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Abstract

We prove tight hierarchy theorems for bounded error probabilistic quasi-polynomial time
classes, under several hardness assumptions. We show that assuming either (1) the Permanent
does not have a subexponential time BP algorithm, or (2) some function in EXPTIME does not
have subexponential size circuits, then for every 1 < a < g,

BPTIME(2(°¢™") G BPTIME(2(%6™").
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1 Introduction

It has been observed for some time now that the hardness of a function, far from being something
undesirable, could actually be very useful. Early work on this idea [BM84, Yao82] dealt with
the hardness of inverting one-way functions. Nisan and Wigderson [NW94| constructed a pseudo-
random generator which was based on the hardness of approximating any given boolean function.
They showed that if there is a boolean function f in EXP such that any polynomial-size circuit errs
in computing f on at least an inverse polynomial fraction of inputs, then BPP has a simulation in
Meso DTIME(2™) which works for an infinite sequence of input lengths. This was strengthened by
Babai et al. [BFNW93], who achieved the same result assuming only that there is a function in
EXP that does not have polynomial-size circuits.

In a recent paper [[W98], Impagliazzo and Wigderson were able to derandomize BPP algorithms
under a uniform assumption for the first time. They use the random self-reducibility and the
downward self-reducibility of the Permanent function in conjunction with a result of Karp and
Lipton [KL80] and Toda’s theorem [Tod91] to show the following result: if EXP # BPP, then
every language in BPP has a simulation that works correctly on all but an inverse polynomial
fraction of inputs of length n, for infinitely many input lengths n.

In this paper, we show that hardness of functions can be used to prove a separation result
for probabilistic quasi-polynomial time, BPQP = BPTIME(Q(IOg”)O(I)). Specifically, we prove
that BPQP has a tight hierarchy, if either the Permanent cannot be computed in sub-exponential
probabilistic time or there is a function in EXP that cannot be computed by sub-exponential size
circuits.

Hierarchy theorems have a long history in complexity theory. Some of the first results in the
field were of this kind. For deterministic time, Hartmanis and Stearns [HS65] proved that for
any time-constructible functions ¢(n) and T'(n), with t(n)? = o(T(n)), DTIME(t(n)) is properly
contained in DTIME(T'(n)). Later, Hennie and Stearns [HS66] proved the same result under the
weaker assumption, t(n)logt(n) = o(T(n)). A hierarchy theorem for non-deterministic time was
proved by Cook [Coo73] and improved by Seiferas et al. [SFMT78]. They separate NTIME(¢(n))
and NTIME(T'(n)) when ¢,T are time-constructible and ¢(n + 1) = o(T'(n)).

Unlike the cases of deterministic time and non-deterministic time, the existence of tight hierar-
chies for probabilistic time classes BPTIME is a major open question in complexity theory; in fact,
this question remains open even in the presence of oracles. An oracle result showing a collapse of
BPP to BPTIME(O(n)) was claimed in [FS89], but was retracted in [FS97]. There have been since
some further claims of oracle results of a similar nature, but it is still not clear whether the claimed
proof works. Berg and Hastad [BH97] discuss further the difficulties and pitfalls of this problem,
even for relativized results. One of the very few results known in this area is due to Karpinski and
Verbeek [KV87], who showed, for example, that for every e,¢ > 0, BPTIME(2(°8")°) is strictly
contained in BPTIME(2™). Allender et al. [ABHH93] obtain a mild strengthening of their result
as follows: For time-constructible functions T',¢ with ¢t~! computable in linear time, if for some
constant &, (T -t~ 1) *)(n) # 200 then there is a set in BPTIME(T(n)) such that any BP machine
that correctly decides this set takes more than ¢(n) time for all but finitely many inputs. We note
that the gap between ¢ and T is still essentially exponential. This is the best known unconditional
result about a hierarchy for BPTIME classes.

In sharp contrast, not only are tight hierarchies known for deterministic and non-deterministic
time, but also substantially stronger versions of them. For example, Geske et al. [GHS91] showed,
under the same assumptions as in [HS66], that there is a set in DTIME(T'(n)) such that any deter-
ministic machine that correctly decides this set takes more than #(n) time for all but finitely many



inputs. Such results are called almost-everywhere hierarchy theorems, or a.e. hierarchy theorems.
(The theorems of [HS65, HS66, Coo73, SEMT78] are of the i.o. (infinitely often) kind, that is, they
only assert the existence of sets in T'(n)-time for which any machine requires more than ¢(n)-time
on infinitely many inputs.) An a.e. hierarchy theorem for non-deterministic time was proved by
Allender et al. [ABHH93], who also proved their result for BPTIME in the a.e. setting as well.

