare the respective terms of the sum (8.20) for an
arbitrary v € A and for the particular vg = 1 € A. More exactly, we will show that

(8.27) Y Xor= Y Xir and Im| Y X,r|=Im| Y Xz

TET, TET, TeT, TET,

for all v € A and ¢’ < g. Then (8.26) follows from Part A of the vanishing lemma.
To this end, we first consider matrices T' that have an order of magnitude strictly
larger than that of T35 and Ty. We have either pppy > pipe or pppy = p1pe and
fepter > pipre. The first alternative implies b,0’ < £. The second implies ¢, ¢’ < /.
In both cases, each row of T" has at least one entry < ¢. By the inductive hypoth-
esis, both inner products in (8.21), namely,

h h
Z Db@EHmv and Z Db’,aDc’7a Ham

a=1 a=1

must be a sum over K since D , is zero elsewhere. However, for any a € K, H,, is
a constant «, of norm 1 (a root of unity), independent of a € K. Thus

Z Db,amHa,v = Qy Z Db,am and Z Db/,aDc
a€lh] a€EK a€lh]

’.a Ha,v =0y § Db/,aDc’,a-

a€EK

Since a, @, = |a,|? = 1, it follows that their product is

X'U,T = <Z Db,aﬂ)(Z Db’,aT’,a) )

acEK aceK

which is exactly the same as the coefficient X; v for vg = 1 € A. Thus for any T,
where each row has at least one entry < £, X, 7 = Xy 7, for any v € A. This includes
all matrices T' >,, T3 (as well as some matrices T' =, T3 € Ty), and the first part of
(8.27) follows.
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Now we consider any matrix T' € 74. If each row of T" has at least one entry < ¢,
then by the proof above, we know X, r = X r for any v € A. Suppose T' € T, does
not have this property. Then each column of such a matrix must consist of {1,¢}.
We have four such matrices: T3,75,73, and Ty. But the former two matrices already
belong to the case covered above. So we have

Z Xv7T — Z XLT = Xv,T3 + Xv7T4 — ()(1)7“3 + X17T4) for any v € A.
TeT, TeT,

Now to the matrices 15,74 themselves. We note that the sum of their coefficients
Xor, + Xor,, at any v € A, is

(8.28)
h L h L
<Z |Dl,a|2Ha,v> (Z |Df,a|2Ha,v> + (Z |Dl,a|2Ha,v><Z |D1,a|2Ha,v> .
aceK a=1 a=1 aceK

This is a real number, and the second part of (8.27) follows.
Now we can apply Part A of the vanishing lemma to conclude that

XU7T3 + XU,T4 = X17T3 + Xl,T4 =2- ||D17*||2HD27*H2 for any v S A.

This is the maximum possible value of (8.28). By assumption, ||D1 .|| Dg¢..||* > 0.
The only way the sum in (8.28) achieves this maximum at v € A is for H,,, to take
a constant value 7, for all a € Ky (and we already know that H, , takes a constant
value «, for all @ € K), where «, and ~, are of norm 1. Moreover, by (8.28), we have
0y Yy + 0y = 2. It follows that o, = 7,. Thus H, , is a constant on K U K for each
v € A. We summarize it as the next property.

PROPERTY 8.22. For every v € A, there exists a complex number «,, of norm 1
such that Hy.q = o, for alla € KU K;.

Our next goal is to prove that |Dy .|*> L H., for all v € B. Of course, if B =0,
then this is trivially true. We assume B # (). For this purpose, we examine T*, the
matrix with all four entries being ¢, and the class 7, it belongs to. By Property 8.16,
we have ZTeTq Xy = 0 for any v € B, and our target is to show that X, 7« = 0.
To prove this, we need to examine terms X, r for all T =, T* € T,.

It is now possible to have a number of pairs, (a1,b1), (az,b2),..., (ak,by), for
some k£ > 0, such that pq,us, = u? for 1 < i < k. (When ¢ = 2, such a pair, if it
exists, is essentially unique, but for ¢ > 2 there could be many such pairs. This is a
complication for £ > 2.) Every matrix 7' € 7, must have each column chosen from
either (¢ £)T or one of the pairs (a; b;)T or (b; a;)T. Note that if such pairs do not
exist, i.e., k = 0, then 7, = {T*} and we have

h h
X1+ = (Z |Dg7a|27'[a7v> (Z |De,a|27'la,v> =0 atanywveB.

a=1 a=1

The following proof is to show that even when such pairs exist (k > 1), we still have
Xy, 7+ = 0. For this purpose, we show that ZTGTwT#T* Xy > 0.

Suppose k > 1. We may assume a; < ¢ < b; for all i € [k]. We examine all the
T € T, other than T*. If T has at least one row, say, (b ¢), with max{b,c} < ¢ and
min{b, ¢} < ¢, then by the inductive hypothesis and Property 8.21, the corresponding
inner product actually takes place over K. In fact, the inner product is a constant
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multiple of the projection of |Dj .|? on either H., or H, ,. But we already know
that this projection is zero for all v € B.

For the remaining T° where both rows satisfy [max{b,c} > ¢ or min{b, c} > ¢], if
T is not T*, then one of its two columns is not (¢ £)T, and one entry of this column
is a; < ¢ for some i € [k]. It follows that the other entry in the same row as a; must
be b; > ¢ for some j € [k]. As a result, the only matrices remaining are of two types:

a; bj bl Qj ..
< <
(bi aj> or <a¢ bj> for some 1 <i,j < k.

We consider the first type. The total contribution of these matrices is

k h h
Z (Z Dai,am}iu,v> <Z Dbi,a/Daj,a/ m)

i,j=1 \a=1 =1
’ k h h
= Z <Z )\aLDl an ,a av) <Z Dbi,a’Aaj DLa’ Hu/,v)
i,j=1 =1 a’=1
k
- Z Z Aajljl an aHa K3 )\alDb a’Dl ,a’ Ha’ U
B la,a’=1
i h k
= [ZDl,aHa7v< >‘| [ZDla’ a’v(ZAalDb a’>‘|
a=1 =1 a’'=1
h k 2
= Z-Dl,aHav > 0.
a=1 j=1

Here in the first equality we used the inductive hypothesis for a;,a; < Z.

The argument for the second type of matrices is symmetric. Note also that 7™
has the conjugate-pair form, and therefore its contribution X, r- at any v € B is
nonnegative. It follows from ZTeTq Xy, =0 (Property 8.16) that X, 7~ =0 and

h 2

S DTl

a=1

This means that Dy .|*> L H. , for all v € B and thus |Dy .|? is in the linear span of
{H. : v € A}. Then by the same argument used for ¢ = 2, we obtain K = K, and
summarize as follows.
PROPERTY 8.23. There exists a complex number \; such that Dy, = A\D1 .
This completes the proof by induction that D has rank at most one.

8.5. Step 2.4. After Step 2.3, we obtain a pair (C,®) that satisfies conditions
(Shape;)—(Shapeg). By (Shapes), we have

c_ (0 F\_ 0 M®H
“\FT o) \MeH)T 0 ’
where M is an s x ¢t matrix of rank 1, M; ; = u;v;, and H is the h x h matrix defined
in (Shapey). By (Shapes) and (Shapeg), we have for every r € [0 : N — 1]

] I ]
pirl — (P _ (Kiom ® Loy .
D [r] K [r] ® L [r]

(1,%) (1,%)

=0 forallve B.
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Every entry in L[l either is 0 or has norm 1 and L[ is the 2h x 2h identity
matrix.

Using these matrices, we define two new pairs (C’, ) and (C”, £), which give rise
to two problems, EVAL(C’, 8) and EVAL(C”, £). First, C’ is the bipartization of M,
so it is (s +t) x (s +1t), and R is a sequence of N diagonal matrices also of this size:
(K, ... KIN=1). Second, C" is the bipartization of H, and it is 2h x 2h, and £ is
the sequence of N diagonal matrices: (LI, ... LIN=1) The following lemma shows
that EVAL(C, D) has the same complexity as EVAL(C”, £).

LEMMA 8.24. EVAL(C,D) = EVAL(C”, £).

Proof. Let G be a connected undirected graph and let u* be one of its vertices.
Then by Lemmas 2.3 and 2.4, we have

Zc)g(G) = Zag (G,u*) + Z&g (G,u"),
Z5o(Gu") = Za ¢(G,u") - Zgn o(G,u”), and
Z6.0(Gu") = 25 4lGyu®) - 250 oGy,

As M is of rank 1, both Zg, ¢ and Z§& ¢ can be computed in polynomial time. We
only prove for ZC,) here. If G is not blpartlte Zc a (G,u™*) is trivially 0; otherwise
let U UV be the vertex set of G, u* € U, and every edge uv € F has one vertex u
from U and one vertex v from V. Let = denote the set of assignments £ which map U
to [s] and V to [t]. Then (note that we use K[ to denote KI" ™4 NI for any r > N)

766 = ( T wew s ) (T e} ) (Tt

EeE \uwveFE uwelU veV

=TT | 3 oo {55 | o TT [ D2 (wy)2ee@) - k(i)

uelU \i€[s] veEV \jEt]

which can be computed in polynomial time.

Moreover, since (C”, £) satisfies (Pinning), by the second pinning lemma (Lemma
4.3), the problem of computing Zg) ¢ and Z§& ¢ is reducible to EVAL(C”, £). Tt then
follows that EVAL(C,D) < EVAL(C”, £).

We next prove the reverse direction. First note that by the third pinning lemma
(Corollary 8.4), computing Zg 5 and Z§ 5 is reducible to EVAL(C, D). However, this
does not finish the proof because Z& a (or Z& ¢) could be 0 at (G,u*). To deal with
this case, we prove the following claim.

CraM 8.25. Given a connected, bipartite G = (U UV, E) and vertex u* € U,
either we can construct a new connected, bipartite G' = (U' UV’ E") in polynomial
time such that v* € U C U’,

(829) Z8/7£(G/,u*) = hIUUVI . // E(G u )

and Zg, ¢(G',u*) #0, or we can show that Zg, o(G,u*) = 0.
Claim 8.25 gives us a polynomial-time reduction from Zg,, o t0 Zg 5. A similar
claim can be proved for Z*, and Lemma 8.24 follows. We now prove Claim 8.25.
For each u € U (and v E V), we use r, (and r,) to denote its degree in G. To
get G', we need an ¢, € [s] for each v € U and an ¢, € [t] for each v € V such that

(8.30) SN kg £ 0 and Y wfN e K 0.
i€[s] i€[t]

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES 979

Assume there exists a u € U such that no ¢, € [s] satisfies (8.30). In this case, note
that the s equations for ¢, =1, ..., s form a Vandermonde system since g1 > --- >
s > 0. Therefore, the (0, *)-block of K[l is 0 and thus the (0, *)-block of L] is
also 0 by (Shapes). It follows that Zg), +(G,u*) =0, and we are done. Similarly, we
have Zg, o(G,u*) = 0 if there exists a v € V such that no £, € [t] satisfies (8.30).

Otherwise, suppose there do exist an £, € [s] for each u € U and an ¢, € [t] for
each v € V, which satisfy (8.30). We construct a bipartite G' = (U’ U V', E’). First,
U=UUVand V' =V UU, where V={0:veV}and U = {i:u e U}. Edge set
E’ contains FE over U UV and the following edges: ¢, N parallel edges between u and
u, for every v € U, and £, N parallel edges between v and v, for every v € V.

Clearly, G’ is a connected and bipartite graph. The degree of u € U (or v € V)
is 7y + £y N (or r, + £, N), and the degree of w (or v) is £, N (or £,N). We now use
G’ to prove Claim 8.25.

First, we have (the sum is over all £ that map U’ to [s], V' to [t])

Zg (G u) =) < IT Mew.ewr TT M) e 11 Mf’(”g,sm)

I3 uveFE uelU veV
<H K (it K e u))) <H Ko Ko m))
uelU veV
_ H Z ME WN+ry (gul]) H Z Ve o N4y (;vl])
uelU \i€[s] veV \i€t]
< JT (Do wi -y ) TT [ D0 ™ - Ky
ael \i€lt] eV \i€[s]

It is nonzero: The first two factors are nonzero because of the way we pick £, and £,;
the latter two factors are nonzero because u;,v; > 0, and by (Shapeg), every entry of
K" is a positive integer.

It now suffices to prove (8.29). Let ) be an assignment that maps U to [s] and V
o [t]. Given 7, let E denote the set of assignments & over U’ U V' that map U’ to [s]
and V' to [t] and that satisfy £(u) = n(u), £(v) =n(v) for all w € U and v € V. We
have

D wiore(§) =Y < 1T Howy ey TT oy, ea)™™ H(Hs@),n(v))g“N)

(€= E€E uwveE uelU veV
[ru] [ro] O
(H LiomyLa s<u>>> (H L nw)) osm))
uelU veEV
=3 wicre(n) = B0V wien ().

§EE
The second equation uses the fact that entries of H are powers of wy (thus (H; ;)N =
1) and L% is the identity matrix. Equation (8.29) then follows. 0

8.6. Step 2.5. We are almost done with Step 2. The only conditions (i;) that
are possibly violated by (C”, £) are (U1) (N might be odd) and (Us) (H;,1 and Hy ;
might not be 1). We deal with (Us) first.
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What we will do below is to normalize H (in C”) so that it becomes a discrete
unitary matrix for some positive integer M that divides IV, while not changing the
complexity of EVAL(C”, £).

First, without loss of generality, we may assume H satisfies H; ; = 1 since other-
wise we can divide H by H 1, which does not affect the complexity of EVAL(C”, £).
Then we construct the following pair: (X,2)). X is the bipartization of an h x h ma-
trix over C, whose (4, j)th entry is H; ;H1 jH;1; 2 is a sequence (YO .y V=1l
of 2h x 2h diagonal matrices; Y9 is the identity matrix. Let

S={rel0:N-1:L{j #0} and T={ref0:N-1:L  #0}
then we have

=0 forallr ¢S and vyl 0 forallré¢T.

i _
Y (10) =

(O/*)

For each 7 € S (or r € T), by (Shapeg) there must be an a, € [h] (or b, € [h], resp.)
such that the (0, a,.)th entry of LI" is 1 (or the (1,b,)th entry of LI") is 1, resp.). Set

r r Hi " . T T H,y ; " .
Yol = Lo, ( Ha11> for all i € [n]; Y[ =L} ( Hf;) for all j € [h)].
We show that EVAL(C”, £) = EVAL(X,9)). For EVAL(X,9) < EVAL(C", £), we let
G = (UUV,E) be a connected undirected graph and u* be a vertex in U. For every
reS (andreT), weuse U CU (and V;, CV, resp.) to denote the set of vertices
with degree r mod N. It is clear that if U, # 0 for some r ¢ S or if V,. # ) for some
r & T, both Zg) o(G,u*) and Zy (G, u*) are trivially zero. Otherwise, we have

26 o(Gu”) = (H(Ha?,n’”“) (H(Hl,m)’””> 2% (G, 0).

reS reT

So the problem of computing Zy’ 4, is reducible to computing Zg), o. By combining
it with the second pinning lemma (Lemma 4.3), we know that computing Zy o) is
reducible to EVAL(C”, £). A similar statement can be proved for Zx o, and it follows
that EVAL(X,9)) < EVAL(C”, £). The other direction, EVAL(C", £) < EVAL(X,9),
can be proved similarly.

One can verify that (X,9)) satisfies (U;)—(Us), except that N might be odd. In
particular the upper-right h x h block of X is an M-discrete unitary matrix for some
positive integer M | N, and Q) satisfies both (U3) and (Uy) (which follows from the
fact that every entry of H is a power of wy ).

If N is even, then we are done with Step 2; otherwise we extend 2) to be
9 ={Yl . yW-u Ny BNy

where Y[l = Y['=N for all » € [N : 2N — 1]. We have EVAL(X,9) = EVAL(X,Y)),
since Zx 9 (G) = Zx,9(G), for all undirected G, and the new tuple ((M,2N),X,9Q)’)
now satisfies conditions (U1 )—(Ua).

9. Proofs of Theorems 5.4 and 5.6. Let ((M,N),C,D) be a tuple that sat-
isfies (U1)—(Us) and let F € C™*™ be the upper-right block of C. In this section, we
index the rows and columns of an n X n matrix with [0: n — 1].
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Cj

N-1 edges
—— 1 edge

dy

Fi1G. 9.1. The gadget for p = 1. (Note that the subscript e is suppressed.)

9.1. The group condition. We first show that either F satisfies the following
condition or EVAL(C, D) is #P-hard.

LEMMA 9.1. Let ((M,N),C,D) be a tuple that satisfies (Uy)—(Uys). Then either F
satisfies the group condition (GC),

(row-GC) for all i,j € [0:m—1], Ik € [0: m — 1] such that Fi . =F; , oF;,;

(column-GC) for all i,j € [0: m—1], 3k € [0: m—1] such that F, j, = F, ;oF, j,
or EVAL(C, D) is #P-hard.

Proof. Suppose EVAL(C,D) is not #P-hard.

Let G = (V, E) be an undirected graph. For every integer p > 1, we construct a
new graph GIP! by replacing every edge uv € F with a gadget. The gadget for p = 1
is shown in Figure 9.1. More exactly, we define GIP! = (VP! ElPl) as

1744 :VU{ae,beacala--wce,pad&la"'vdem:GEE}’

and E?! contains the following edges: For every e = uv € E and i € [p], add

1. one edge (uace,i)a (ce7iabe)7 (de7iaae)a and (de,iav);

2. N — 1 parallel edges (ce;,v), (Ce,i;Ge)s (deisbe), and (des, u).
It is easy to verify that the degree of every vertex in GI! is a multiple of N. Thus,
we have Zc o (GP) = Zc(GPl) because D satisfies (U3). On the other hand, the way
we construct G gives us, for each p > 1, a symmetric matrix APl € C2™*2™ which
only depends on C, such that Z,) (G) = Zc(GP) = Zc 5 (GIP)) for all G. Tt follows
that EVAL(APl) < EVAL(C,®) and thus EVAL(AP!) is not #P-hard for all p > 1.

The (i, j)th entry of APl where i, € [0:2m — 1], is

2m—12m—1 /2m—1 P som—1 p
An=3 % (Z Oc—ob¢> (Z moa,dmcj,d>

a=0 b=0 c=0 d=0
2m—12m—1|2m—1 2p

= 2| D CicCailrcCie
a=0 b=0 =0

For the first equality, we used the fact that M| N and thus, e.g., (Coc)¥ ™! = C,. as
Ca,c is a power of wys. Note that Al ig symmetric and nonnegative and satisfies

Agpj] :A%:O foralli € [0:m —1] and j € [m,2m — 1].
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For i,j € [0 : m — 1], we have

m—1m—1 5
P I I P
AP =SSN [(Fin o F, L Fau o FyL) | and
a=0 b=0
m—1m—1

(91) Agﬂm“jer = Z Z ‘<F*Z OmaF*ﬂ Om>|2p .
a=0 b=0

It is clear that all these entries are positive real numbers (by taking a = i and b = j).
Now let us focus on the upper-left m x m block of AlPl. Since it is a nonnegative
symmetric matrix, we can apply the dichotomy theorem of Bulatov and Grohe.

On the one hand, for the special case when j =i € [0 : m — 1], we have

m—1m—1 m—1m—1
A= 3 3 [ Fas o B[ = 30 3 (e Bl
a=0 b=0 a=0 b=0

As F is discrete unitary, AE) ) — m-m2. On the other hand, assuming EVAL(C, D) is
not #P-hard, by using the Bulatov—Grohe dichotomy theorem (Corollary 2.6),

AL AL = AP AP = (AP foralli# j e 0:m 1],

and thus Agpj] =m?P*! foralli,j € [0:m — 1].
Now we use this condition to prove that F satisfies (row-GC). We introduce the

following notation. For 4,5 € [0: m — 1], let
Xij = {|(Fi o Fj,Fu o Fo)| [ ab e [0:m 1]},

Clearly X, ; is finite for all ¢, j, with |X; ;| < m?. Each z € X,; satisfies 0 <z < m.
For each z € X j, let s; j(x) denote the number of pairs (a,b) € [0 : m — 1]? such that

|<Fi,* o Fj,*a Fa7* o Fb,*>| =x.

We can now rewrite AE”} as the sum

9.2) AP =3 sijla) o™,

reX; j

which is equal to m??T! for all p > 1. Note that s; j(x) does not depend on p, and

(9.3) > sijla) =m?.

reX; j

We can view (9.2) and (9.3) as a linear system of equations in the unknowns s; ;(z).
Fix 4, j; then there are |X; ;| many variables s; j(z), one for each distinct value = €
X; ;. Equations in (9.2) are indexed by p. If we choose (9.3) and (9.2) for p from 1
up to |X; ;| — 1, this linear system has an |X; ;| x | X; ;| Vandermonde matrix ((z%)?),
with row index p and column index z € X; ;. It has full rank. Note that by setting
(a,b) = (4,7) and (¢/,7), where ¢’ # 4, respectively, we get m € X, ; and 0 € X, j,
respectively. Moreover, s; ;(0) = m? —m, s; j(m) = m, and all other s; ;(z) =0 is a
solution to the linear system. Therefore this must be the unique solution.
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So X; ; = {0,m} and thus [(F; . o F; ., F, . o Fy )| € {0,m} for all 4, j, a, b.
Finally, we prove (row-GC). Set j = 0. As Fy . = 1, the all-1 vector, we have

Fix01l,Fo,oFy )| =|(FisoFy.,Fou)| €{0,m} foralli,a,be[0:m—1].

As {F,.:a €[0:m —1]} is an orthogonal basis with ||F, .||> = m, by Parseval
Z |<Fi,* o Fb,*7 Fa7*>|2 =m:- HFi,* © Fb7*H2-

Since every entry of F; , o Fy, . is a root of unity, ||F; . o Fy .[|> = m. Hence

Z |<Fz7* o Fb7*7 Fa,*>|2 = m2,

and for all 4,b € [0 : m — 1], there is a unique a such that [(F; . o Fy ., F, )| = m.

From property (Us), every entry of F; ., Fy ., and F, , is a root of unity. The
inner product (F; . o Fy ., F, ) is a sum of m terms each of complex norm 1. To
sum to a complex number of norm m, each term must be a complex number of unit
norms with the same argument, i.e., they are the same complex number €. Thus,
Fi.oF. = ¢ F,,.. We assert that in fact ¢’ = 1, and F; . o Fp. = F,..
This is because F; 1 = F,1 = Fy1 = 1. This proves the group condition (row-GC).
One can prove (column-GC) similarly using (9.1) and the lower-right m x m block
of AlPI, O

Next we prove a property concerning discrete unitary matrices that satisfy (GC).
Given an n x n matrix A, let AR denote the set of its row vectors {A; .} and A
denote the set of its column vectors {A., ;}. For general matrices, it is possible that
|AR||A€| < n, since A may have duplicate rows or columns. But if A is M-discrete
unitary, then it is clear that |A®| = |A€| = n.

PROPERTY 9.2. If A € C™*" is an M -discrete unitary matriz that satisfies (GC),
then A" and A€ are finite Abelian groups (of order n) under the Hadamard product.

Proof. The Hadamard product o gives a binary operation on A® and A®. The
group condition (GC) states that both sets AR and A€ are closed under this operation,
and it is clearly associative and commutative. Being discrete unitary, the all-1 vector
1 belongs to both AR and A€ and serves as the identity element. This operation also
satisfies the cancellation law: if z oy = x o z, then y = z. From general group theory,
a finite set with these properties already forms a group. But here we can be more
specific about the inverse of an element. For each A; ., the inverse should clearly be
A, .. By (GC), there exists a k € [0 : m — 1] such that Ay . = (A; )"t = A, .. The
second equation is because A; j, for all j, is a power of wyy. |

9.2. Proof of Theorem 5.4. In this section, we prove Theorem 5.4 by showing
that (Uy)—(Uy) indeed imply (Us).

Suppose EVAL(C, D) is not #P-hard; otherwise we are already done. By Lemma
9.1, (M, N), C,D) satisfies (GC). Fixing r to be any index in [NV — 1], we will prove
(Us) for the (i,i)th entries of DI where i € [m : 2m — 1]. The proof for the first half
of D" is similar. For simplicity, let D be the m-dimensional vector such that

D, = DLZ]_H- for all i € [0:m —1].

Alsolet K ={i € [0:m —1]: D; # 0}. If |[K| = 0, then there is nothing to prove; if
|K| = 1, then by (Us3), the only nonzero entry in D must be 1. So we assume | K| > 2.
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We start with a useful lemma. It implies that to prove Theorem 5.4, i.e., (Us), it
suffices to prove that D; is a root of unity for every ¢ € K.

LEMMA 9.3. If D € Q(wy) is a root of unity, then D must be a power of wy.

Proof. Assume D = w¥, for some positive integers k and M with ged(k, M) = 1.
Since D € Q(wn), we have wk, € Q(wn). By ged(k, M) =1, wyr € Q(wy) and

Qwn) = Qwn,wir) = Qwiem(ar, N))-

The degree of the field extension is [Q(wn) : Q] = ¢(NN), the Euler function [25].

When N | N’ and ¢(N) = ¢(N'), by expanding according to the prime factoriza-
tion for N, we can get (and actually this is all there is to be had) that if N is even,
then N’ = N; if N is odd, then N' = N or N’ = 2N. As by (U;) N is even, we have
lem(M,N) =N, M| N, and D is a power of wy. O

Next we show that every D;, ¢ € K, is a root of unity. Suppose for a contradiction
that this is not true. We show the following lemma about Z = (Zy, ..., Z,,—1), where
Z; = (Dy)N.

LEMMA 9.4. Suppose there is a k € K such that Zy is not a root of unity.
Then there exists an infinite integer sequence {P,} such that when n — oo, the vector
sequence ((Z)F : k € K) approaches, but never reaches, the all-one vector k|-

Proof. As Zj, has norm 1, Z;, = €% for some real number 6, € [0,1). We will
treat 0 as a number in the Z-module R 1,04 1, i.e., real numbers modulo 1. By the
assumption, we know that at least one of the 0;’s, k € K, is irrational.

This lemma follows from the well-known Dirichlet’s box principle. For complete-
ness, we include a proof here. First, for any positive integer P, ((Zx)F : k € K) # 1;
otherwise, every 6} is rational, contradicting the assumption.

Let n* = n!®l 4+ 1 for some integer n > 1. We consider (L -0y : k € K) for all
L € [n*]. We divide the unit cube [0, 1)/%l into n* — 1 subcubes of the following form:

|:a1 a1+1> {GK aK+1)
) X X ) )
n n

n n
where a;, € {0,...,n — 1} for all k. By cardinality, there are L # L’ € [n*] such that

(L-6ymodl:k€K) and (L' -6pmodl:keK)
fall in the same subcube. Assume L > L'; by setting P, = L — L’ > 1, we have
|Pp-6pmod 1| =|(L—L")-6rmod 1| <1/n forall ke K.
Repeating the procedure for every n, we get an infinite sequence {P,} such that

((Zk)P" = 2milPnbn) | e K)

approaches, but never reaches, the all-one vector of dimension | K]|. ad
Let G = (V, E) be an undirected graph. Then for each p > 1, we build a graph
G"! by replacing every edge e = uv € E with a gadget that is shown in Figure 9.2.
Recall that 7 € [N — 1] is fixed. More exactly, we define GIP! = (V[P1, EPl) as follows:
vl =y uy {ac,bei,ceij,al bl cl; e € Ejie[pN],jelr]},

e e, Ye,t,g

and E”! contains the following edges: For each edge e = uv € E, add

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 07/31/15 to 128.105.14.124. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

GRAPH HOMOMORPHISMS WITH COMPLEX VALUES 985

b] s pr

N-1 edges
1 edge

F1G. 9.2. The gadget for p = 1. (Note that the subscript e is suppressed.)

one edge (u,a.) and (v, al);
N — 1 parallel edges (ac, v ) and (u,al);
one edge (Ce,i,j; be,i) and (cg ; i H) for all ¢ € [pN] and j € [r];
4. N — 1 parallel edges (ae, ce,i,;) and (a,c, ; ;) for all i € [pN] and j € [].
It is easy to verify that the degree of every vertex in GI! is a multiple of N, except
be,i and by, ;, which have degree r mod N.

As the gadget is symmetric, the construction gives a symmetric 2m x 2m matrix
APl such that Zam(G) = Zc,o(GP)) for all G and thus EVAL(AP!) < EVAL(C,D),
and EVAL(AP)) is also not #P-hard.

The entries of APl are as follows. First, for all u,v € [0 : m — 1], the (u, m +v)th
and (m + u, v)th entries of APl are zero. The entries in the upper-left block are

Padi e

r\ PN

N WD SR U RN B S

€[0:m—1] be[0:m—1] c€[0:m—1]

r\y pN

X Z Fu7aFv,a Z Dm+b Z FCﬁm

a€[0:m—1] be[0:m—1] €[0:m—1]
for all u,v € [0: m — 1]. Since F is discrete unitary,

Z Fc,ch,a = <F*,b; F*,a> = Oa
€[0:m—1]

unless a = b. As a result, the equation can be simplified to
APl =, <Z (Dk)pNkaFv,k) <Z (Dk)pNFu,kak)
keK kEK

for u,v € [0 : m — 1], where L,, is a positive constant that is independent of u and v.
Assume for a contradiction that some Dy, k € K, is not a root of unity. Then
by Lemma 9.4 we know there exists a sequence {P,} such that ((Dy)V : k € K)
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approaches, but never equals, the all-one vector, when n — oo. Also by (Us) we know
there exists an i € K such that D; = 1. Now consider GIP»] with parameter p = P,
from this sequence. We have

2
Au],DZ] =Lp,- <Z (Dk)NP"> for any u € [0:m — 1].
kEK

We let T, denote the second factor on the right-hand side; then |T},| could be arbi-
trarily close to |K|? if we choose n large enough. By using the dichotomy theorem of
Bulatov and Grohe and Lemma 7.5 together with the assumption that EVAL(AFn])
is not #P-hard, we know the norm of every entry of APl in its upper-left block is
either 0 or Lp, |T,|.

Now we focus on the first row by fixing u = 0. Since Fy . = 1, we have

A([J]i’j] =Lp, - <Z(Dk)NP"Fv)k> (Z(Dk)NP"Fv)k> for any v € [0:m — 1].
keK keK

By Property 9.2, F® = {F, .} is a group under the Hadamard product. We let
S={ve0:m—1]: forall i,j € K, F,;, = F,;}

and denote {F, . : v € S} by F°. F¥ is a subgroup of F®, and 0 € S as Fy . = 1.
For any v ¢ S, when n is sufficiently large, we have

|47

< ‘Agfg] .

This is because when n — oo, T}, — |K|? but

(zwmm) (zwwﬂa,k) 5 (z F—) (z F)

keK keK keK keK

which has norm < |K|? since v ¢ S. So when n is sufficiently large, A([)Ii’j] = 0 for all
v ¢ S. Denote ((Dy)NF : k € [0:m —1]) by D" for v ¢ S and sufficiently large n,

(9.4) either (D",F,.)=0 or (D", F,,)=0.

Next, we focus on the characteristic vector x (of dimension m) of K: xj = 1 if
k € K and xi = 0 elsewhere. By (9.4) and the definition of S, we have

(9.5) (X,Fp.)=0 forallv ¢ S and [(x,Fu.)|=|K]| foralves.

To prove the first equation, note that by (9.4), either there is an infinite subsequence
(D™) that satisfies (D™, F, ) = 0 or there is an infinite subsequence that satisfies
(D™, Fy,«) = 0. Since D" — x when n — oo, either (x,F,.) =0 or (x,F,.) = 0.
The second case still gives us (x,F, ) = 0 since x is real. The second equation in
(9.5) follows directly from the definition of S. As a result, we have

X = % Z<X7Fv,*> “Fox

veES
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Now we assume the expression of D™, under the orthogonal basis {F, .}, is

m—1

n

D" = E 2; nFix, where z;, =
i=0

1
- (D™, F;.).

If for some n we have z; , = 0 for all ¢ ¢ S, then we are done, because by the definition
of S, every F; ., 1 € S, is a constant over K and thus the vector D" is a constant over
K. Since we know there exists an i € K such that D; =1, every D;, j € K, must be
a root of unity.

Assume this is not the case. Then (here consider those sufficiently large n so that
(9.4) holds),

x=D"oD" = (Z 58an1*> o Z%—nFJ*
i J

= Z yvam*a
v

where

Yvn = E LinTjmn-

F; .oF; .=F, .

The last equation uses the fact that F® is a group under the Hadamard product (so
for any i, j there exists a unique v such that F,, ., = F; . o F; ).

Since the Fourier expansion of x under {F, .} is unique, we must have y, , =0
for any v ¢ S. Because D™ — X, by (9.5), we know that when n — oo, ;,, for any
i ¢ S can be arbitrarily close to 0, while |z, ,,| can be arbitrarily close to |K|/m for
any ¢ € S. So there exists a sufficiently large n such that

|Tin| < KIS foralli ¢ S and |z;,| > 4K] for alli € S.
’ 5m? ’ 5m
We pick such an n and will use it to reach a contradiction. Since we assumed that for
any n (which is of course also true for this particular n we picked here), there exists at
least one index ¢ ¢ S such that x;, # 0, and we can choose a w ¢ S that maximizes
|z;n| among all i ¢ S. Clearly, |y, ,| is positive.

We consider the expression of y,,,, using x; . We divide the summation into two
parts: the main terms x;,%; ., in which either i € S or j € S, and the remaining
terms, in which 4,5 ¢ S. (Note that if Fy, . = F; , o F; ., then ¢ and j cannot both
be in S; otherwise, since F° is a subgroup, we have w € S, which contradicts the
assumption that w ¢ S.) The main terms of y,, , are given by

1 n T .\ 1 n Enn
—3 D (D" Py o F; ) (D7 Fj )+ —5 3 (D" Fi ) (D" Fru o Fy ).
JjeS i€S

Note that =g, = (D", Fg+)/m and Fo, = 1. Also note that (by the definition
of §) when j € S, Fj 1, = o for all k € K, for some complex number «; of norm 1.
Since D™ is only nonzero on K, we have

(D™, Fuy,x 0 Fj . ) (D", Fji) = (D", o Fy ) (D™, ;1) = mTo,, - (D", Fop ).

Similarly, we can simplify the other sum so that the main terms of y,, ,, are given by

X

$0,7L<Dn7 Fw,*> + xO,n<Wa Fw7*>) .
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By (9.4) we have either (D", F,,.) or (D", F,, .) is 0. Since we assumed that x, , =
(D™, Fy «)/m # 0, the latter has to be 0. Therefore, the sum of the main terms of
Yuw.n 18 equal t0 Tg nZw,n|S]. As 0 € S, we have

4|K||S
‘xO,nxw7n|S|‘ 2 | || ||!Ew7n|-
5m

Consider the remaining terms. Below we prove that the sum of all these terms
cannot have a norm as large as |Tg ,Zw,n|S|| and thus y., ., is nonzero and we get a
contradiction. To see this, it is easy to check that the number of remaining terms is
at most m, and the norm of each of them is

_ 4| K||S
el < el < DBl

since i, ¢ S. So the norm of their sum is < |Zg,,%w n|S||.- Theorem 5.4 is proved.

9.3. Decomposing F into Fourier matrices. Suppose ((M,N),C,D) satis-
fies (U1)-(Us) and (GC); otherwise EVAL(C, D) is #P-hard. We prove Theorem 5.6.
To decompose F into Fourier matrices (recall that F is the upper-right m x m block
matrix of C), we first show that if M = pq and ged(p, ¢) = 1, then up to a permu-
tation of rows and columns, F' is the tensor product of two smaller matrices, both of
which are discrete unitary and satisfy (GC). Note that p and ¢ here are not necessarily
primes or prime powers.

LEMMA 9.5. Let F € C™*™ be an M -discrete unitary matriz that satisfies (GC),
where M = pq, p,q > 1, and ged(p, q) = 1. Then there exist two permutations I and
Y over [0 : m — 1] such that Frix = ¥ @ F”, where ¥’ is a p-discrete unitary matriz,
F" is a q-discrete unitary matriz, and both of them satisfy (GC).

Proof. Using Property 9.2, both F'® and FC are finite Abelian groups. Since F
is M-discrete unitary, the order of any vector in F® or F is a divisor of M.

By the fundamental theorem of Abelian groups, there is a group isomorphism

piFR = 7y X o X Ly, = L,

where g1, ..., g, are prime powers, and g; | M for all i. As ged(p,q) = 1, without loss
of generality, we may assume there exists an integer h' such that g; |p for all i € [h’]
and g; | q for all other i. We use p~—! to define the following two subsets of F}:

SP ={p7'(x):x € Zg, x; =0 for all i > A’} and
S ={pt(x):x € Zg, v; =0 for all i < h'}.

It is easy to show the following four properties: Letting m’ = |SP| and m” = |59|,

1. both SP and S9 are subgroups of F&;

2. P={uecFR:(w)P=1}and S9={ve FR:(v)I=1}

3.m=m'-m" ged(m/,q) =1, ged(m”,p) = 1, ged(m/, m") = 1;

4. (u,v) — uov is a group isomorphism from S? x S9 onto F&.
Let SP = {up = 1,uy,...,uyp—1} and ST = {vg =1,vy,...,Vvpmr_1}. By 4, there is
a bijection f : i+ (f1(4), f2(¢)) from [0 : m — 1] to [0 : m' — 1] x [0 : m”" — 1] such that

(96) Fi7* =g (4) O Vg,(i) for all ¢ € [0 tm— 1].