To prove our hierarchy theorems we first show that languages in BPQP = BPTIME(2(08 ")O(l))
can be simulated in DTIME(2(l°g ")O(l)), in a certain technical sense, under either of the hardness
assumptions. We do so by employing techniques from [Yao82, NW94, TW98, IW97] to construct
a pseudo-random generator which is used to perform the deterministic simulation. We then use a

tight hierarchy-type argument (similar to the a.e. kind) for deterministic time to show the existence
of a tight hierarchy for BPQP.

This paper is organized as follows. In Section 2 we give some preliminary definitions. In Section
3 we state our main technical theorems and apply them to prove the hierarchy theorems. Section
4 contains the proof of the first technical theorem, which uses a uniform hardness assumption on
the Permanent function to deterministically simulate BPQP. Section 5 has the proof of our second
technical theorem which uses a non-uniform hardness assumption on EXP.

2 Preliminaries

In this section, we define a version of the Permanent function that is still hard for #P, and some
other functions that amplify its computational hardness.

We first define an encoding for elements of the field Z, for an odd prime p. Any p-bit string w
is considered to represent the element (w mod p) of Z,. For purposes of uniformity, we disallow

the largest 2P — [%J p strings as valid representations. Therefore, every element of Z, has exactly
I_%J representations. Note that the fraction of p-bit strings that are not valid representations is
< &.

Let M be a t x t matrix over Z,, where p > {t+2,and s € Z;,. Let n = 2pt?. A string z of length
n encodes the pair (M, s) if the first p(t2 + 1) bits of x represent the 2 entries of M and s (with
redundancy) as defined earlier. Note that the fraction of n-bit vectors that are not the encoding of
any (M, s) pair is < I% < 27:}/4'

Because n = 2pt? and p is the only odd prime that occurs an odd number of times in the prime
factorization of n, given a string x of length n, it is easy to recover the M and s that x encodes.
Also, all strings of the same length correspond to the same p and t. The language Perm is defined

as follows:

Perm = {z | |z| = 2pt?, for some p >t + 2,z encodes M and s, M € Z;;Xt,per(M) mod p = s},

In this paper, we always use n to denote the length of an input to Perm. The function obtained

by evaluating Perm on many inputs is called g. Formally, g takes k& arguments, x1,...,z; and
g(x1,... , 1) is defined as the tuple (Perm(z1),...,Perm(zy)). In this paper, we always use k
to denote the number of arguments to g. The value of k will be o(n®). The tuple (z1,... ,zx) is

denoted y. Clearly, |y| = nk and |g(y)| = k. Let h be the Goldreich-Levin predicate [GL89] for g,
ie., h(y,r) = (9(y),r), where (.,.) denotes inner product mod 2. The lengths of the two inputs to
h are nk and k respectively.

All these functions will be indexed by n. Perm, denotes the “slice” of Perm that takes inputs
of length n, g, denotes the slice of g that takes k inputs of n bits each (k depends on n in a manner
to be specified later), and h,, is the slice of h where |y| = nk and |r| = k.



3 Main Results

In this section, we establish the connection between hardness assumptions and tight hierarchy
theorems for BPQP = BPTIME(2(°8 ")O(l)). We do this by proving two intermediate theorems,
which we will call our main technical theorems.

Our first technical theorem shows that if Perm ¢ BPTIME(2™) for some ¢y > 0, then for every
language L in BPQP, there is an algorithm that runs in deterministic time 2108 n)°" that solves
L correctly on almost all instances of infinitely many input lengths. Note that we use the letter d

to denote lengths of inputs to L.

Theorem 1 For all constants ¢ > 1,¢1 > 0 and all €y, where 0 < ey < 1, there exists ¢ > ¢
such that if Perm cannot be decided in BPTIME(2"®), then every L € BPTIME(2(089°%) has a

deterministic simulation in time 20°89° | such that for infinitely many lengths d, the deterministic

simulation is correct for at least a 1 — W fraction of 2¢.

We call such a simulation an io-deterministic simulation. Theorem 1 is proved in Section 4. Below
we use it to obtain a hierarchy theorem for BPQP. We begin with the following lemma.