Next we apply the fundamental theorem to F€. We use the group isomorphism in
the same way to define two subgroups TP and 79 with four corresponding properties:
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. Both TP and T? are subgroups of F°;
TP ={we FC:(w)P=1}and T9 = {r € FC: (r)? = 1};
- m= |Tp| ’ |Tq|’ ng(lTp|7q) =1, ng(|Tq|7p) =1, and ng(lTp|7 |Tq|) =1
4. (w,r) = wor is a group isomorphism from T? x T onto F°.
By comparing item 3 in both lists, we have |T?| = |SP| = m’ and |T9| = |S?| =m".
Let TP = {WQ = 1,W1, ‘e ,Wm/_l} and T = {I‘O = 1,1‘1, [P ,I‘m//_l}. Then by
item 4, we have a bijection ¢ from [0:m — 1] to [0 : m' — 1] x [0 : m” — 1] and

W N =

(9.7) F.j =Wy (j)orgy foraljecl0:m—1].

Now we are ready to permute the rows and columns of F to get a new matrix G
that is the tensor product of two smaller matrices. We use (21, 22), where 21 € [0 :
m’ —1],z2 € [0 : m"” — 1], to index the rows and columns of G. We use II(z1,z2) =
f (@1, 22), from [0:m' —1] x [0: m” — 1] to [0 : m — 1], to permute the rows of F
and X(y1,92) = g~ (y1,y2) to permute the columns of F. We get G = Fyy 5, where

G (21,22),(y1,y2) = Fli(21,22) 5 (y1,ys) fOr all 21,91 € [0:m/ — 1], 20,2 € [0: m" —1].
By (9.6), and using the fact that up =1 and vy = 1, we have
G(rl,rg),* = G(rl,O),* o G(O,zQ),»w
Similarly by (9.7) and wo =1 and ry = 1, we have
G*7(y17y2) = G*7(y170) © G*7(O)y2)'
Therefore, applying both relations, we have
Glarm2).(nw2) = G(21,0),51.0) " G(21,0).0.92) - G(0,22),(01.0) " G(0.22),(0.92)-
We claim
(9.8) G(I1)0)7(0’y2) =1 and G(O,rz),(y1,0) =1.
Then we have
(9-9) Gora2) (wrv2) = G(21,0),1,0) * G(0.22).(0,2)-

To prove the first equation in (9.8), we realize that it appears as an entry in both
uz, and ry,. Then, by item 2 for SP and T, both its pth and gth powers are 1. Thus
it has to be 1. The other equation in (9.8) can be proved the same way.

As a result, we have obtained our tensor product decomposition G = F/ @ F':

F'= (Fl, = Guonwo) and F' = (F, = Goaom)-

The only thing left is to show that F/,F” are both discrete unitary and satisfy
(GC). Here we only prove it for F/. The proof for F” is the same. For all z # y,

0 = (G 2,00, Gy,0),) = Z G (2,0),(21,22) G (1,0),(21,22)

Z1,22

= C.0).(21.0G0.0).0.2) w0220 G0.0),(022) = M - (B Fy ).

21,22
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Here we used the factorization (9.9) and up = 1 and vy = 1. Similarly, we can prove
that F, , and F, , are orthogonal for all z # y. F’ also satisfies (GC) because both

SP and TP are groups and thus closed under the Hadamard product. Finally, F’ is
exactly p-discrete unitary. First, by the definition of M and (9.9), we have

prq = M = ICHl{OI‘deI‘ of G(11,0)7(y170) : G(w270),(y270) : X,y}.

Second, the order of G4, 0),(y,,0) divides p and the order of G4, 0),(y,,0) divides g. Asa
result, p is the least common multiple of orders of entries of F/ and thus F’ is p-discrete
unitary. O

Next we prove Lemma 9.7, which deals with the case when M is a prime power.

PROPERTY 9.6. Let A be an M-discrete unitary matriz that satisfies the group
condition (GC). If M is a prime power, then one of its entries is equal to wpy.

Proof. Since M is a prime power, some entry of A has order exactly M as a
root of unity. Hence it has the form w%, for some k relatively prime to M. Then
by the group condition (GC) all powers of w, appear as entries of A, in particular
[V ]

LEMMA 9.7. Let F € C™*™ be an M -discrete unitary matriz that satisfies (GC).
Moreover, M = p* is a prime power for some k > 1. Then there exist two permuta-
tions Il and ¥ such that Friy, = Fy @ ¥/, where ¥ is an M'-discrete unitary matriz,
M’ = p¥" for some k' < k, and ¥’ satisfies (GC).

Proof. By Property 9.6, there exist a and b such that F, ; = wps. Thus, both the
order of F, ., (in F®) and the order of F,; (in F©) are M. Let

Sl = {L Fa,*7 (Fa7*)2a ey (Fam)Mil}

denote the subgroup of F® generated by F, .. As the order of F, , is M, |S| = M.
Let S5 denote the subset of F® such that u € Sy iff up = 1. Then it is clear that
Sy is a subgroup of F®. Moreover, (w1, Wa) — W1 0 Wy is a group isomorphism from
Sy x Sy onto FR. As a result, |Ss| = m/M, which we denote by n.
Let So = {up = 1,uy,...,u,_1}. Then there exists a bijection f from [0 : m — 1]
to [0: M —1] x [0:n — 1], where i — f(i) = (f1(4), f2(4)), such that

(9.10) Fi.= (F..)"@o uy,(; forallie[0:m—1].

In particular, we have f(a) = (1,0).

Similarly, we use T} to denote the subgroup of F'© generated by F.;, (|T1| = M)
and T, to denote the subgroup of F€ that contains all the v € F€ such that v, = 1.
(W1, Wsa) Wi 0 Wy is an isomorphism from T} x Ty onto F| so |Tz| = m/M =n

Let To = {vo =1,v1,...,vp_1}. Then there exists a bijection g from [0 : m — 1]
to [0: M —1] x [0:n — 1], where j — g(j) = (91(4), g2(j)), such that

(9.11) F., = (F.;)"Wo Vg, forall j€[0:m—1].

In particular, we have g(b) = (1,0).

We are ready to permute the rows and columns of F to get a new m x m matrix
G. We use (z1,22), where z1 € [0: M — 1] and z € [0 : n — 1], to index the rows and
columns of matrix G. We use II(z1,22) = f~ (21, 72), from [0: M —1]x[0: n—1] to
[0 : m — 1], to permute the rows and X(y1,y2) = g~ '(y1,¥2) to permute the columns
of F, respectively. As a result, we get G = Fri 5.

By (9.10) and (9.11), and ug = 1 and vo = 1, we have

Gay.0)x = (G(1,0),6)" ©G0,00), a0d G (4 40) = (G (1,0)”" © G (0,92)-
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Applying them in succession, we get

Z1

Gor2),(y1,2) = (G(1,0),(51,92)) " G(0,22),(y1,92)
= (G(1,0),1,0) """ (G(1,0),0,42)) " (G (0,22),(1,0))" G(0,25),(0,2)-

By f(a) = (1,0) and g(b) = (1,0), we have
G(1,0),(1,0) = Fi(1,0),2(1,0) = Fr-1(1,0),9-1(1,0) = Fap = wu-

By (9.11), and similar reasoning, we have

G(1,0)7(0,y2) = Fah‘?’l(O,yz) = (Fa,b)o “Uys,a = Uysa = 1,

where vy, o denotes the ath entry of v,,, which is 1 by the definition of T5. By (9.10),

G (0,09),(1,0) = Fr-10.0)0 = (Fap)’ Uy p = gy p = 1,

where ug, » denotes the bth entry of u,,, which is 1 by the definition of Ss.
Combining all these equations, we have

(9'12) G(m,m%(ybyz) = Wﬁyl : G(O,mg),(o,yp)'

As aresult, G = Fy @ F/, where F' = (F, | = G(0,4),(0,y)) I8 an n x n matrix.
To see F’ is discrete unitary, by (9.12), we have

0= (G(0,0).%: G(oy)) = M - (F,

T,

F,.) foranyz#ye[0:n—1].
Similarly we can prove that F, , and F/ , are orthogonal for z # y. F' also satisfies
the group condition because both S5 and Ts are groups and thus closed under the
Hadamard product. More precisely, for (row-GC), suppose F, , and F/, , are two rows
of F'. The corresponding rows G g )« and Gg )« in G are permuted versions of u,
and uy, respectively. We have, by (9.6),

Fpe = Fr1002),071002) = Uag=102) and Fy o = Fyo1(0,y),9-1(0,2) = Uy,g-1(0,2)-
Since S is a group, we have some w € [0 : n — 1] such that u, o uy, = u,, and thus

F;,z : Fy;,z = U,g=1(0,2) = F71}7Z.
The proof of (column-GC) is similar. F’ is also p*-discrete unitary for some &’
< k. O

Theorem 5.6 then follows from Lemmas 9.5 and 9.7.

10. Proof of Theorem 5.8. Let (M, N),C,D,(q,t,Q)) be a 4-tuple that sat-
isfies condition (R). Also assume that EVAL(C, D) is not #P-hard; otherwise, we are
done. For every r in 7 (recall that T is the set of r € [V — 1] such that A, # (), we
show that A, must be a coset in Zg. Condition (L) then follows from the following
lemma. Condition (£1) about A, can be proved similarly.

LEMMA 10.1. Let @ be a coset in Gy X Go, where G1 and G2 are finite Abelian
groups such that ged(|G1|, |Gz2|) = 1. Then for both i = 1,2, there exists a coset ®; in
G; such that ® = &1 x P,.

Proof. First, we show that if u = (u1,us2),v = (vi,v2) € &, where u;,v; € Gy,
then (u1,vs) € ®.
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redges
—ec=-= N-r edges
N-1 edges
I edge

F1G. 10.1. The gadget for constructing graph G'. (Note that the subscript e is suppressed.)

Since ged(|Gil,|Ga|) = 1, we can pick an integer k such that |G1| |k and k =1
(mod |Gs|). As @ is a coset, we have u+ k(v —u) € ®. From u; + k(v1 —u1) = wg
and ug + k(ve — ug) = ve, we conclude that (u1,vs) € ®.

This implies the existence of ®; C G; and ®5 C G such that & = &; x $o: Let

P, = {xeGlzﬂyeGg,(x,y) 6<I>} and @, = {yeGg:EJxEGl,(x,y) €<I>}.

Then both ®; and ®: are cosets (in G7 and Ga, respectively), and & = &, x
Ds. 0
To prove Theorem 5.8, we need the following construction. Given an undirected
graph G = (V, E), we build a new graph G’ by replacing every edge e = uwv € F with
the gadget shown in Figure 10.1. More exactly, we define G’ = (V' E’) as
V' =V U {ae,be,is Ceiy deiyal, b, 4, ¢, 4, d, ;- e € E and i € [N]}
and E’ contains exactly the following edges: For each e = wv € E, add
1. one edge (u,d.1), (v,d, 1), (u,d, ;) and (v,d. ;) for all i € [2: NJ;
2. one edge (ac,be ;) and N — 1 parallel edges (b, de ;) for all i € [N];
3. N — r parallel edges (ac, cc;) and r parallel edges (cc ., d. ;) for all i € [N];
4. one edge (ag, b, ;) and N — 1 parallel edges (b, ;,d; ;) for all i € [N];
5. N — r parallel edges (ay,c, ;) and r parallel edges (c, ;,d. ;) for all i € [N].
The degree of d.; and d,; for all e € E,i € [N], is 7 (mod N). All other vertices in
V' have degree 0 (mod N). It is also noted that the graph fragment that defines the
gadget is bipartite, with u, v, be i, ce i, b, ;, . ; on one side and ac, ag,, de i, d, ; on the
other side. The way we construct G’ gives us a 2m x 2m matrix A such that Za (G)
= Zc,o(G') for all G, and thus EVAL(A) < EVAL(C, D), and EVAL(A) is also not
#P-hard. We use {0,1} x Zg to index the rows and columns of A. Then for all u,v
in Zg, A,u),1,v) = A(1,u),0,v) = 0, which follows from the gadget being bipartite.
We now analyze the upper-left m x m block of A. For u,v € Zg, A(g,u),0,v) 18
the product of the following two sums:
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N N N
A N— (7]
E Fuq, H Fy 4, H E Fy, atb,; a; E Fe o Fe, a, H D a,)
a7d1,...7d1\]€ZQ =2 =1 biGZQ ci€Zo =1
and
N N N
Z Z . N— [r]
Fy.a, H Fua; H Fy, alp; 4, § Fc,i,arF;7d,i H D(1,di)'
a,dy,....dNEZg 1=2 =1 b;€Zg ci€Zo =1

Note that in deriving these sums, we used the fact that M | N and entries of F are all
powers of wy;. Next, since F is discrete unitary,

E Fbi;ani;di = <F*7a7 F*7di>
b;€Zo

is m when d; = a and is 0 otherwise. The same thing can be said about those sums
over ¢;. Assuming d; = a for all 4, by (U45), we have that

N
H D Eﬂd» = (D Eﬂa))
i€E[N]

is 1 when a € A, and 0 otherwise. As a result, we have
(10.1)

A(O’U)’(ON) = < Z Fu7aFv7am2N> ( Z Fv7aFu7am2N> =m*N

acA, acA,

2

Y FuaFya

acA,

By using condition (Rg3), we can further simplify (10.1) to be

> Fuva

acA,

2

2
= m4N‘ <X7 Fufv,*>

)

(10.2) A(O’u)’(mv) = m4N

where x is a 0-1 characteristic vector such that xo =0ifa ¢ A, and xa =lifa € A,,
for all a € Zg. Since F is discrete unitary, it is easy to show that

0 < Au),0,v) < m*N A2 and Afo,0),(0,u) = m*N A2 for all u,v € Zg.

As r €T, we have |A,| > 1, and let n denote |A,|. Using the dichotomy of Bulatov
and Grohe (Corollary 11.1) and the assumption that EVAL(A) is not #P-hard,

A, 0v) € {0,m*Nn?} for all u,v € Zo.

As a result, we have for all u € Zg,

(10.3) | Fu)| € {0,m).

The inner product (x, Fy ) is a sum of n terms, each term a power of wys. To sum to
a complex number of norm n, each term must have exactly the same argument; any
misalignment will result in a complex number of norm < n, which is the maximum
possible. This implies that

(10.4) (X,Fux) € {O,n,an,nw%/[,...,nw%_l}.
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Next, let a denote a vector in A,. We use ® to denote a + (A, — a), where
A, —a= {x—a‘xeAT}

and (A, —a) is the subgroup generated by A, —a. Clearly A, C ®. We want to prove
that A, = &, which by definition is a coset in Zg. This, combined with Lemma 10.1,
will finish the proof of Theorem 5.8.

To this end, we use & to denote the characteristic vector of ®: kx = 0if x ¢ &
and kx = 1 if x € ®. We will show that for every u € Zo,

_ 9|
A,

(10.5) (K, Fu) (X; Fu).-

Since F is discrete unitary, {Fy . : u € Zg} is an orthogonal basis. From (10.5),

_ ol
A1

K

which implies K = x (since both are 0-1 vectors) and thus, A, = ® is a coset in Zg.

We now prove (10.5). We make the following observations: (1) If |{x, Fu )| = n,
then there is an o € Zps such that Fy, x = w$; for all x € A,.. (2) Otherwise (which is
equivalent to (x,Fy,+) = 0 from (10.3)), there exist y and z in A, such that F,y #
Fu,z. Observation (1) has already been noted when we proved (10.4). Observation
(2) is obvious since if Fy, y = Fy 4 for all y,z € A,, then clearly (x, Fu ) # 0.

Equation (10.5) then follows from the following two lemmas.

LEMMA 10.2. If there exists an o such that Fyy x = wq; for all x € A,, then we
have Fy x = w§; for all x € ®.

Proof. Let x be a vector in ®; then there exist x1,...,xx € A, and hy,..., hg €
{£1} for some k > 0 such that x = u+2f:1 h;(x; —a). By using (R3) together with
the assumption that Fy o = Fyux, = wq;, we have

Fu,x = Fu’a+zi hi(xi—a) = Fu7a H Fu>hi(xi_a) = Fu7a H (F“7x'iFu)u)hi = waMﬂ

and the lemma is proved. d

LEMMA 10.3. If there existy,z € ® such that Fy # Fu z, then erq, Fux=0.

Proof. Let ¢ be the smallest positive integer such that ¢(y — z) = 0; then /¢ exists
because Zg is a finite group and ¢ > 1 because y # z. We use ¢ to denote Fy yF}, 5.
By (R3) together with the assumption, we have ¢ = Fuo(y-z) = 1but c # 1.

We define the following equivalence relation ~ over ®. For x,x’ € ®, x ~ x’ iff
there exists an integer k such that x — x’ = k(y — z). For each x € ®, its equivalence
class contains the following ¢ vectors: x, x4+ (y —2), ..., x+ (I —1)(y —2), as ® is
a coset in Zg. We conclude that > Fy x = 0 since for every class, by using (R3),

xed
-1 -1 1— Cl
; Fu,x+i(y7z) = Fu,x ZZ; = Fu,x: = 0,

and the lemma is proved. d

Now (10.5) can be proved as follows. If |(x, Fu«)| = n (= |A.|), then by observa-
tion (1) and Lemma 10.2, [(k, Fy )| = |®|. If |(x, Fu )| # n, then (x,Fu.) =0. By
observation (2) and A, C &, Lemma 10.3 implies (k, Fy ) = 0. Therefore, A, is a
coset in Zg. To get the decomposition (Lq) for A, = Hle A, ;, we use Lemma 10.1.
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10.1. A Corollary of Theorem 5.8. Now that we have proved Theorem 5.8,
we know that unless the problem is #P-hard, we may assume that (£) holds. Thus,
A, and A, are cosets.

COROLLARY 10.4. Let H be the m X |A,| submatriz obtained from F by restricting
to the columns indexed by A,. Then for any two rows Hy . and Hy ., where u,v €
Zg, either there exists some a € Zyr such that Hy o = w$;-Hy « or (Hy ., Hy i) = 0.

Similarly we denote by G the |A,.| x m submatriz obtained from F by restricting to
the rows indexed by A,. Then for any two columns Gy and G v, where u,v € Zg,
either there exists an o € Zyy such that Gy = wqy - Gay or (Gyu, Gavy) = 0.

Proof. The rows of H are restrictions of F. Any two rows Hy, «, Hy . satisfy

Hu7* o Hv7* = Fu,v)* |AT: HU7V7*7

which is a row in H. If this H,_v « is a constant, namely, w$; for some o € Z, then
H, . = w$; Hy .; otherwise, Lemma 10.3 says that (Hy +, Hy ) = 0.

The proof for G is exactly the same. d

As part of a discrete unitary matrix F, all columns {H, y|u € A,} of H must
be orthogonal and thus rank(H) = |A,|. We denote by n the cardinality |A,|. There
must be n linearly independent rows in H. We may start with by = 0 and assume the
n vectors by = 0,by,...,b,_1 € Zg are the indices of a set of linearly independent
rows. By Corollary 10.4, these must be orthogonal as row vectors (over C). Since the
rank of the matrix H is exactly n, it is clear that all other rows must be a multiple of
these rows, since the only alternative is to be orthogonal to them all, by Corollary 10.4
again, which is absurd. A symmetric statement for G also holds.

11. Proof of Theorem 5.9. Let ((M,N),C,D,(p,t,Q)) be a tuple that sat-
isfies (R) and (£) including (£3). We also assume that EVAL(C,®) is not #P-hard.
By (L), we have A, =[[;_; A; for every r € S and A, = [[;_; A,; for every r € T,
where both A, ; and A, ; are cosets in Zqg, .