Lemma 1 Let 1 < a < f be such that BPTIME(20°89)%) = BPTIME(20069°). Then BPQP =
BPTIME(2(l08 ),

2 4
Proof. Let I € BPTIME(2(8 )’ /a). Define L' = {x0¢~? | z € L}, where d = |z| and d' =
2005 )°/*  Because a > 1, L reduces to L' in deterministic time O(2(1°8 d)ﬁ). Also, since 2(1°8 ) =
2 ! 1o . Y
2Uogd)”/ "1 ¢ BPTIME(2(ce?)’) = BPTIME(2Uo8@)*). But, since 20064)* = 20064)° we have

2
L € BPTIME(2(°69”). Thus BPTIME(2(e 9 /*) = BPTIME(20°69*). This argument can be
extended indefinitely, so we obtain BPQP = BPTIME(2(08 %), O

Lemma 2 IfVe > 1, ¢; > 0 3c > ¢ such that every L € BPTIME(Q(I"gd)C) has a deterministic

simulation in time 20°89°  for infinitely many lengths d and for all such d, the deterministic
simulation is correct for at least a 1 — W fraction of 2%, then BPQP has a hierarchy, that is,
Va, 5,1 < a<f,

BPTIME(2°¢ ") C BPTIME(2(0¢4”).

Proof. If not, then by Lemma 1, BPQP = BPTIME(2(°69)*)  for some a > 1. By hypothesis any

language in BPTIME(20969”) has an io-deterministic simulation in DTIME(20%8 9™ for some o >
a. Let aq > o/. We will exhibit a language L € BPTIME(2(°¢9"") C BPQP = BPTIME(2(le %)
which has no io-deterministic simulation in time DTIME(2(1°8 d)al).

Let Ti(d) = 208D and Ty(d) = 9logd)”’  The 2d strings of length d are divided in lex
order into log d segments of equal size. Here is a deterministic machine running in time 7% (d) that
diagonalizes against T»(d) time machines.

On input z of length d, D calculates which segment of £¢ z lies in. Let x be in the i-th segment.
Then, if 7 is a valid code of a one-tape TM M;, D simulates M; on z for TITM) steps. If the simulation
finishes in so many steps, D accepts iff M; rejects x. If 7 is not a valid code of such a TM or if M;
does not finish its computation in TITM) steps, D rejects z. Clearly, D runs in time at most 73 (d).

Let M be a machine running in DTIME(T5(d)). Let M’ be a one-tape machine that accepts
the same language as M and runs in time O(T2(d)). For all large enough d, M’ runs in time

< TT(d). Therefore, for all large d, D will simulate M’ (to completion) on a fraction @ of the



inputs and accept iff M’ rejects. Define L = L(D). Then, L € DTIME(2(°84*") and no machine

in DTIME(2(l°g d)a’) can simulate L on more than a 1 — 10;1 (<1- W) fraction of %¢ for

infinitely many d. This is a contradiction. O

From Theorem 1 and Lemma 2 we get,

Theorem 2 (Hierarchy Theorem from Hardness of Permanent) If Perm ¢ BPTIME(2")
for some ey > 0, then BPQP has a tight hierarchy, that is, for all o, 3, 1 < a < 3,

BPTIME(2(°¢4") C BPTIME(2(%¢ "),

Our second technical theorem shows that if exponential time functions cannot be computed by
sub-exponential size circuits, then for every language L in BPQP, there is an algorithm that runs
in deterministic time 206" that solves L correctly on infinitely many input lengths.
Theorem 3 If there is a language in deterministic exponential time EXP = DTIME(Q"O(I)) that
cannot be computed by circuits of size 2™ for some €; > 0, then for every ¢ > 1, there is a ¢’ > ¢
such that every language L € BPTIME(Z(log d)c) can be deterministically simulated in time 2(1089)°
for infinitely many input lengths d.

We prove Theorem 3 in Section 5. From Theorem 3 and Lemma 2 we get,

Theorem 4 (Hierarchy Theorem from Hardness of EXP) If EXP does not have circuits of
size 2" for some €1 > 0, then BPQP has a tight hierarchy, that is, for all 1 < a < 3,

BPTIME(2(°¢4") C BPTIME(2(%¢ "),

4 Derandomizing BPQP if Perm is Hard

This section is devoted to the proof of Theorem 1. Let ¢, c1, €9 be given as in Theorem 1, and
L € BPTIME(2(089)°). We will follow the construction of [NW94] to obtain a pseudo-random
generator G which will be used to simulate L deterministically.

THE GENERATOR. Let m = (logd)®, where ¢y > max(ngl, lggc, ), and ¢, c1,€p are as given in

Theorem 1. Let [ = m?2. Choose an (I,m, (log d)¢,2(°8 9°)_design, as in [NW94]. This is a 2(08°
by I 0-1 matrix over a field of size m. (We assume that m is a prime power. If not, we can choose
the smallest power of 2 bigger than it. This will only introduce an additional constant factor into
our analysis.) Each column of the design is indexed by a pair of field elements and each row is
indexed by a polynomial of degree (log d)¢. The entry (f,(a,b)) is 1 iff f(a) = b. The generator,
G, is a function that maps [ bits to 20°89° bits. The i** bit of G(z), where |z| = I, is computed by
evaluating h on the m bits of = that correspond to the positions in which the i*" row of the design
has a 1. G, is the restriction of G where m = nk + k.

THE SIMULATION. Let M be a BPTIME(2(°69)°) machine for L. Because 2cy > ¢, M can be
simulated in deterministic time 0(22(10g ‘”202) by running through all the I-bit seeds of GG, running
M with each of the outputs of G as the source of randomness and taking the majority outcome.
Assume that for all but finitely many d, the simulation fails on a fraction of z € X% that
is > W. We will show how to decide Perm in BPTIME(2"), for all large enough n, a

contradiction. We will do so by constructing probabilistically, in time 0(2”350/4), a deterministic

circuit Cy, of size 0(2”60/9) to solve Perm on inputs of length n. The construction is inductive.



That is, to construct C,,, we assume we have circuits C1, ... ,Cp_1 for input lengths 1,... ,(n—1).
If j is not of the form 2pt?, C; is a dummy circuit.

On an input of length n, the BPTIME algorithm constructs the circuits, C1, ... ,C, and then
simulates Cy,. The total time required by this process will be at most nO(27**'*)+0(27°"*) < 2n,
Since all the constructions are probabilistic, we will have to ensure that all the C; are correct with a
good enough probability (e.g. 1— #, which ensures that the total error involved in the construction
of the n circuits is at most %) It will be clear from the proof that this can be done.

Let d = 2(k+0)°2 55 that (nk+k) = (logd)®> = m. A “large enough” n is one that makes this
d large enough for the simulation to fail for it. Because k = o(n®) (to be chosen later), log d < n8/¢,
Therefore, (log d)®t < n®/9 and (log d)¢ < n/?%, by our choice of c;.

The lemmas that follow will show how the circuit C, can be constructed using circuits for
smaller input lengths.

Lemma 3 If the above simulation for L fails for a fraction > W, then a distinguisher Dy, for
Gr of size O(22189°) can be constructed in time O(22189°) such that with probability W,
the construction satisfies the following:

1
Pr{Dn(Gn(@)) = 1] = PrlDaly) = 1)| 2 .

Proof. Sample a point z randomly from {0, 1}¢. With probability > W, it is one of the inputs
on which the simulation fails. Let D, be the circuit that represents the computation of M on z
with the random bits of M as its input. Wlog, let z € L. Therefore,

PrD,(Gal@) = 1] < 1.

and

Thus,

Time/size analysis for Dy: The time to construct Dy, can be seen to be 0(22(10g d)c), because z can
be sampled in time d = 2°¢¢ and ¢ > 1. This is also an upper bound for the size of D,,.
Probability of a good Dy,: The distinguishing probability of D, is > 1/4 with probability W.
O

Lemma 4 Given a distinguisher D, of size O(ZQ(IOgd)C) for G, with distinguishing probability
> 1/4, in time O(22(084)° -22”73) a circuit B, of size O(220°89°) to compute h,, can be constructed
such that with probability > m , the construction satisfies the following:

1 1
Pr[En(w) = hn(w)] 2 5 + ——hcgae

where w stands for the pair (y,r) that h, takes as input.

The construction exploits the downward self-reducibility of Perm as in [IW98], and can be found

in the appendix.
O



Lemma 5 Given a circuit E, of size O(22(°69°) that achieves

1

+ 8 . 2(logd)e”’

1
Pr[En(yaT) = hn(yar)] > 5
y,r

in time O(2°098 9% g circuit Fy, of size O(2°089°) to compute g, can be constructed such that

with probability > W, the construction satisfies the following:

1
PriFn(y) = )] 2 S50 ae

Proof. This construction is based on the technique of [GL89]. By definition, h,(y,7) = (g (y),7),
where |y| = nk and |r| = k. To probabilistically construct Fy,,

1. Pick 71,...75 €y {0,1}*, where s = 3(log d)°.
2. Pick 01,... ,05 €y {0,1}. 0y is a guess for (gn(y),r:)-

3. For all § € {0,1}%,S # 0%, compute 75 = EBZ-:SFI o; and for every j, tfg = the result of
flipping the j** bit of Di.s,—1 Ti-

All this is stored in F},.