Let r be an integer in S. Below we prove (D7) and (D3) for A,. The other parts
of the theorem, that is, (D2) and (D4), can be proved similarly.

Let G denote the |A,| X m submatrix of F whose row set is A, C Zg. We start
with the following simple lemma about G. In this section, we let n = |A,| > 1. A
symmetric statement also holds for the m x |A,| submatrix of F whose column set is
A,., where we replace n = |A,| by |A,|, which could be different.

LemMA 11.1. There exist vectors by =0,b1,...,b,_1 € Zgo such that

1. {Gip, 11 €[0:n—1]} forms an orthogonal basis;
2. forallb € Zo, 3i€[0:n—1] and o € Zps such that G = ws; - Gip, s
3. let A; be the set of b € Zg s.t. G p is linearly dependent on G, p,; then

|[Ao| = [A1] = -+ = [An_s1| = m/n.

Proof. By Corollary 10.4, and the discussion following Corollary 10.4 (the sym-
metric statements regarding A, and G), there exist vectors bg = 0,b1,...,b,_1 € Zg
such that properties 1 and 2 hold. We now prove property 3.

By (R3), fixing b; for any 4, there is a bijection between A; and Ay by b — b—b;.
This is clear from Gp_p, « = Gb,+ © Gy, .. Hence we have Ag = {b—0; |b € A;} for
all sets A;. It then follows that |Ag| = |A1]| = -+ = |An—1| = m/n. O

Now let G = (V, E) be an undirected graph. For each positive integer p we build
a new graph GI?! from G by replacing every edge e = uv € E with a gadget. We need
G in the proof but it is more convenient to describe G first and illustrate it only
with the case p = 1. (The picture for GI? will be too cumbersome to draw.)
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N-1 edges
1 edge

Fic. 11.1. The gadget for constructing G (Note that the subscript e is suppressed.)

The gadget for GIU is shown in Figure 11.1. Here GIY = (V1 E) | where

1] / / / /
V[ ] =V u {meaye;ae,ivae,ivbevbevce,ivce,ivde,jv

e,

We,W,, 2,2 e € Ei € [N —1],5 € [r+1]},

€

and EM contains exactly the following edges: For every edge e = uv € E, add

one edge (u,d. ;) for all j € [r+ 1] — {2};

N — 1 parallel edges (v,d. ;) for all j € [r + 1] — {1};

one edge (de1,we), (de2,ze), (We,Ye), and (ze, xe);

N — 1 parallel edges (de,1, 2e), (de2, We), (We, Xe), and (ze, Ye);

one edge (ae;,de, ;) forall i € [N — 1] and j € [r + 1] — {2};

one edge (be,d, ;) for all j € [r +1] — {1};

N — 1 parallel edges (ce,n—1,ae,1) and (ce i, @c41) for all i € [N — 2];
one edge (ae ;,ce ;) for all i € [N —1];

N — 1 parallel edges (u,dy ;) for all j € [r+ 1] — {2};

one edge (v, d, ;) for all j € [r + 1] — {1}

. one edge (d 1, z;), (di 2, we), (wg,ze), and (23, ye);

€

. N—-1 peu‘aue1 edges ( /e,lvw{z)v (d/e,Qazé)v (wéaye)v and (Zé,d?@);
. one edge (a ;,d, ;) foralli € [N — 1] and j € [r + 1] — {1}
. one edges (b,,d. .) for all j € [r+ 1] — {2};

o1 e,
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15. N -1 parallel edges (¢, ny_1,ac1) and (cg ;,ap ;1q) forall i € [N —2];

16. one edge (al, ,,c, ;) for all i € [N 1].

As indicated earlier, the graph we really need in the proof is G!2. The gadget for
G2 consists of two disjoint copies of the gadget for G, with the respective copies
of the vertices u,v,z, and y in the two copies identified. Given G = (V, E), we use
this new gadget to build G?! by replacing each e = uv € E with this gadget. The
degree of every vertex in G2l is a 0 (mod N) except both copies of a ;, a, ;,be, and
b., whose degree is r (mod N).

The construction gives us a 2m x 2m matrix A such that Za(G) = Zc o(G?)
for all G and thus EVAL(A) (< EVAL(C,®)) (right now it is not clear whether A is
a symmetric matrix, which we will prove later) is not #P-hard. We index the rows
and columns of A in the same way as we do for C: The first m rows and columns are
indexed by {0} x Zg and the last m rows and columns are indexed by {1} x Zg. Since
C is the bipartization of F, we have Ao v),(1,v) = A(1,u),(0,v) = 0 for all u,v € Zg.

Next we analyze the upper-left m x m block of A. Given u,v € Zg, let Ay v xy
denote the following sum:

61’ 61

Z D[r]b)HD(OaL) ZFwlewyFwdngx ZFz7d2Fz7sz,d1Fz7y

ai,...,anN—1,bEA, i=1 WEZg z€Zo
d;,d2€Zo
N—
x H § FaiciFaiiie § Fanx_ienoiFarens
i=1 ¢; cN_1€Zgo
N-1
X H > Fua,Foa,Fua, HFaJ, Fuq, Faja, | Fvd.Foas;
i=3 d;€Zo j=1

let By, v, x,y denote the following sum:

N-1
Z D[T]b)HD(Oal) ZFwdngwalewy ZFz,lez,sz,dng,x
ai,...,an—_1,bEA,, i=1 wEZg z€7Lo
d; dzEZQ
N—2
x H Z aiciFaic Z Fan_ienoiFarens
i=1 ¢;EZg CN-_1€Zg

X H Z Fy.a,Fva,Fua,; HFa]7 Fy a, HFa]7d2 Fua, Fod,-
=3 d;EZo

Then we have

AOu)(Ov) Z Auvxy u,v,x,y"

X, y€Zg

We simplify Ay v x,y first. Since F is discrete unitary and satisfies (R3), we have

Z Fw7d1Fw,yFw7d2Fw,x = <F*,d1+}’a F*7d2+x> =

weZg

m ifd; —de=x-—Yy,
0 otherwise.
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Also when d; — dy = x —y, we have Ezez 2,do FzxFz a, 2y = m. Similarly,
E aL7C7, ab+1)cb = <Fai;*7Fai+1;*>
ci€Zo
is zero unless a; = a;41 fort=1,...,N — 2, and
§ FaN—l;CN—lFalch—l = <FaN71,*7Fa1,*>
cN-1€Zo
is zero unless ay_1 = a;. When a; = --- = an_1, all these inner products are equal

to m. So now we may assume that d; — do = x — y and all a;’s are equal, call it a,
in the sum for Ay v x,y. Let x —y =s. Then A, v x,y is equal to
(11.1)

r+1
mNF1 Z Dﬁg{b)Dﬁg{a) H Z Fua,Fv,a,Fv.a; Fad;, | FudotsEb,daFyv,doFa,dosts-
a,bcA, =3 d;EZg

d2€Zg

Again we have

Z Fu,din,diFv,diFa,di - <Fu+b,*a Fv+a,*> -

diEZQ

m ifu+b=v+a,
0 otherwise.

Ifv—u¢Ai"={x—x":x,x €A}, then A,y xy=0asabe A, b—ac A",
For every h € A™ (e.g., h = v — 1), we define a |A,|-dimensional vector TM!:

T[h] _ D[r] D[r]

©0.x+h) (0.3 for all x € A,..

By (£), A, is a coset in Zg. So for any x € A,, we also have x + h € A,. Therefore,
every entry of T is nonzero and is a power of wy.
Now we use TIV74l to express Ay v x,y. Suppose v —u € Ali"; then

Auysey =m™ 37 Dl Doy Fuds s F a, Fua, Fad s

acA,,ds GZQ
b=a+v—u

mN+r+l Z D[o S [g]a)Fu)Sm
acA,
_ mN+r+1 . Fu7x—y<T[V7u], G*,x—y>-

Here we used (R3) in the second equality, and we recall the definition of s = x —y.
Similarly, when v — u ¢ A", we have By v x,y = 0, and when v —u € Alin,

Bu,v,x,y = mNJrT Z DE:)],b)DEB],a)FV’(h Fb,d2+x—yFa,d2Fu,d2+x—y

beA,,ds GZQ
a=b+v—u

_ mN+r+1 . ‘F‘thiy<’]:‘[v7u]7 G*,x7y>'

To summarize, when v —u ¢ Alin, A(0,u),(0,v) =0, and when v —u € Alin,
(11.2)
4
Ao,u),(0,v) = 4N+ Z ‘ TV, G, xy)| =m*N T4 Z ‘ TV G, )

X,y€Zo beZo

4
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We now show that A is symmetric. Let a = v —u € A", By (R3), for b € Zg,

. B B (] i
‘(T[ ],G*77b>‘— =1 Do D Ge—ayGrob

xXEA,

] 7]
> Diox—ayDio.xCx—b
xXEA,

_ ] ] _ i ] _|ypla
=2 Dionys)Piog) GyFap| =| D Dioyra) Doy CGyb| = ‘<T[ ],G*,b>‘,

YEA, YEA,

where the second equality is by conjugation, the third equality is by the substitution

x = y+a, and the fourth equality is because Fa  is a root of unity. Thus, A(g,u),0,v) =

A(0,v),(0,u)- The lower-right block can be proved similarly. Hence A is symmetric.
Next, we further simplify (11.2) using Lemma 11.1:

mAN+4r+6 n—1 4
(11.3) A, 00 = ; ‘(T[v_“], Gip,)
For the special case of u = v, since TI% =1 = G, p, and {G. py,...,Gsp,_,} is an

orthogonal basis by Lemma 11.1, we have
n—1 4
Z ‘(T[O], G.p,)| =n" and A, (0 = L-n*, where L = mANFATE6 /1
i=0

Our next goal is to prove for all a € A" that there exist b € Zg, o € Zy such
that

(11.4) Tl = % - G.p.

If |Ali"| = 1, then (11.4) is trivially true. Thus below we assume |AL"| > 1. Because
A is symmetric and nonnegative, we can apply the dichotomy theorem of Bulatov and
Grohe. For any pair u # v such that u — v € A" we consider the 2 x 2 submatrix

(A(O,u),(O,u) A(o,u),(o,v)>
Awv),0u) A, 0v)

of A. Since EVAL(A) is assumed to be not #P-hard, by Corollary 2.6, we have

Ao,u),0) = Av),00) € {0, L-n"},
and thus from (11.3) we get

4 .
€ {O,n4} for all u, v such that u — v € AIT‘“.

n—1
EIEDY ‘(T[‘"“], G,
1=0

However, the sum in (11.5) cannot be zero, because by Lemma 11.1, {G, p, : 7 €
[0:7n — 1]} is an orthogonal basis with each |G p,||> = n. Then by Parseval,

n—1 2

—u G*, i v—u
DTt g = T =,
i=0 B

as each entry of T[V=" is a root of unity. Hence Z?;Ol (T4, G p,)|* = n?. This
shows that for some 0 < i < n, [(TV"4 G, ,)| # 0, and therefore the sum in (11.5)
is nonzero, and thus in fact
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n—1 4 )
Z ‘(T[v_“], G.p,)| =n* forall u,v such that u — v € A,
i=0

If we temporarily denote z; = |<T["’“] G* ;)] for 0 < i < n, then each z; > 0.
We have both Y7 0 z7 =n%and Y 0 x} = n*. By taking the square, we have

n—1 2 n—1
= E | = E x} 4+ nonnegative cross terms.
i=0

i=0

It follows that all cross terms must be zero. Thus, there exists a unique term z; # 0.
Moreover, this z; must equal to n, while all other z; = 0. We conclude that for all u
and v € Zg such that u — v € A" there exists a unique i € [0 : n — 1] such that

‘<T[v_u15 G*>bi> =

Applying again the argument that (TIV=4 G, y,) is a sum of n terms, each of which
is a root of unity, (11.4) follows.
Below we use (11.4) to prove (D3). Note that if s = 1, then (Dj3) follows directly
from (11.4). Thus below we assume s > 1. First, (11.4) implies the following lemma.
LEMMA 11.2. Leta ¢ Ahr,’C for some k € [s]. Then for any { # k and c € A%

47
[
Tx+C/T[a]

is a power of wq, for all x € A,.

Recall that g¢ = g¢.1. Also note that for every x € A, the translated point x +¢
is in A, so T is defined at both x and x + €. Since they are roots of unity, we can
divide one by the other.

Proof. By (11.4), there exists a vector b € Zg such that

x+c/Ta]_ x+cb/be— c,by

which, by (Rg3), must be a power of wg,. O
Let a € A% and ¢ € A, £ # k € [s]. By the definition of T in terms of DV,

G a+e] _ plal
TS TR =1 =7 . 7l

x+a

and thus
[€] ¢ _ Al A
Tx+a/T>[c~} - Tx+E/T>[C]

By Lemma 11.2, the left-hand side of the equation is a power of wg, , while the right-
hand side of the equation is a power of wg,. Since k # ¢, gcd(gk, ge) = 1, so

(11.6) T /T =1 for all c € A} such that £ # k.
This implies that T,[(a], as a function of x, only depends on x;, € A, . By (11.4),

T3[<a] = T(Li]tr(xk) =Wy Ge"tr(xk)7b = w?\?—ﬁ ’ ka by, wCH_ﬁ 19 br
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for any x € A, and for some constants «, 5 € Zy, and by, € Zg, that are independent
of x. This proves condition (D).
Finally we prove (D;) from (Ds3). Let al"l = (aj,ay,...,a,) € A,. Then

CG G
D030 = Pio,(x1.50.. %) P 0. (a1 5.....00))
_ (i 7
= (D<o,<x17x27...,x5717x3>>D<o,<x1,x27...,x5717a5>>)

[r] [r]
X (D(o7(x17X27...7x3,1,as))D(o,(xl,...7x3,27a5,17a5))) e
X (D[T]

(0,(x1,a2,...,

[r]
as))D(O,(al,ag,...,as))) for any x € A,.

We consider the kth factor

[r] [r]
(117) D(O,(xl,...,xk,l,xk,ak+1 ...,as))D(O,(xl,...,xk,l,ak,ak+1,...,a5))'
From (11.6) this factor is independent of all other components in the starting point
(X1, .y Xk—1,Qk, Af41, ---,as) except the kth component ay. In particular, we can
replace all other components, as long as we stay within A,.. We choose to replace the
first k — 1 components x; by a;. Then (11.7) becomes

[r] [r]
(07(a17...,ak_1,xk7ak+17...,a3)) (O,(a1,...7ak_17ak,ak+17...,a3))
— D[T] D[T] — D[T]

(0,ext,(xx)) "~ (0,al) (0,ext,(xx))’

and (D) is now proved.

12. Tractability: Proof of Theorem 5.10. Let (M, N),C,D,(p,t,Q)) be a
tuple that satisfies (R), (£), (D). In this section, we finally show that EVAL(C,®) is
tractable by reducing it to the following problem. Let ¢ = p* be a prime power for
some prime p and positive integer k. The input of EVAL(q) is a quadratic polynomial
flar, @, ... my) = Zi)je[n] a; ;x;xj, where a; j € Z4 for all ¢, j, and the output is

Z‘I(f) = Z w({(ml""@").

T1,..,TnE€Lg

We postpone the proof of the following theorem to the end of this section.

THEOREM 12.1. Let q be a prime power. Then EVAL(q) can be solved in polyno-
mial time (in n, the number of variables).

The reduction goes as follows. First, we use conditions (R), (£), and (D) to show
that EVAL(C,®) can be decomposed into s smaller problems, where s is the number
of primes in the sequence p: EVAL(CI D) . 'EVAL(Csl, ®I5). If each of these s
problems is tractable, then so is EVAL(C,®). Second, we reduce each EVAL(CI, D)
to EVAL(q) for some appropriate prime power ¢ that will become clear later. It follows
from Theorem 12.1 that all EVAL(CI, ©[1)’s can be solved in polynomial time.

12.1. Step 1. For each integer i € [s], we define a 2m; x 2m; matrix Cll where
mi = |Zq,|: Cl is the bipartization of the following m; x m; matrix FlI, where

(12.1) F}[f]y = H wgr¥ forall x = (z1,...,24,),y = (Y1, -, Yt,) € Lqg,-
JE[ta]
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We index the rows and columns of Fll by x € Zg, and index the rows and columns
of Cl' by {0,1} x Zg,. We let z;, j € [t;], denote the jth entry of x € Z,, ,. By (R3),
(12.2) Fry=FY . F

2 s
1y :[<2],y2 e F,[ciys for all x,y € Zg.

For each integer ¢ € [s], we define a sequence of N 2m; x 2m, diagonal matrices
ol = (Do, ... DN,
DI is the 2m; x 2m; identity matrix; for every r € [N — 1], we set

D —0ifr¢S and DI = pl

(0,) = (0.%) (O,ext, (x)) for all X € Zq, if 1 € S;

DEZITE) =0ifr¢ 7T and DETJ() = DZ],ext;(x)) for all x € Zg, if r € T.
By conditions (D1) and (D3), we have

(123) D[T]x) — D[l,T] . .D[S 7]

>, )" (hx,) forallbe{0,1} and x € Zg.

Equation (12.3) is valid for all x € Zg. For example, for b = 0 and x € Zg — A,, the
left-hand side is 0 because x ¢ A,.. The right-hand side is also 0, because there exists
an index ¢ € [s] such that x; ¢ A,; and thus ext,(x;) ¢ A,. It then follows from
(12.1),(12.3), and the following lemma that if EVAL(C, D)) is in polynomial time
for all ¢ € [s], then EVAL(C, D) is also in polynomial time.

LEMMA 12.2. Suppose we have the following matrices: for each i € {0,1,2}, cll
is the bipartization of an m; x m; complex matriz Fli; 9l = (D“?O], ey D[i7N_1]) is
a sequence of N 2m; x 2m; diagonal matrices for some N > 1, where

. Plisr]
lir] _
D" = ( QM)

and PU1 and QU7 are m; x m; diagonal matrices; (Cl1, ®l) satisfies (Pinning);
FlO = Flll g 2 plor] = plbrl @ P71 gng QIO = QLT @ Q27

forallr € [0: N —1] (s0 mg = myms). If EVAL(CIM D) and EVAL(CI?, DPl) are
tractable, then EVAL(CI) D) is also tractable.

Proof. By the second pinning lemma (Lemma 4.3), both functions Z— and Z*
of (Cl, DU, for both i = 1 and 2, can be computed in polynomial time. The lemma
then follows from Lemma 2.4. d

We now use condition (D4) to prove the following lemma.

LEMMA 12.3. Givenr € T,i € [s], and a € A, there exist b € Zq, and o € Zy
such that the following equation holds for all x € A, ;:

[i,7] lir] _ [i]
D(l,x+a) : D(Lx) =wy - Fp i

Proof. By the definition of D[], we have

[ér] ir] _ plr] [r] _ plrl [r
D(l,x+a) ’ D(l,x) - D(l,ext/r(era)) ’ D(l,ext/r(x)) - D(Lext’r(x)Jr'é) ’ D(l,ext/r(x))'

Recall that a is the vector in Zg such that a; = a and a; = 0 for all other j # 1.
Then by condition (D4), we know there exist b € Zqg, and o € Zy such that

D£i1’2+a) . DFl:]c) =why - Fg,ext;‘(x) = wh - Fl[)i’]x for all x € A, ;,

and the lemma is proved. d
One can also prove a similar lemma for the other block of D"l using (Ds).
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12.2. Step 2. For convenience, in this step we abuse the notation slightly and
use EVAL(C, D) to denote one of the subproblems EVAL(CI! D) i € [s], defined
in the last step. Then by using conditions (R), (L), and (D), we summarize the
properties of this new pair (C,®) that we need in the reduction as follows:

(F1) There is a prime p and a nonincreasing sequence ® = (71, ..., 7) of powers
of the same p. F is an m X m complex matrix, where m = w7y - - -7, and C is the
bipartization of F. We let m denote m1. We also use Zy = Zy, X -+ X Zy, to index
the rows and columns of F. Then F satisfies

Fyey= H wyivt for all x = (z1,...,2p) and y = (y1,...,Yn) € Znr,
i€[h]

where we use ; € Z,, to denote the ith entry of x, i € [h].

(F2) ® = (DO ... DIN-1) is a sequence of N 2m x 2m diagonal matrices for
some N > 1 with 7| N. DY is the identity matrix, and every diagonal entry of DI,
r € [N — 1], is either 0 or a power of wy. We use {0,1} x Z, to index the rows and
columns of matrices C and D], (The condition 7 | N is from the condition M | N in
(Uy) and the expression of M in terms of the prime powers, stated after (R3). The 7
here is one of the g; = ¢; 1 there.)

(F3) For each r € [0: N — 1], we use A, and A, to denote

A, ={x € Zs | Dif #0} and A, ={x€Zp|D, #0}.

We use S to denote the set of r such that A, # () and 7 to denote the set of r such
that A, # (). Then for every r € S, A, is a coset in Zy; for every r € T, A, is a coset
in Z,. For each r € S (and r € T), there is an al"l € A, (b[r] € A, resp.) such that

R o
D(07a[7‘1) =1 (and D(th‘l) =1, resp.).

(F4) For all r € S and a € Al'"| there exist b € Z, and « € Zy such that

Dl pll )= wy -Fxp forallxeA,;

(0,x+a)~"(0,x

forallr € 7 and a € AE“, there exist b € Z, and a € Zy such that

D[T’] D[T]

(xta)P(ix) = wy - Fpx forall x € A,.

Now let G be a connected graph. Below we reduce the computation of Z¢ o (G)
to EVAL(7), where T =mif p#2and 7 =27 if p = 2.

Given a € Z, for some i € [h], let @ denote an element in Zz such that @ = a
(mod ;). As m; | mp = 7 | 7, this lifting of a is certainly feasible. For definiteness, we
can choose a itself if we consider a to be an integer between 0 and m; — 1.

First, if G is not bipartite, then Z¢ o(G) is trivially 0. From now on we assume
G = (UUV,E) to be bipartite: every edge has one vertex in U and one vertex in V.

Let u* be a vertex in U. Then we can decompose Zc, o (G) into

Zc)g (G) = Zag(G, u*) + ZE’D(G’ u*)

We will reduce Zg 5 (G, u*) to EVAL(7). The Z* part can be dealt with similarly.
We use Uy, where r € [0 : N —1], to denote the set of vertices in U whose degree is

r (mod N) and use V, to denote the set of vertices in V' whose degree is p (mod N).

We decompose F into U” E; ;, where E; ; contains the edges between U; and V.
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If U, # 0 for some r ¢ S or if V, # () for some p ¢ T, then Z5 5(G) = 0. Thus,
we assume that U, =0 for all r ¢ S and V, = () for all p ¢ T. In this case, we have
(12.4)

zern(Go) - X T T0 200 ) T T2t )| T T Ao

(f,9) | €S \ueU, pET \veV, (r,p)ESXT wW€E: ,

Here the sum ranges over all pairs (f, g), where

f:(fr§T€S)EH(UT—>AT) and g:(gp§p€T)€ H(VpﬁAp)

res pET

such that f(u) = x, and g(v) = y,.
The following lemma gives us a convenient way to do summation over a coset.

LEMMA 12.4. Let ® be a coset in Zx and ¢ = (c1,...,cp) be a vector in . Then
there exist a positive integer s and an s X h matriz A over Zz such that the map
T:(Zz)° = L, X -+ X Ly, , where 7(x) = (11(X),...,Th(x)) and
(12.5) 7i(x) = (xA,; +¢; (mod 7)) € Zx, for all j € [h],

is a uniform map from (Zz)* onto ®. This uniformity means that for allb,b’ € ®, the
number of x € (Zz)® with 7(x) = b is the same as the number of x with 7(x) = b’.

Proof. Using the fundamental theorem of finite Abelian groups, there is a group
isomorphism f from Zg onto ®'"*, where g = (g1,...,9s) is a sequence of powers of
p and satisfies T > m =m > g1 > --- > g5 for some s > 1. Zg = Zg, X -+ X Lg,
is a Zz-module. This is clear, since as a Z-module, any multiple of 7 annihilates Zg.
Thus f is also a Zz-module isomorphism.

Let a; = f(e;) € ®! for each i € [s], where e; € Zg is the vector whose ith entry
is 1 and all other entries are 0. Let a; = (a4,1,...,0in) € Zx, where a; j € Zn,, i € [s],
jelh]. Leta; = (G;1,...,a:n) € (Zz)" be a lifting of a; componentwise. Similarly
let € be a lifting of ¢ componentwise. Then we claim that A = (@, ;) and ¢ together
give us the required uniform map 7 from (Zz)*® to ®.

To show that 7 is uniform, we consider the linear part of 7/ : (Zz)® — &0,

7 (x) = (11(x),...,77,(x)), where 7j(x) = (xA.; (mod 7;)) € Zn,

for all j € [h]. Clearly we only need to show that 7’ is a uniform map.

Let o be the natural projection from ZZ to Zg:

x = (z1,...,25) (331 (mod ¢1),...,xs (mod gs)).

o is certainly a uniform map, being a surjective homomorphism. Thus, every vector
b € Zg has | kero| = 7° /(g1 - - - gs) many preimages. We show that the map 7’ factors
through o and f, i.e., 7 = foo. Because f is an isomorphism, this implies that 7’ is
also a uniform map.

As g;e; = 0 in Zg, the following is a valid expression in the Zz-module for o(x):

(581 (mod g1),...,2s (mod gs)) = foiei-
i=1

S

Apply f as a Zz-module homomorphism f(o(x)) = >"._; z; f(e;) with its jth entry
being Zle w;a; ;. This is an expression in the Zz-module Z,, which is the same as
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S

Z (z; (mod 7;)) - a;; = iniii,j (mod 7;) = 7} (x).

=1 =1

The lemma is proved. a
Applying Lemma 12.4 to A,, for every r € S, there exist a positive integer s, and
an s, x h matrix A"} over Z= which give us a uniform map Al (x) from ZZ to A,:

(12.6) /\ET] (x) = (XALT]Z +a£’”] (mod m;)) for all i € [h] and x € Z2".

Similarly, for every r € T, there exist a positive integer ¢, and an ¢, x h matrix Bl"]
over Zz which give us a uniform map "l from Zf{ to A

(12.7) 51[T] (y) = (yBEf]l +E£T] (mod m;)) for alli € [h] and y € Z%.
Using (F3), we have

—1whenreS and DU =1whenreT.

7]
(12.8) D sroy)

(0.A7(0))

Because both A"} and 60" are uniform, and we know the multiplicity of each map (the
cardinality of inverse images), to compute (12.4) it suffices to compute the following:
(12.9)

Z H (H D&],W‘l(xu))) H <H DE?,Mﬂ(yﬁ)) H FNiri) (), 8072) ()

(%xu),(yv) TES \u€U, reT \veV, rES,ra€T
UVE Ery 1y

where the sum is over pairs of sequences
U, Ve
(Xu;u € U UT) € H (Zf{)l | and (yv;v € U VT) € H (Zf{)l 3
res resS reT reT

If (1) for all r € S, there is a quadratic polynomial fI"! over Zz such that

r "l (x s
(12.10) DIy =Wl ) forall x € 22

(2) for all r € T, there is a quadratic polynomial g["l over Zz such that

(12.11) DE:],am o) = w%m ) for all y € 2k,

(3) for all r; € 8,75 € T, there is a quadratic polynomial f"*:72] over Zz such that

rr2)(x,y) try

T

(12.12) Fyir1 (x),512) () = W3 for all x € Zf?” andy € Z

then we can reduce the computation of the summation in (12.9) to EVAL(T).
We start with (3). By (F1), the following map fI"*"2) satisfies (12.12):

Frrley) = 30 = Ao y) = 30

i€[h) i€[h]

SAEN
SAEN

(xalil 43Ty (yBI2 +50).

Note that the presence of the integer 7 /m; is crucial to be able to substitute the mod
m; expressions in (12.6) and in (12.7), respectively, as if they were mod 7 expressions.
It is also clear that fl""2] is indeed a quadratic polynomial over Zz.
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Next we prove (1), which is a little more complicated. The proof of (2) is similar.

Let r € S. Let e; denote the vector in Z2" whose ith entry is 1 and all other entries
are 0. Using (F.4), for each ¢ € [s,], there exist a; € Zy and b; = (b;1,...,bin) € Zn,
where b; ; € Z,, such that

[r]
) b, i A (x) X
=wy W, for all x € ZZ.

JE[R]

D [r]

[
(12.13) D B 69}

(0,A["] (x+e:))

We have this equation because A"l(x + e;) — Al"l(x) is indeed a vector in Z, that is
independent of x. To see this, observe that the jth entry in Al"l(x 4 e;) — Al"l(x) is

eiA[:;]j = AET; (mod mj),

and thus the displacement vector A"l(x + e;) — A"(x) is independent of x and is in
A" by definition. This is the a € Al'™ in the statement of (F4) which we applied.
Before moving forward, we show that wy’ must be a power of wz. This is because
(12.14)
71

_ [r] [r] _ (aiVE b [A (0e) 4 AL (F—1)es)]
=TT DG onen Pioarigen = @)™ IT wm™ ’ :
Jj=0 ke(h]

For each k € [h], the exponent of wy, is b; xQk € Zr,, where Qy, is the following sum:

(12.15)
Fo1 Fo1 Fo1
Z /\g] (jei) = ((jel-)AE:]lC +an] (mod ﬂ'k)) = Zjel- A[[]k (mod 7g) = 0.
=0 =0 i=1

The last equality comes from J = Ej.:ll j =0 (mod 7g), and this is due to our def-
inition of 7. When p is odd, J is a multiple of 7 and 7 |7, and when p = 2, J is a
multiple of 7/2. However, in this case, we have 7/2 = m; and 7y | 71.

As a result, (wj’\‘,'i)ﬁ = 1. So there exists 3; € Zz for each i € [s,] such that

_ ol
plrl = wgi H w?j’] A7) for all x € Zr.

(7]
(12.16) D (017 (x))
j€(h]

(O (xte:))

It follows that every nonzero entry of DIl is a power of wz. This uses (F3), that the
(0, alth entry of DI} is 1, and the fact that A"l is surjective to A, any point in A, is
connected to the normalizing point al”l by a sequence of moves A"(x) — Al'l(x +e;)
for i € [s,]. Now we know there is a function fI"l: Z2 — Zz which satisfies (12.10).
We want to show that it is indeed a quadratic polynomial. To see this, by (12.16),
(12.17)

frlx+e) = =) =pi+ )

7
j€tn ™Y

r /71: T r ~[r
by - )\B_ ](X) = B; + Z —- bij - (XAL]j + ag ])
jeln

for every i € [s,]. We should remark that originally b; ; is in Z,; however, with the
integer multiplier (7/7;), the quantity (7/7;)-b; ; is now considered in Zz. Moreover,

bij=bi; (mod m) = <1>§i,jz (1) bi; (mod 7).
—

Ty J
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Thus the expression in (12.17) is evaluated in Zz, which means that for any ¢ € [s,],
there exist ¢;0,..., ¢, € Zz such that

(12.18) rlx+e) — fI(x) =cio + Z Ci,jTj-
J€E[sr]

Since f[r1(0) = 0, the case when p is odd follows from the lemma below.
LEMMA 12.5. Let 7 be a power of an odd prime, and let f be a map from Z; to

Zr for some s > 1. Suppose for every i € [s], there exist ¢;,...,¢is € Zr such that
(12.19) fx+e)— f(x)=cio+ Z cijr;  forall x € Z;,
JEls]

and f(0) = 0. Then there exist a; j,a; € Z such that

(12.20) flx)= Z a; j; x5 + Z a;x; for allx € Z:.

1<jE|s] 1€[s]

Proof. First note that f is uniquely determined by the conditions on f(x +e;) —
f(x) and f(0). Second, we show that ¢; ; = ¢;; for all 4, j € [s]; otherwise f does not
exist, contradicting the assumption. On the one hand, we have

flei+ej) = f(e; +ej) — f(e;) + f(ej) — f(0) = cio + cij + cjo-
On the other hand, we have
flei+e;) = flei+e;)— flei) + fle) — f(0) =cjo+cji+cio-

It follows that ¢; j = cj .
Finally, we set a; ; = ¢; ; for all i < j € [s]; a;; = ci)i/2 for all ¢ € [s] (here ¢;;/2
is well defined because 7 is odd); and a; = ¢;,0 — a;,; for all ¢ € [s]. We now claim that

g(x) = Z a; ;T 5 + Z a;x;

i<jeE[s] i€[s]

satisfies both conditions and thus f = g. To see this, we check the case when i = 1:

g(x + el) — g(X) = 2&171331 + Zal,jxj + (al,l + al) =c1,121 + ZCijj + c1,0-
j>1 J>1

Other cases are similar, and the lemma is proved. O
When p = 2, we first claim that the constants ¢; ; in (12.18) must be even, since

0= f(F7e;) — fI(F - 1)) +-- -+ f(e;) — f(0) = Feip+eis(R—1+---+140).

This equality happens in Zz, so ¢; ;(7(7 —1)/2) =0 (mod 7). When 7 — 1 is odd we
have 2| ¢; ;. It follows from the lemma below that f ["l is a quadratic polynomial.

LEMMA 12.6. Let 7w be a power of 2 and let f be a map from Z: to Z, satisfying
f(0) = 0. Suppose for every i € [s] there exist ¢;q,...,¢is € Lr, where 2| ¢; 4, such
that (12.19) holds. Then there are a; j,a; € Zr such that f has the form of (12.20).

Proof. The proof of Lemma 12.6 is essentially the same as that of Lemma 12.5.
Because 2| ¢, a;; = ¢;;/2 is well-defined (in particular, when ¢;; = 0, we set
Qi = 0) 0
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12.3. Proof of Theorem 12.1. Finally we turn to the proof of Theorem 12.1,
i.e., EVAL(q) is tractable for any fixed prime power q.

Actually, there is a well-known polynomial-time algorithm for EVAL(q) when ¢ is
a prime [10, 15], [27, Theorem 6.30]. (The algorithm works for any finite field.) Here
we present a polynomial-time algorithm that works for any prime power g. We start
with the easier case when ¢ is odd.

LEMMA 12.7. Let p be an odd prime and let ¢ = p* for some positive integer k.
Let f € Zy[z1, ..., 2,] be a quadratic polynomial over n variables x1,...,x,. Then

Z(f)= 3wyt

T1,.-,Xn€Lq

can be evaluated in polynomial time (in n).
Proof. We assume that f(z1,...,z,) has the following form:

(12.21) f(a:l, L. ,ﬂin) = Z Ci,jTiTj + Z c;Ti + Co,

i<j€[n] i€[n]

where all the ¢; ; and ¢; are elements in Z,.

First, as a warm up, we give an algorithm and prove its correctness for the case
k=1, 1ie., g =pis an odd prime. Note that if f is affine, then the evaluation can be
trivially done in polynomial time. In fact, it decouples into a product of n sums,

n
flz1,..xn) S ciziteo co CiTi
g w) = E wg = wg® x | | g Wi,

T1,..,LnE€Lg T1,...,8nELg i=1 x;E€Zq

This sum is equal to 0 if any ¢; € Z is nonzero and is equal to ¢"wg® otherwise.
Now assume f(x1,...,x,) is not affine linear. Then in each round (which we will
describe below), the algorithm will decrease the number of variables by at least one,
in polynomial time. Assume f contains some quadratic terms. There are two cases:
f has at least one square term or f does not have any square terms.
In the first case, without loss of generality, we assume that ¢; 1 # 0. There exist

an affine function g € Zy[xs,. .., z,] and a quadratic polynomial f’ € Z,[z2,. .., z,],
both over n — 1 variables xs, x3, ..., x,, such that
2
f(xl,fg, ceey xn) =C1,1 (xl + g(l’27$3, e 7xn)) + fl(x27 T3yenn 7xn)~

Here we used the fact that both 2 and ¢;,1 € Z, are invertible in the field Z,. (Recall
we assumed that ¢ = p is an odd prime.) Thus, we can factor out a coefficient 2¢; 1
from the cross term x;x; for every ¢ > 1, and from the linear term x;, to obtain the
expression ¢y 1(x1 + g(x2,...,T,))%.

For any fixed x3,...,2,, when x; ranges over Z,, x1 + g ranges over Z,. Thus,
f(z1,22,...;2n) _ f 01,1(r1+g)2 _ clv1z2 . /
E wy = wy wy = ) Zg(f).
T1,22,...,LnE€Lg T2,...,LnELg T1E€ZLq TE€Lq

The first factor can be evaluated in constant time (which is independent of n), and
the computation of Z,(f) is reduced to the computation of Z,(f’) in which f’ has at
most n — 1 variables.

Remark 12.8. The claim of ), wng being “computable in constant time” here
is a trivial statement, since we consider ¢ = p to be a fixed constant. However, for a
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general prime p, we remark that the sum is the famous Gauss quadratic sum and has
the following closed formula: If ¢ # 0,

Z w;‘r2 = (123) G, where G = Z <%) Wy -

TELyp TELyp

Here (£) is the Legendre symbol. It can be computed in polynomial time in the binary
length of ¢ and p. G has the closed form G = +,/p if p=1mod 4 and G = +i,/p if
p=3mod 4.4

The second case is that all the quadratic terms in f are cross terms (in particular
this implies that n > 2). In this case we assume, without loss of generality, that c¢; 2
is nonzero. We apply the following transformation: z1 = 2} + 5 and 2 = x} — 5.
As 2 is invertible in Z,, when ) and x5 go over Z2, x1 and x also go over ZZ. Thus,

wl @1T2,0@0) w({(1/1+1/2;1/1*1/2,m7wn)
§ 4 E .

T1,22,...,LnELqg T, 2l Ty €2Lg

Viewing f(a} + 25,2} — ), ..., x,) as a new quadratic polynomial f/ of «f, x5, ..., 2,
its coefficient of 22 is exactly ¢12 # 0. Thus f’ contains at least one square term.
This reduces our problem back to the first case. We can use the method described
earlier to reduce the number of variables.

Repeating this process we get a polynomial-time algorithm for computing Z,(f)
when ¢ = p is an odd prime. Now we consider the case when ¢ = p*.

We can write any nonzero a € Z, as a = p‘a’, where ¢ is a unique nonnegative
integer, such that p{a’. We call ¢ the order of a (with respect to p). If f is an affine
linear function, Z,(f) is easy to compute, as the sum factors into n sums as before.
Now we assume f has nonzero quadratic terms. Let ¢y be the smallest order of all the
nonzero quadratic coefficients ¢; ; of f. We consider the following two cases: there
exists at least one square term with coefficient of order ty or not.

For the first case, without loss of generality, assume c¢;1 = pc and p { ¢ (so ¢
is invertible in Zy). By the minimality of ¢, every nonzero coefficient of a quadratic

term has a factor p'o. Now we factor out ¢; ; from every quadratic term involving z1,

namely, from 22, 1122, ..., 212,. (Clearly it does not matter if the coefficient of a term
T1xi, 0 £ 1,18 0.) We can write f(z1,22,...,2,) = ci11(x1 + g(@2, ..., 20))% + 121 +
a quadratic polynomial in (za,...,x,), where g is a linear function over xa, ..., Zy,.

By adding and then subtracting cig(xa,. .., 2, ), we get

2
f(x17x27' o 7xn) = cl,l($1 +g(x27' ,fn)) +Cl($1 +g($2,. o 7xn)) +f/($2,.. '7xn)7

where f'(z2,...,2n) € Zg[22,...,2,] is a quadratic polynomial over xa, ... .
For any fixed x9,...,2,, when 21 ranges over Z,, x; + g also ranges over Z,. So

Z wg _ Z w;1,1w2+01w Z wﬁ,ﬂ _ Z wg1,1w2+61w - Zy(f).

T1,...,Tn€Lg TE€Lq T2,...,Tn€Lyg TELq

41t had been known to Gauss since 1801 that G = £,/pif p=1 (mod 4) and G = +i,/pif p=3
(mod 4). The fact that G always takes the plus sign was conjectured by Gauss in his diary in May
1801. He wrote to his friend W. Olbers on September 3, 1805, that seldom had a week passed for
four years that he had not tried in vain to prove this very elegant conjecture. Finally, he wrote, “Wie
der Blitz einschlégt, hat sich das Réathsel gelost” (as lightning strikes was the puzzle solved).
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The first term can be evaluated in constant time and the problem is reduced to Z,(f”)
in which f’ has at most n — 1 variables.

For the second case, all square terms of f either are 0 or have orders larger than
to. We assume, without loss of generality, that c¢; 2 = p'°c and p t c. We apply the
following transformation: z1 = ] + 24 and z3 = ] — 24. Since 2 is invertible in Z,,
when 2} and zf go over Z?2, x; and x5 also go over Z2. After the transformation, we
get a new quadratic polynomial over z/, x5, x3, ..., zy, such that Z,(f") = Z,(f), and
to is still the smallest order of all the quadratic terms of f’: The terms 2?2 and 23 (in
f) produce terms with coefficients divisible by p’*!, the term zj25 (in f) produces
terms ()% and (z4)? with coefficients of order exactly to, and terms x1z; or xox; for
i # 1,2 produce terms z}z; and xbx; with coefficients divisible by p‘. In particular,
the coefficient of (z))? in f’ has order tg, so we reduce the problem to the first case.

To sum up, we have a polynomial-time algorithm for every ¢ = p*, when

p # 2. |

Now we deal with the more difficult case when ¢ = 2’“, for some k£ > 1. We note
that the property of an element ¢ € Zyr being even or odd is well-defined.

LEMMA 12.9. Let ¢ = 2% for some k > 1. Let f € Zg[x1,. .., 2, be a quadratic
polynomial over 1,...,%,. Then Zy(f) can be evaluated in polynomial time (in n).

Proof. When k =1, Z,(f) is computable in polynomial time according to [10],
[27, Theorem 6.30] so we assume k > 1. We also assume f has the form as in (12.21).

The algorithm goes as follows: For each round, we can, in polynomial time, either

1. output the correct value of Z,(f), or
2. build a new quadratic g € Zg/[21,. .., 2] and reduce Z,(f) to Z,/2(g), or
3. build a new quadratic g € Z,[z1,...,2,—1] and reduce Z4(f) to Z,(g).
This gives a polynomial-time algorithm for EVAL(q), because both base cases, when
k=1 orn =1, can be solved efficiently.

Suppose we have a quadratic polynomial f € Z4[z1,...,z,]. Our first step is to
transform f so that all the coefficients of its cross terms (¢; j, where ¢ # j) and linear
terms (¢;) are divisible by 2. Assume f does not yet have this property. Let ¢ be the
smallest index in [n] such that one of {c;, ¢; j:j > t} is not divisible by 2. Separating
out the terms involving z;, we rewrite f as follows:

(12.22) f:ct,t-xf—l—xt-fl(xl,...,@,...,xn)—|—f2(x1,...,9?t,...,xn),

where f7 is an affine linear function and fs is a quadratic polynomial. Both f; and fo
are over variables {x1,...,z,} — {2:}. Here the notation Z; means that x; does not
appear in the polynomial. Moreover,

(1223) fl(ﬂjl, ... ,Q/J\t, c.. ,$n) = Zci’txi + Z Ct, ;X5 + Ct.
i<t J>t

From the minimality of ¢, ¢; ; is even for all ¢ < ¢, and at least one of {c; j,¢; : j > t}
is odd. We claim that

(12.24) Z(f) = Z wl ) — Z wf @rmn)

T1,...,TnE€Lg T1,...,LnE€Lg
fi(z1,...,T¢,...;zn) =0 mod 2

This is because

Z wg(r1,~~~71n) _ Z Z w;:c,twarﬂCtﬁJrfz.

T1,..,LnE€Lg L1,y Ttyen T €L T1ELg
fi=1mod 2 fi=1mod 2
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However, for any fixed x1,...,2%,...,2,, we have
E th,trf+ztf1+f2 = wa Z th,trf+ztf1 + th,t(1t+2k’1)2+(zt+2’“*1)f1

2k 2k 2k 2k
w1 €ZLq z€[0:2F—1 1]

—wl (14 (-0 3wt

z€[0:2F—1-1]

since fi = 1 mod 2. We used (x + 28=1)2 = 22 (mod 2*) in the first equality.

Recall that f1 (see (12.23)) is an affine form of {x1,...,%,..., 2, }, that ¢;; is
even for all i < ¢, and that one of {c; j,¢; : j > t} is odd. We consider two cases.

In the first case, c;,; is even for all j >t and ¢; is odd. Then for any assignment
(1, ey ooy an) in ZP7Y, f1ds odd. As a result, by (12.24), Z,(f) is trivially zero.

In the second case, there exists at least one j > t such that ¢;; is odd. We let
£ >t be the smallest of such j. Then we substitute the variable z, in f with a new
variable x, over Zq, where (since ¢, is odd, ¢t is invertible in Zg)

(12.25) Ty = c;él 2x) — Zci,ta:i + Z Ct ;T + ¢
i<t J>t,5#L
Let f’ denote the new quadratic polynomial in Zg[z1,...,2},...,z,]. We claim that

Zo(f) =2 Z(f) =2 3w,

T1,..,Tn€Lg

f1=0mod 2
To see it, we define a map from Zj to Zy: (z1,..., %), ..., Tn) = (T1, oo Ty oo, Tn),
where z; satisfies (12.25). The range of the map is the set of (z1,...,2¢,...,2,) € Zy

such that f1 is even and every such tuple has two preimages in Zj. The claim follows.

So to compute Z,(f), we only need to compute Z,(f’), and the advantage of f’
€ Zg[z1, ..., %), ..., x,) over f is the following property that we are going to prove:

(Even) Every cross term and linear term that involves z1,...,x; has an even
coefficient in f’.

To show this, we partition the terms of f’ that we are interested in into three groups:
cross and linear terms that involve x;; linear terms x4, s < t; and cross terms of the
form z,x4, where s < s',s < t.

First, we consider the expression (12.22) of f after the substitution. The first
term ¢, ;7 remains the same; the second term z f; becomes 2x,2), by (12.25); z; does
not appear in the third term, even after the substitution. So (Even) holds for x;.

Second, we consider the coefficient ¢/, of the linear term zs in f’, where s < t.
Only the following terms in f can possibly contribute to c.:

2
CsTs, CLeTy, CspTsTy, and cexy.

By the minimality of ¢, both ¢s; and ¢, ¢ are even. For cuxf and cyxy, although we do
not know whether ¢y ¢ and c; are even or odd, we know that the coeflicient —c, 21057t
of zs in (12.25) is even since ¢ is even. So, every term in the list above makes an
even contribution to ¢, and thus ¢ is even.

Finally, we consider the coefficient C/s,s/ of the term z,xs in f/, where s < s’ and
s < t. Similarly, only the following terms in f can possibly contribute to c’s)s, (here

we consider the general case when s’ # ¢; the special case when s’ = / is easier):

2
Cs,s' Lssry CLPTG, CsLsy, aNd Cp o Ty (O Co pTory).
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By the minimality of ¢, ¢, o+ and ¢, ¢ are even. Moreover, the coefficient —C. gl st of g
in (12.25) is even. As a result, every term in the list above makes an even contribution
to ¢, ., and thus ¢ , is even.

To summarize, after substituting z, with 2 using (12.25) we get a new quadratic
polynomial f’ such that Z,(f’) = 2Z,(f), and every cross term and linear term that
involves x1,...,x; has an even coefficient in f/. We can then repeat this substitution
procedure on f’: We either show that Z,(f’) = 0 or get a quadratic polynomial f”
such that Z,(f") = 2Z,(f') and the parameter ¢ increases by at least one. So given
a quadratic polynomial f, we can, in polynomial time, either show that Z,(f) =0 or
get a new quadratic g € Zg[z1,...,xy] such that Z,(f) = 2" - Z,(g) for some known
integer r € [0 : n], and every cross term and linear term has an even coefficient in g.

Now it suffices to compute Z,(g). We show that given such a polynomial g in n
variables, we can reduce it to either EVAL(2*~!) = EVAL(g/2) or to the computation
of Z,(g'), in which ¢’ is a quadratic polynomial in n — 1 variables. Let

g= Z A jT;T5 + Z a;x; + a.
i<j€[n] i€[n]

We consider two cases: a; ; is even for all ¢ € [n], or at least one of the a;,’s is odd. In
the first case, a;; and a; are even for all i < j € [n]. Let a} ; and a; denote integers

in [0: 25=1 — 1] that satisfy a;; = 2a] ;, a; = 2a)(mod q), respectively. Then,

4,57
“ Z(Eigje[n] U«;,jwﬂjJFEie[n] a;m) n a ’
Zq(g):wq ’ E Wy =2 'wq 'Z2k_1(g )v
T1,.-,Xn€Lq

where ¢’ is the quadratic polynomial over Z; 5 = Zgk-1 in the exponent. This reduces
the computation of Z,(g) to Zg/2(g").
In the second case, without loss of generality, we assume a;,; is odd. Then

f=aii(a]+2z191) + g2 =ari(z1+91)* + ¢,

where ¢; is an affine form and go, ¢’ are quadratic polynomials, all of which are over

Z2,...,%Zn. We are able to do this because a1 ; and aq, j > 2, are even. Now
’ 2 2
_ g . a1, 1(zi+g1)° _ / a1,1x
Z4(g) = g wy g Wy =Z,(9") g Wy .
T2,..., Ty E€Lg T1€Zg TELq

The last equation is because the sum over x; € Z, is independent of the value of g;.
This reduces Z,(g) to Z,(¢’) in which ¢’ is a quadratic polynomial in n — 1 variables.

To sum up, given any quadratic polynomial f, we can, in polynomial time, either
output the correct value of Zy(f) or reduce one of the two parameters, k or n, by at
least one. This gives us a polynomial time algorithm to evaluate Z,(f). a

This concludes the proof of Theorem 1.1 for the bipartite case.

Remark 12.10. Back in section 1, we mentioned that Holant(Q2) for Q = (G, F1
UJF2 U F3) are all tractable, and the tractability boils down to the exponential sum

(12.26) Z jlitlot 4L

z1,%2,...,2,€{0,1}

being computable in polynomial time. This can also be derived from Theorem 12.1.
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First, each mod 2 sum L; in (12.26) can be replaced by its square (L;)?, because
L;=0,1 (mod 2) iff (L;)? = 0,1 (mod 4), respectively. So, (12.26) can be expressed
as a sum of the form {Q®@1:%2:2n) where  is an ordinary sum of squares of affine
forms with integer coefficients and, in particular, a quadratic polynomial with integer
coefficients. For a sum of squares of affine forms @, if we evaluate each x; € {0, 1, 2, 3},
we may take x; mod 2, and this reduces (12.26) to EVAL(4):

Z iQ(rl,rg...,zn) —9n Z Z-Q(zl,rg,...,zn).

T1,T2,...,Tn €%y z1,x2,...,n,€{0,1}

13. Proof of Theorem 6.3. Let A be a symmetric, nonbipartite, and purified
matrix. After collecting its entries of equal norm in decreasing order (by permuting
the rows and columns of A), there exist a positive integer N and two sequences Kk
and m such that (A, (N, k, m)) satisfies the following condition:

(81) A is an m x m symmetric matrix. & = (K1,...,Ks) is a strictly decreasing
sequence of positive rational numbers, where s > 1. m = (mq,...,ms) is a sequence
of positive integers such that m = " m;. The rows and columns of A are indexed by
x = (z1,22), where 1 € [s] and x2 € [my,]. For all x,y, A satisfies

Ax>y = A(11;12);(y1;y2) = Ray Ry, Sx,y’

where S = {Sx,y} is a symmetric matrix in which every entry is a power of wy:

k1L, S(1,0),(1,5) S(1,%),(2,) « -+ S(1,5),(5,%)\ (K11,
A_ Kolm, S(2,5),(1,%) S(2,5),(2,%) - -+ S(2,%),(5,%) Kolm,
KsImS S(s,*),(L*) S(s,*),(27*) e S(s7*)7(s,*) KsImS

where I,,,, is the m; x m; identity matrix. We let I = {(i,5) : ¢ € [s],j € [mi]}.

The proof of Theorem 6.3, just like the one of Theorem 5.3, consists of five steps.
All the proofs use the following strategy. We construct from the m x m matrix A its
bipartization A’, a 2m x 2m symmetric matrix. Then we just apply the lemmas for
the bipartite case to A’ and show that A’ is either #P-hard or has certain properties.
Finally, we use these properties of A’ to derive properties of A.

To this end, we need the following lemma.

LEMMA 13.1. Let A be a symmetric matriz, and let A’ be its bipartization. Then
EVAL(A’) < EVAL(A).

Proof. Suppose A is an m X m matrix. Let G be a connected undirected graph.
If G is not bipartite, then Za/(G) is trivially 0, because A’ is the bipartization of A.
Otherwise, assume that G = (U UV, E) is bipartite and connected; let u* € U. Then

Za(G,u™,i) = Za/(Gyu*,i) = Za(G,u",m +1i) for any i € [m].

It then follows that Za/(G) = 2Za(G) and EVAL(A') < EVAL(A). O

13.1. Step 2.1.

LEMMA 13.2. Suppose that (A, (N, k,m)) satisfies (S7). Then either EVAL(A)
is #P-hard or (A, (N, k,m)) satisfies the following condition:

(8%) For all x,x' € I, either there exists an integer k such that Sx . = w - Sy .,
or for every j € [s], (Sx,(j«)» Sx,(j,+)) = 0.
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Proof. Let A’ be the bipartization of A. Suppose that EVAL(A) is not #P-hard.
From Lemma 13.1, EVAL(A’) < EVAL(A) and thus EVAL(A’) is not #P-hard. Note
that the S matrix in Lemma 8.5 is exactly the same S here. Also (A’, (N, Kk, k, m, m))
satisfies condition (S1), so by Lemma 8.5 together with the assumption that A’ is not
#P-hard, S satisfies (Sz) which is exactly the same as (S5) here. (For Lemma 8.5,
S also needs to satisfy (Ss), but since S is symmetric here, (Ss) is the same as
(8)) O

We have the following corollary. The proof is the same as that of Corollary 8.6.

COROLLARY 13.3. For all i, j € [s], S¢; s, (j,«) has the same rank as S.

Next we build a pair (F,®) and apply the cyclotomic reduction lemma on A.

Let h = rank(S). By Corollary 13.3, there exist 1 < i; < --- < i;, < my such that
the {(1,41),...,(1,4n)} x {(1,41),...,(1,4n)} submatrix of S has full rank h (using
the fact that S is symmetric). Without loss of generality (if this is not the case, we
can apply an appropriate permutation II to the rows and columns of A so that the
new S has this property), assume iy, = k for all £ € [h]. Let H denote this h x h
symmetric matrix: H; j = S 4),(1,5)- From Corollary 13.3 and Lemma 13.2, for every
index x € I, there exist two unique integers j € [h] and k € [0 : N — 1] such that
(13.1) Sxx = wh S« and S.x =wh -S. ).

This gives us a partition of the index set
R ={Rujk:iclsl,jelh,ke[0:N—-1]}.

For every x € I, x € R(; jy 1, iff i = 21 and x, j, k satisfy (13.1). By Corollary 13.3,

U Rij. #0 forallie[s] and j € [h].
ke[0:N—1]

Now we define (F,D) and use the cyclotomic reduction lemma and £ to show
that EVAL(F,®) = EVAL(A). First, F is an sh x sh matrix. We use I’ = [s] x [h] to
index the rows and columns of F. Then

Fyy = Ko by Hay gy = Koy Ky S(1,00),(1,y0)  forall x,y € I',
or equivalently,

k1l k1l

KJQI H H ... H KJQI

o | H H .. H o |

where I is the h x h identity matrix.
Second, © = (DI, ... DIV-1) is a sequence of N diagonal matrices of the same
size as F. We use I’ to index its diagonal entries. The xth entries are

N—
Dl — |Rizy oo)| -whf forallr €[0:N—1),x€eT.
k=0

—

We use the cyclotomic reduction lemma (Lemma 8.2) to prove the next lemma.
LeEMmMA 13.4. EVAL(A) = EVAL(F,9).
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Proof. Let x,y € I,x € R(,, jyr andy € Ry, ;) for some j, k, j', k. By (13.1),

y1,5’

k+k! kK
Ay = Fay by Sxy = Kay by S(1).(15)  ON T = Flavi) g W8 -
So A can be generated from F using #. The construction of ® implies that ® can
be generated from Z#. The lemma follows from the cyclotomic reduction lemma. 0O

13.2. Steps 2.2 and 2.3. Now we have a pair (F,®) that satisfies the following
condition (Shape’):

(Shape}) F € C™*™ is a symmetric s X s block matrix. (The m here is different
from the m used in Step 2.1.) We use I = [s] x [h] to index its rows and columns.

(Shapel) There are a strictly decreasing sequence kK = (k1,...,ks) of positive
rational numbers together with an h x h matrix H of full rank, whose entries are all
powers of wy, for some N > 1. We have

Fyy = Kg by Hyyy, forallx,yel.

(Shapey) © = (DO, .. DIN-1]) is a sequence of N m x m diagonal matrices. ©
satisfies (73), so for all » € [N — 1] and x € I, we have

plrl = pi¥=1,

Now suppose EVAL(F, D) is not #P-hard.
We define (C,D’): C is the bipartization of F; D’ is a sequence of N copies of

DI
(" )

The proof of the following lemma is the same as that of Lemma 13.1.

LEMMA 13.5. EVAL(C,D') < EVAL(F, D).

By Lemma 13.5, EVAL(C,®’) < EVAL(F,®) and thus EVAL(C,®’) is not #P-
hard. By (Shapé])—(Shape}), (C,®’) also satisfies (Shape; )—(Shapes). It then follows
from Lemmas 8.8 and 8.11 that (C,®’) also satisfies (Shapes)—(Shapeg). Since (C, D)
is built from (F,®), the latter must satisfy the following conditions:

(Shapey) H/Vh is unitary: (H; ., H;.) = (H,;,H, ;) = 0 for all i # j € [A].

(Shapeg) For all x € I,

(Shapej;) For each r € [N — 1], there are diagonal matrices K[l € C*** LI"l ¢
Ch*h_ The norm of every diagonal entry in L[l is either 0 or 1. We have

DM = KM oL forallr e [N —1].

For all r € [N — 1], K"l = 0 implies L") = 0; LI") £ 0 implies one of its entries is 1.
In particular, (Shapef) means that by setting

O _ plo

o1y and LY =1 foralli€ [s] and j € [h],

we have DI% = K[l @ L%, By (73) in (Shape}), entries of K[! are positive integers.
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13.3. Step 2.4. Suppose (F, D) satisfies (Shape] )—(Shapej;). From (Shape),) we
have F = M ® H, where M is an s x s matrix of rank 1: M, ; = k;k; for all ¢, j € [s].
We reduce EVAL(F,®) to two problems EVAL(M, R) and EVAL(H, £), where

fg= (KO . KWV and e= (L0 LIV,

The proof of the following lemma is essentially the same as that of Lemma 8.24.
LEMMA 13.6. EVAL(F,®) = EVAL(H, L).

13.4. Step 2.5. Finally we normalize the matrix H in the same way we did for
the bipartite case and obtain a new pair that (1) satisfies conditions (U] )—(U;) and
(2) is polynomial-time equivalent to EVAL(H, £).

14. Proofs of Theorems 6.4 and 6.7. Suppose (M, N),F,D) satisfies (U;)—
(Uy). We prove Theorems 6.4 and 6.7 in this section. We first prove that if F does
not satisfy the group condition (GC), then EVAL(F,®) is #P-hard. This is done by
applying Lemma 9.1 (for the bipartite case) to the bipartization C of F.

LEMMA 14.1. Suppose (M, N),F,D) satisfies conditions (U;)—(U}). Then either
the matriz F satisfies the group condition (GC) or EVAL(F,D) is #P-hard.

Proof. Assume EVAL(F, D) is not #P-hard. Let C and € = (E[’ ... EN-1) be

_ (0 F w_ (Do .
C—(F 0) and E —<0 DI forallr € [0: N —1].

By (U])—(Uy), (M, N),C, €) satisfies (Us )—(Us). Furthermore, using Lemma 13.5, we
have EVAL(C, &) < EVAL(F,®) and thus EVAL(C, €) is also not #P-hard. It follows
from Lemma 9.1 that F satisfies the group condition (GC). 0

14.1. Proof of Theorem 6.4. We prove Theorem 6.4 again, using C and &
again.

Suppose EVAL(F, D) is not #P-hard. On the one hand, EVAL(C, ¢) < EVAL(F,D)
and EVAL(C, €) is also not #P-hard. On the other hand, ((M, N), C, &) satisfies con-
ditions (Uy)—(Uy). Thus, using Theorem 5.4, & must satisfy (Us): Every entry of EI),
r € [N — 1], is either 0 or a power of wy. It then follows directly that every entry of
DI"l » € [N — 1], is either 0 or a power of wy.

14.2. Proof of Theorem 6.7. In this section we prove Theorem 6.7. However,
we cannot simply reduce it, using (C, €), to the bipartite case (Theorem 5.6), because
in Theorem 6.7, we are only allowed to permute the rows and columns symmetrically,
while in Theorem 5.6, one can use two different permutations to permute the rows
and columns. But as we will see below, for most of the lemmas we need here, their
proofs are exactly the same as those for the bipartite case. The only exception is
the counterpart of Lemma 9.7, in which we have to bring in the generalized Fourier
matrices (see Definitions 5.5 and 6.6).

Suppose F satisfies (GC). Let F® denote the set of row vectors {F; ..} of F and F°
denote the set of column vectors {F, ;} of F. Since F satisfies (GC), by Property 9.2,
both F® and FC are finite Abelian groups of order m, under the Hadamard product.

We start by proving a symmetric version of Lemma 9.5, stating that when M =
pq and ged(p, q) = 1 (note that p and ¢ are not necessarily primes), a permutation of
F is the tensor product of two smaller discrete unitary matrices, both of which satisfy
the group condition.

LEMMA 14.2. Suppose F € C™*"™ s symmetric and M -discrete unitary and
satisfies (GC). Moreover, M = pq, p,q > 1, and gcd(p,q) = 1. Then there is a
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permutation II of [0 : m — 1] such that Fnn = F' ® F”, where ¥’ is a symmetric
p-discrete unitary matriz, F" is a symmetric q-discrete unitary matriz, and both of
them satisfy (GC).

Proof. The proof is almost the same as that of Lemma 9.5. Since F is symmetric
the two bijections f, g that we defined in the proof of Lemma 9.5, from [0 : m — 1] to
[0:m' —1] x [0:m” — 1], are exactly the same. O

As a result, we only need to deal with the case when M = p? is a prime power.

LEMMA 14.3. Suppose F € C™*"™ s symmetric and M-discrete unitary and
satisfies (GC). Moreover, M = p® is a prime power, p # 2, and B > 1. Then there
must exist an integer k € [0 : m — 1] such that pt ag i, where Fj j, = w?\‘/f’k,

Proof. For i,j € [0 : m —1], we let o ; denote the integer in [0 : M — 1] such that
Fi; = wf(j'j. Assume the lemma is not true, that is, p| ax, for all k. Then because F
is M-discrete unitary, there must exist ¢ # j € [0 : m — 1] such that p { o, ;. Without
loss of generality, we assume p{ ag1 = a1,2.

By (GC), there exists a k € [0: m — 1] such that Fy . = F; , o Fo .. However,

g,k ai1taz2+2a1 2
Wyt = Fy = FipFo g = FpaFro = Fi11Fs1F1 0F5 0 = wyy, ,

and ok = 01,1 + @22+ 2a1 2 (mod M) implies that 0 = 0+ 0+ 2«12 (mod p). Since
p # 2 and p 1 aq 2, we get a contradiction. O

The next lemma is the symmetric version of Lemma 9.7 showing that when there
exists a diagonal entry Fy j such that p { ag, F is the tensor product of a Fourier
matrix and a discrete unitary matrix. Note that this lemma also applies to the case
when p = 2. So the only case left is when p = 2 but 2| «;; for alli € [0:m — 1].

LEMMA 14.4. Suppose F € C™*"™ s symmetric and M -discrete unitary and
satisfies (GC). Moreover, M = pP is a prime power. If there exists a k € [0 : m — 1]
such that Fi, ,, = w$; and p 1 «, then there exists a permutation II such that Frn =
Fuo@F, where ¥ is a symmetric and M'-discrete unitary matriz that satisfies
condition (GC) with M’ | M.

Proof. The proof is the same as the one of Lemma 9.7 by setting a = b = k. The
only thing to notice is that since F is symmetric, the two bijections f and g that we
defined in the proof of Lemma 9.7 are the same. Thus, the row permutation and the
column permutation applied on F are the same. Since Fj, j, = w$;, (9.12) becomes

G(11,12),(y1,y2) = o"’?/Imly1 ) G(0,12)7(0>y2)'

This explains why we need to use the Fourier matrix F s, here. 0

Finally, we deal with the case when p =2 and 2| «;; for all i € [0: m — 1].

LEMMA 14.5. Suppose F € C™*"™ s symmetric and M -discrete unitary and
satisfies (GC) with M = 27 and 2|a;; for all i € [0 : m — 1]. Then there exist a
permutation II and a 2 X 2 symmetric nondegenerate matric W over Zy; (see sec-
tion 6.3.2 and Definition 6.6), such that Frinm = Far,w QF, where F is a symmetric,
M’ -discrete unitary matriz that satisfies (GC) with M' | M.

Proof. By Property 9.6, there are two integers a # b such that F,, = Fy o = w.
Let Fy q = w® and Fpp = w®. The assumption of the lemma implies that 2| o, a.

We let S%* denote the following subset of FR:

Sa’b:{uEFR:ua:ubzl}.

Clearly S*? is a subgroup of F®. On the other hand, let S* denote the subgroup of
F® that is generated by F, ., and let Sb denote the subgroup generated by Fy .

S ={(Fo.)% (Fa.)ly .o, (Fa )1} and S° = {(Fy.)°, (Fp.)t ..., (Fp) M1
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We have |S¢| = |S?| = M since F,;, = wys. It is clear that (u1,uz,uz) — u;ougous
is a group homomorphism from S¢ x S x §%° to F®. We show that it is surjective.
Toward this end, we first note that

W — o, 1
1 (67
is nondegenerate. This follows from Lemma 6.5, since det(W) = a0 — 1 is odd.
First, we show that (u1,us2,us3) — uj o uz o ug is surjective. This is because for

any u € FR | there exist integers k; and ko such that (since W is nondegenerate, by
Lemma 6.5, x — Wx is a bijection)

k k agki+k k k k1+apk
uo = Fi, - Fl2 =0t and wy, = FY Rl = ook,

Thus, uo Fil o F}2 € S%P. Tt follows that u = Fk o F}? o uy for some uz € S%V.
Second, we show that it is also injective. Assume this is not the case. Then there
exist ki, ko, ki, ky € Zas, and u,u’ € S such that (ki, k2, u) # (K}, kb, u’) but

’

(Fu)™ o (Fy ) ou= (Fu.)" o (Fy. )% o,
If ky = k7 and kg = kb, then u = u’, contradiction. Therefore, we may assume that
L= (l1,0)" = (k1 — k|, ko — K5)T #£ 0.

By restricting on the ath and bth entries, we get W€ = 0. This contradicts the fact
that W is nondegenerate.

Since (uy, uz, u3) — Uy ouyouz is a group isomorphism, we have |S%?| = m/M?,
which we denote by n. Let S%* = {vy = 1,vy,...,v,_1}. There is a bijection f from
0:m—1to[0: M —1]x[0: M —1]x[0:n— 1], £(i) = (f1(i), f2(i), f3(i)), with

(14.1) Fiv= (Fo.)1 o (Fy.) 20 ovp ) forallie[0:m—1].
Since F is symmetric, this also implies that
(14.2) F.;= (F..)"0) o (F, )0 ovy,y forallje[0:m—1].

Note that f(a) = (1,0,0) and f(b) = (0,1,0).

Next we permute F to get a new matrix G. For convenience, we use (1,22, 23),
where 21,22 € [0: M — 1] and z3 € [0: n — 1], to index the rows and columns of G.
We permute F using I(z1, 22, 73) = f~ (21, 22, 23):

(143) G(w1,127w3)7(y17y27y3) = FH(M,127w3)7H(y1,y2,y3)'

Then by (14.1) and (14.2),
G(zl,zQ,rg),* = (('}(1,0,0),*)11 o (('}(0,1,0),*)12 o G(O,O,z3)7* and
G yrmws) = (Gr,1.0.0)" © (G (01,0))" © G (0,0,5)-

As a result,

G(fhz%fs%(yl,yz,ys) = (G(1>070)’(yl>yz>ys))wl(G(0>170)’(yl>yz>ys))w2 G(0>0713)7(y17y27y3)'
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We analyze the three factors. First, we have

— Y1 Y2 _ ,,@ay1ty2
G(170’0)7(y17y2>ys) = Fa7a Fa,b Vys,a = Wy )

where vy, o is the ath entry of vy,. Similarly, G0.1,0),(y1.50.55) = Whs *¥2. Second,

G(0,0,23),(y1,y2.93) = (G(0,0,23),(1,0,00)” (G(0,0,25),(0,1,0))?* G (0,0,23),(0,0,y5) -

By (14.3) and (14.2) we have

G(0,0,2),(1,0,00 = F11(0,0,2),11(1,0,0) = F11(0,0,2),a -
Then by (14.1), F11(0,0,2),a = Ve,a = 1. Similarly, G(0,0,4),(0,1,0) = Vz,p = 1. Therefore,

_ QaZiyi1+Tiya+2oyitopTays
G(11,12,13);(y17y27y3) =Wy G(070,w3),(070,y3)'

So G=Fuw@F;F =(F; =G0,),00,)) is symmetric; W is nondegenerate.
The only thing left is to show F’ is discrete unitary and satisfies (GC). F’ satisfies
(GC) because S’ is a group and thus is closed under the Hadamard product. To see
that F' is discrete unitary, we have
0= <G(O,07i),*7 G(070,j),*> =M. (F;*, F;*> forany i #£j €[0:n—1].
Since F is symmetric, columns F, ; and F ; are also orthogonal. O
Theorem 6.7 then follows from Lemmas 14.3, 14.4, and 14.5.

15. Proofs of Theorems 6.8 and 6.9. Suppose (M, N),F,9,(d, W, p, t,9,K))
satisfies condition (R'). We prove Theorem 6.8: either EVAL(F, D) is #P-hard or ©
satisfies conditions (£]) and (£}).

Suppose EVAL(F,®) is not #P-hard. We use (C, &) to denote the bipartization
of (F,®). The plan is to show that (C, &) with appropriate p’,t’, and Q' satisfies (R).

To see this, we permute C and € using the following permutation . We index
the rows and columns of C and El") using {0, 1} x Z2 x Zg. We set ¥(1,y) = (1,y) for
all y € Z3 x Zg, that is, ¥ fixes pointwise the second half of the rows and columns,
and X(0,x) = (0,x’), where x’ satisfies

L0,i,1 = Wlml x(),i,l + W2M1 x(),i,27 L0,i,2 = Wl[l]z x(),i,l + W2[l]2 x(),i,Z for all i € [g],

and 17 = ki ;- @y, ; for all i € [s],j € [t;]. See (R') for the definitions of these
symbols.

Before proving properties of Cyx; 5. and €y, we need to verify that ¥ is indeed a
permutation. This follows from the fact that WU, for every i € [g], is nondegenerate
over Zq,, and k; ; for all i € [s] and j € [t;] satisfies ged(k; 5,¢:,;) = 1 (so x” above is
unique). We use Xy to denote the (0, x)-part of ¥ and I to denote the identity map:

¥(0,x) = (0,%0(x)) = (0,x') for all x € Z3 x Zg.

Now we can write Cy 5 and €y = (E[EO], e, E[ENfl]) as
(0 Fs,.1 " D[ET] 0
(151) 0272 = (FLZO 0 > and EE = 0 Y D[T]
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for all » € [0 : N — 1]. We make the following two observations: Observation 1:

EVAL(Cx x, €x) = EVAL(C, ¢) < EVAL(F,®) and thus EVAL(Cg 5, €x) is not #P-
hard. Observation 2: Fy, ; satisfies

F — _ (6,41 16,1‘,2)'W[i]'(y0,i,1 yo,i,2) T ki gy ; Y10,
( EoJ)x’y— xy = H Wy, H Waqi,;

i€lg] i€[s],j€t:]
_ 20,i,1Y0,i,1+%0,:,290,4,2 T1,i,7Y1,i,5
- H “a, H Waij :
i€[g] i€[s],j€[t:]

By Observation 2, it is easy to show that Cx x and €5 (together with appropriate
q’,t/, Q) satisfy condition (R). Since EVAL(Cs 5, €x) by Observation 1 is not #P-
hard, it follows from Theorem 5.8 and (15.1) that DU satisfy (£2) and (£3). This
proves Theorem 6.8 since (£}) and (L£5) follow from (L£2) and (L3), respectively.

We continue to prove Theorem 6.9. Suppose EVAL(F, D) is not #P-hard. Then
the argument above shows that (Cy 5, €x) (with appropriate p’, t’, Q') satisfies both
(R) and (£). Since by Observation 1, EVAL(Cy 5, €5) is not #P-hard, by Theorem
5.9 and (15.1), D[] satisfies (D2) and (Dy) for all r € Z. (D)) follows from (D).

To prove (Dy), let ¥’ = Fyx, 1. By (D4), for any r € Z, k € [s] and a € T'}'}, there
exist b € qu and o € Zy such that

Wiy oo = DX

x+4a

[r] —
- DY’ for all x € T',., where F%M = FEO(B),*'
Since Xy works within each prime factor, there exists a b’ € qu such that EO(B) = b
and (D}) follows.

16. Tractability: Proof of Theorem 6.10. The proof of Theorem 6.10 is si-
milar to that of Theorem 5.10 for the bipartite case presented in section 12.

Let (M,N),F,®,(d, W, p,t,Q,K)) be a tuple that satisfies (R'), (£'), and (D’).
The proof has two steps. First we use (R'), (L), (D’) to decompose EVAL(F,D) into
s subproblems (recall s is the length of the sequence p), denoted by EVAL(F[], D),
i € [s], such that if every EVAL(F D) is tractable, then so is EVAL(F,®). Second,
we reduce each EVAL(F[I, Dl to EVAL(7) for some prime power 7.

By Theorem 12.1, EVAL(7) can be solved in polynomial time for any fixed prime
power . Thus, EVAL(FI, D) is tractable for all i € [s], and so is EVAL(F, D).

16.1. Step 1. Fix i to be any index in [s]. We start by defining F[Il and D[,
Recall the definition of Zg, from section 6.3.3. For any x € Zg,, we use X € H;Zl qu
to denote the vector such that (X); = x and (X); = 0 for all j # i.

Fll is an m; x m; symmetric matrix, where m; = |Zqi |. We use Zqi to index the
rows and columns of Flil. Then

F,[f’]y =Fxzy forallx,y ¢ Zqi.

By condition (R%), it is easy to see that
(16.1) F=Fllg. . oF.

Dl = (DO, DEN-1) is a sequence of m; x m; diagonal matrices: DI is
the m; x m; identity matrix; for every r € [N — 1], the xth entry of D] is

DE,T] — D'[;ltr for all x € Zqi'

()
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By condition (D)), we have
(16.2) D' =Dl @ .. @D forallrel0: N—1].
It then follows from (16.1) and (16.2) that
Zv 2(G) = Zpn o (G) X ... X Zpla p1= (G)

for all graphs G. As a result, we have the following lemma.

LemMA 16.1. If EVAL(FU D) is tractable for all i € [s], then EVAL(F,D) is
also tractable.

Recall that Z is the set of 7 € [N — 1] such that DIl £ 0; T,.; is a coset in Zq, for
each i € [s] such that I', =T, X -+ x I';. 5. We use (Dj) to prove the next lemma.

LEMMA 16.2. Given r € Z,i € [s],a € T there are b € Zqg,,a € Zy such that

7,7

plior] -D,[Z’T] =wf - Fl[)i,]x forallx el ;.

X+a

Proof. By the definition of DI*"! we have

D[iﬂ"] . D)[ciﬂ"] — D["’] D[T] — D[T] . D["’]

X+a ext,(x+a) ext,(x) ext,(x)+a ext,(x)"

Then by condition (D}), we know there exist b € Zq, and a € Zy such that

pil . pir = o Fy

xX+a b7ext7‘(x) == UJ?\L] . Fl[)i]x fOI' aH X € FT;'“

and the lemma is proved. d

16.2. Step 2. For convenience, we let EVAL(F,®) denote one of the problems
EVAL(Fl], ®l) we defined in the last step. By conditions (R'), (£'), (D') and Lemma
16.2, we summarize the properties of (F,D) as follows. We will use these properties
to show that EVAL(F, D) is tractable.

(F]) There is a prime p and a nonincreasing sequence ™ = (71, ..., 7) of powers
of p. F is an m X m symmetric matrix, where m = 7y ...m,. We let m denote m; and
use Zpg = Zg, X -+ X L, to index the rows and columns of F. We also let 7 denote
the set of pairs (i, j) € [h] x [h] such that m; = 7;. Then there exist ¢; ; € Zn, = Zn,,
for all (¢,7) € T, such that ¢; ; = ¢;,; and

Fx7y: H wf‘l’iijiyj for aux:({l:l,...,ﬂjh), y:(ylv'-'ayh)ezﬂ'v
(6,5)€T

where x; € Z, denotes the ith entry of x. We express F in this very general form to
unify the proofs for the two slightly different cases: (F[, ®M1) and (F, ©0), i > 2.

(Fy) ® = (DO ..., DIN-1) is a sequence of N m x m diagonal matrices, where
N >1 and 7| N. D% is the identity matrix; every diagonal entry of DI"l, » € [N —1]
is either 0 or a power of wy. We also use Z, to index the diagonal entries of D[],

(F3) For every r € [0: N — 1], let T, denote the set of x € Zr such that the xth
entry of DI} is nonzero, and let Z denote the set of 7 such that T', # (. For every
r e Z, T, is a coset in Z,. Moreover, for every r € Z, there is a vector al"l € I, such
that the (all)th entry of DI"l is 1.

(F;) For all r € Z and a € T there exist b € Z, and a € Zy such that

D [r]

x+a

'D—:[:]:wj’\‘, Py x forallx el,.
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Let G be an undirected graph. Below we reduce the computation of Zr 5(G) to
EVAL(T), where 7 = 7 if p # 2 and 7 = 27 if p = 2. Given a € Z, for some i € [h],
we use a to denote an element in Zz such that @ = a (mod 7;). For definiteness we
can choose « itself if we consider a to be an integer between 0 and m; — 1.

Let G = (V,E). Welet V., r € [0 : N — 1], denote the set of vertices in V'
whose degree is  mod N. We decompose E into E; j, i < j € [0: N — 1], where E; ;
contains the set of edges between V; and Vj. Clearly, if V. # ) for some r ¢ Z, then
Zr »(G) is trivially 0. Thus, we assume V,. = () for all » ¢ Z. In this case, we have

weo@ =S [ILTL20| | T 1T o

reZvev, r<r'€Z we€k, .

where the sum ranges over all assignments £ = (§.: V;. — ', |r € Z) with £(v) = x,,.

By Lemma 12.4, we know that for every r € Z, there exist a positive integer s,
and an s, x h matrix Al"l over Z= that give us a uniform map ~!"! (see Lemma 12.4
for the definition) from Z2" to I',:

'ylm (x) = (xA[:’]Z + ﬁy] (mod Wi)) for all i € [h].

For every r € Z, we have 7["J(0) = al"l € T,.. Since 4["} is uniform and we know the
multiplicity of this map, in order to compute Zg 5 (G) it suffices to compute

> [H II [ﬁ]rx>] II Il Fomoarien]

(xy) LreZveV, r<r’'€Zwek, .
where the sum is over

(xo €2 v eV, rez) =[] @)
rez

If for every r € Z, there is a quadratic polynomial fI" over Zz such that
(")
(16.3) Dl =Wl forall x ez,
and for all ;7' : r <1’ € Z, there is a quadratic polynomial f (] over Zz such that

('] x s S
(16.4) Fl i (x) 11 (y) = o.)£ ¥ for all x € 7z andy € 2,

then we can reduce the computation of Zg »(G) to EVAL(7) and finish the proof.
First, we deal with (16.4). By (F7), the following function satisfies (16.4):

o Z Cw_% Z Cw_ (xA*]l + a[ ]) (yALT;] —I—ﬁg-r,]) )

(i,5)ET i (i,5)ET i

Note that (¢, j) € 7 implies that m; = 7; and thus
W), % (3) € Ze, = 2.

To be able to substitute the (mod ;) expressions for "/[ ]( ) and ’yjm (y), the presence
of 7 /m; is crucial. It is also clear that this is a quadratic polynomial over Zz.
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Next we prove the existence of the quadratic polynomial fI"). Let us fix r to be
an index in Z. We use e; for each i € [s,] to denote the unit vector in Z2" whose ith
entry is 1 and whose other entries are 0. Using (F}), we know that for every i € [s,],
there exist a; € Zy and b; = (b;1,...,bin) € Zx, where b; j € Z,, such that

T T ;i bi,j- ,[T] X s
D[v[]w (xtes) D[w[]ﬂ(x) =wiy - [ wm’™ ™ forallx e Z8
Jeln]

because Yl (x + €;) — 4["l(x) is a vector in Z, that is independent of x.
With the same argument used in the proof of Theorem 5.10 ((12.14) and (12.15)),

Qg

wi must be a power of wz for all ¢ € [s,]. As a result, there exists ; € Zz such that
[r] M _ B bi gy (%) o
(16.5) Dt eren Py = @5 H wa,” for all x € Zr.

JE[R]

By the argument used in the proof of Theorem 5.10, every nonzero entry of DI"]
is a power of wz. As a result, there exists a function fI"} from 72 to Zz that satisfies
(16.3). To see that fI"] is indeed a quadratic polynomial, by (16.5), we have

fx +e) — fl(x) =6 + Z (3”% (XALT]] +a£7’])) for all i € [s,],x € ZZ,
Jjelh]

which is an affine linear form of x with all coefficients from Z.

By using Lemmas 12.5 and 12.6, we know that f['l is a quadratic polynomial over
Z#, and this finishes the reduction from EVAL(F, D) to EVAL(7).

17. Decidability in polynomial time: Proof of Theorem 1.2. Finally, we
prove Theorem 1.2, i.e., the following decision problem is computable in polynomial
time: Given a symmetric A € C™*™ in which every entry A, ; is algebraic, decide if
EVAL(A) is tractable or is #P-hard.

We follow the model of computation discussed in section 2.2. Let

o ={A;j 4,5 €[m]}={a;:j€[n]}

for some n > 1 and let « be a primitive element of Q(«7). Thus, Q(&) = Q(«).
The input of the problem consists of the following three parts:
1. a minimal polynomial F(z) € Q[z] of «;
2. a rational approximation & that uniquely determines « as a root of F(x);
3. the standard representation of A; ; with respect to a and F(x), ,j € [m].
The input size of the decision problem is then the length of the binary string needed
to describe all these three parts.

Given A, we follow the proof of Theorem 1.1 as follows. First by Lemma 4.6, we
can assume without loss of generality that A is connected. Then we follow the proof
sketch described in sections 5 and 6, depending on whether the matrix A is bipartite
or nonbipartite. We assume that A is connected and bipartite below. The proof for
the nonbipartite case is similar.

17.1. Step 1. We show that either EVAL(A) is #P-hard or we can construct a
purified matrix A’ such that EVAL(A) = EVAL(A’) and then pass A’ down to Step
2. We follow the proof of Theorem 5.2. First, we prove that given &7, a generating
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set 4 C Q(&) of o/ can be computed in polynomial time. Recall the definition of a
generating set from Definition 7.2. We denote the input size as m. Thus, m > m.

THEOREM 17.1. Given a finite set of nonzero algebraic numbers </ (under the
model of computation described in section 2.2), one can in polynomial time (in m)
find (1) a generating set ¢ = {g1,...,94} of & and (2) for every number a € of the
unique tuple (ki, ..., kq) € Z% such that a/(g}* - - -gsd) is a root of unity.

We start the proof with the following lemma.

LEMMA 17.2. Let

L={(e,....z) € 2"

aftal =1},

n

Let S be the Q-span of L, and let L' =Z" N S. Then

rl . Tn

..an

(17.1) L':{(xl,..., .)€ zn

s a root of unity }

Proof. Clearly L is a lattice, being a discrete subgroup of Z™. Also L’ is a lattice,
and L C L'. Suppose (21,...,%,) € Z™ is in the lattice in (17.1). Then there exists a
nonzero integer ¢ such that (aj'---a%")¢ = 1. As a result, ¢(z1,...,2,) € L and thus
(x1,...,2,) € S, the Q-span of L.

Conversely, if dim(L) = 0, then L = {(0,...,0)} =S = L’. Suppose dim(L) > 0,
and we let by,..., b be a basis for L, where t € [n] Let (xl, ..., Zy) € Z" N S; then
there exist rational numbers 71, ..., 7 such that (zq, Tn) = Zi:l r;b;. We have

Let N be a positive integer such that Nr; is an integer for ¢ € [t]. Then

. Nr;
n
o) =11 (1) =1
i=1 \j=1
Thus a7* - - - a2 is a root of unity and (x1,...,2,) is in the lattice in (17.1). 0

To prove Theorem 17.1, we will also need the following theorem by Ge [19, 20].

THEOREM 17.3 (see [19, 20]). Given a finite set of nonzero algebraic numbers
o ={ai,...,a,} (under the model of computation described in section 2.2), one can
in polynomial time find a lattice basis for the lattice L given by

n

L:{x:(xl,..., )EZ"

e =1}

Proof of Theorem 17.1. Conceptually this is what we will do: We first use Ge’s
algorithm to compute a basis for L. Then we show how to compute a basis for L’
efficiently. Finally, we compute a basis for Z"/L’. This basis for Z" /L’ will define
our generating set for 7.

More precisely, given the set & = {ai,...,a,}, we let kK = {ky,...,k;:} denote
the lattice basis for L found by Ge’s algorithm [19, 20], where 0 < ¢ < n. This basis
has polynomially many bits in each integer entry k; ;. Here are two easy cases:

1. If t = 0, then we can take g; = a; as the generators, 1 < ¢ < n. There is no
nontrivial relation a]fl ---akn = a oot of unity for any (k1,...,k,) € Z" other than

0; otherwise a suitable nonzero integer power gives a nontrivial lattice point in L.
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2. If t = n, then S = Q™ and L' = Z"™; hence every a; is a root of unity. In this
case, the empty set is a generating set for <.

Assume 0 < t < n. We will compute from the basis « a basis 8 for L' =Z" N S,
where S is the Q-span of L; then we compute a basis v for the quotient lattice Z™/L’.
Both lattice bases v and § will have polynomially many bits in each integer entry.

Before showing how to compute 5 and v, it is clear that dim L' = dim L = ¢ and
dim(Z" /L") =n —t. Let

v = {Xl,...,Xn_t} and (= {yl,...,yt}.
We define the following set {g1, ..., gn—¢} from 7 as follows:
Tj1 Tj.2

o
gi =a;" ay”? - --alin, where x5 = (251,252, ..., Tjn)-

We check that {g1,...,gn—¢} is a generating set of & Clearly, being exponentials, all

g; # 0. Suppose for some (c1,...,cn—¢) € Z"t, gt - g5 is a root of unity. Since
n—t n—t n—t
el c Cn—t DOVEEE IR D DRI PP >l ciThin
91 92" gy =ay”’ ay”’ cean? )
we have
n—t n—t
_ ~. /
E CjTj1, E CiTj2,. -, E CiTjn | = E cix; € L.
=1 =1

It follows that ¢; = 0 for all j € [n —t].
On the other hand, by the definition of Z™/L’, for every (ki,...,k,) € Z", there
exists a unique sequence of integers cy, ..., c,—¢ € Z such that

n—t
(kl, Ce ,kn) — ZCij el
j=1

In particular, for e; = (0,...,1,...,0), where there is a single 1 in the ith position,
there exist integers ¢; ;, ¢ € [n] and j € [n — ¢t], such that

n—t
— E Ci,jX; € L.
Jj=1

As a result, we have

Q; a;

alz:;l:_f ci’jwj‘lag:?:_lt CRLIE N a%?:—f CijTjm - gfl 1., gzi:zt—t
is a root of unity. This completes the construction of a generating set ¢ for <. In
the following, we compute the bases v and 8 in polynomial time, given .

First, we may change the first vector k; = (k11,...,k1,») In K to be a primitive
vector, meaning that ged(k11,...,k1,n) = 1, by factoring out the ged. If the ged is
greater than 1, then this changes the lattice L, but it does not change the Q-span S
and thus there is no change to L.

In addition, there exists a unimodular matrix M; such that

(k1717"'7k17n) Ml - (1,07,0) e 7",
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This is just the extended Euclidean algorithm. (An integer matrix M is unimodular
iff its determinant is 1 or, equivalently, it has an integral inverse matrix.)
Now consider the ¢ x n matrix

U1,1 cee Uln k171 NN kl,n
e : S . : Ml'
Ut,1 cee Ut kt,l . ktm
This is also an integral matrix as M; is integral. Moreover its first row is (1,0, ...,0).
We may perform row transformations to make uz 1 =0, ..., us,1 = 0. Performing the

same transformations on the right-hand side replaces the basis x by another basis for
the same lattice, and L’ is unchanged. We still use x = {ki,...,k;} to denote this
new basis.

Next, consider the entries ug 2,...,u2,. If ged(uz 2, ..., u2,) > 1 we may divide
out this ged. Since the second row satisfies

(k2,1 k2,2, k2n) = (0,u22, ..., uz,p) M,

this gcd must also divide kg 1, k2.2, ..., k2,n. (In fact, this is also the ged of (k2,1 k2.2,
..., k2n).) This division updates the basis x by another basis, which changes the
lattice L, but still it does not change the Q-span S and thus the lattice L’ remains
unchanged. We continue to use the same x to denote this updated basis.

For the same reason, there exists an (n — 1) x (n — 1) unimodular M’ such that

(uz2, ... u2.n) M' = (1,0,...,0) € Z" 1.

Append a 1 at the (1,1) position. This defines a second n x n unimodular matrix My
such that we may update the matrix equation as follows:

1 0 o ... 0
0 1 o ... 0 kii ... kipn
0 wuzp wugsz ... uUzn | =1 : - © | MM,
: : : kia  oo. kim
0 Ut,2 Ut,3 e Ut,n
Now we may kill off the entries us s, ..., ut 2, accomplished by row transformations

which do not change L or L'. Tt follows that we can finally find a unimodular matrix
M* such that the updated x satisfies

10 0 0 0
M Fin 0 1 00 0
(17.2) S D .
Ria oo kin 0 0 10 0

The right-hand side is the ¢ x ¢ identity matrix I; with an all-zero ¢ x (n —t) matrix
appended. The updated x here is a lattice basis for a lattice L which has the same
Q-span S as L. It is also a full-dimensional sublattice of (the unchanged) L’.

_ We claim this updated & = {ki,...,k;} is actually a lattice basis for L' and thus
L = L'. Assume for some rational numbers ry,...,r; the vector 25:1 rik;, € Z".
Then multiplying (r1,...,7:) to the left in (17.2) implies that rq,...,r; are integers.
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This completes the computation of a basis for L’. As the only operations we perform
are Gaussian eliminations and gcd computations, this is in polynomial time, and the
number of bits in every entry is always polynomially bounded.

Finally we describe the computation of a basis for the quotient lattice Z™/L’.

We start with a basis x for L’ as computed above and extend it to a basis for
Z". The extended part will then be a basis for Z"/L’. Suppose that we are given the
basis & for L' together with a unimodular matrix M* satisfying (17.2). Then consider
the n x n matrix (M*)~!. Since (M*)~! = I,,(M*)~!, the first ¢t rows of (M*)~! are
precisely the k matrix. We define the basis for Z™ /L’ to be the last n — ¢ row vectors
of (M*)~1. It can be easily verified that this is a lattice basis for Z" /L. O

With Theorem 17.1, we can now follow the proof of Theorem 5.2. By using the
generating set, we construct the matrix B as in section 7.2. Every entry of B is the
product of a nonnegative integer and a root of unity with EVAL(A) = EVAL(B).

We then check whether B, where B; ; = [B; ;| for all i, j, satisfies the conditions
imposed by the dichotomy theorem of Bulatov and Grohe. (Note that every entry of
B’ is a nonnegative integer.) If B’ does not satisty, then EVAL(B’) is #P-hard, and
so is EVAL(A) by Lemma 7.5. Otherwise, B must be a purified matrix, and we pass
it down to the next step.

17.2. Step 2. We follow the proof of Theorem 5.3. After rearranging the rows
and columns of the purified matrix B, we check the orthogonality condition imposed
by Lemma 8.5. If B satisfies the orthogonality condition, we can use the cyclotomic
reduction to construct efficiently a pair (C,D) from B, which satisfies the conditions
(Shape1), (Shapes), (Shapes) and satisfies EVAL(B) = EVAL(C, ).

Next, we check whether the pair (C, D) satisfies (Shapes) and (Shapes). If either
of these two conditions is not satisfied, EVAL(C,®) is #P-hard, and so is EVAL(B).
Finally we check the rank-1 condition, which implies (Shapeg), as imposed by Lemma
8.12 on (C,®). With (Shape;)—(Shapes), we follow section 8.6 to construct a tuple
((M,2N),X,9)’) that satisfies (U1)—(Uy), and EVAL(C,D) = EVAL(X,Q)’). We then
pass the tuple ((M,2N),X,9)’) down to Step 3.

17.3. Step 3. We follow Theorems 5.4, 5.6, 5.8, and 5.9. First, (U5) in Theorem
5.4 can be verified efficiently. In Theorem 5.6, we need to check if the matrix F has
a Fourier decomposition, after an appropriate permutation of its rows and columns.
This decomposition, if F has one, can be computed efficiently by first checking the
group condition in Lemma 9.1 and then following the proofs of both Lemma 9.5 and
Lemma 9.7. Finally, it is easy to see that all the conditions imposed by Theorems 5.8
and 5.9 can be checked in polynomial time.

If A and other matrices, pairs, or tuples derived from A satisfy all the conditions
in these three steps, then by the tractability part of the dichotomy theorem, EVAL(A)
is solvable in polynomial time. From this, we obtain the polynomial-time decidability
of the complexity dichotomy, and Theorem 1.2 is proved.
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