Working of F,: F, computes g,(y) bit-by-bit. To compute the ;™ bit of g,(y), F, evaluates
En(y,ts) @ 7g for all S # 0° and then takes the majority of the answers.

Time/size analysis for Fy,: Since the size of B, is O(221°649)°)  the time to construct F}, is O(ks2° +
22logd)*gs) — (25108 49)°) | This is also an upper bound for the size of F,.

Probability of a good Fy: Let Qr = Pry[F,(y) = gn(y)]- By hypothesis,

1

+ 8 . 2(logd)c”

1

We can show that Expr(Qp) > W' Therefore, by applying the Markov inequality, we conclude
that Prr[Qr > 22(10; d)QC] > 22(102 oo~ Details can be found in the appendix. O

Lemma 6 Given a circuit F,, of size O(2°189)°) that achieves

1
PriFn(y) = )] 2 Spogae

in time O (23"60/9>, a circuit A, of size 0(23"50/10) to compute Perm, can be constructed such

that, with overwhelmingly high probability, the construction satisfies the following:

f;r[An(a:) = Permy(z)] >1— %.

Proof. This construction has been adapted from the proof of the following Direct Product Lemma
which appeared in [IW97].

Direct Product Lemma [IW97] Let f : {0,1}" — {0,1}. Ve, 8 > 0, there exists k = O(—'%5%)

so that, if there is a circuit C' of size s' such that, Pry(g(z) = C'(z)) > ¢, then there is a circuit C

of size s = (66)%(1)3' such that, Pry(f(z) = C(z)) > 1—0, where g(z1,... ,xx) = (f(z1),... , f(zk)).



We put f = Permy,,C' = F,,6 = 4,s' = 0(250°84)°) and e = 9-70/'° " Gince ¢y has been chosen

]arge enough Compared to c, 2”50/10 > 22(10g d)2c’ 7.€. € < W. The details Of the construction

are deferred to the appendix. O

So far, starting from the assumption that the deterministic simulation failed for a sizeable
fraction of inputs for all sufficiently large lengths d, and assuming the availability of circuits C; of
size 0(2"60/9) for j < n, we have probabilistically constructed a circuit that computes Perm, on a
1-— %‘ fraction of the inputs. But the probability that such a circuit is obtained is the product of
the probabilities for each stage. Here are the success probabilities for the various stages:

1. Construction of D,: W
. . 1

2. Construction of En: Suegare
. 1

3. Construction of F: 308 %

4. Construction of A,: Exponentially close to 1

Substituting (logd)®* < n®/9 and (log d)¢ < n®/? in the probability estimates, we find that the

total probability of constructing a good A,, which is a circuit to compute Perm, on a 1 — %{

fraction of the inputs, is > zneﬁ. Therefore, if we repeat this process gneo/* times, with very high
probability we will get a circuit that is good. But to know which circuit is good, we have to test
them. Here is a test that can be shown to work with all but exponentially small probability. Given
a circuit C, we uniformly sample poly(n) many x;, and run C on each of them. If C' computes
Permy, correctly on more than a 1 — n% fraction of them, we pass the circuit. To carry out this
test, we need to use circuits for permanents of lower order. By using Chernoff bounds, it can be
shown that A,, constructed in Lemma 6, passes this test with exponentially high probability and
that any circuit that passes this test, computes Perm,, correctly on at least a 1 — Elg fraction of the

inputs. This test takes at most poly(n) 22n°°’% time for each circuit tested, a total time of at most

poly(n) 2200/ gno/t.
Lemma 7 Given a circuit A, of size 0(23”60/10) for Perm,, such that,
1
Pr[A,(x) = Permy(z)] > 1 - —;,
T n

in time 0(2"50/9), a circuit Cy, of size 0(2”60/9) can be constructed such that, with overwhelmingly
high probability the construction satisfies the following:

Vx Cp(x) = Permy(z).

Proof. Since at most a fraction # of the n-bit strings are invalid encodings of a (M, s) pair,
the probability that A, succeeds on a randomly chosen z, given that is a valid encoding, is >
1— 14— > 11— Z.

Here is a probabilistic circuit CJ, which decides Perm, correctly on every input, with high
probability. On input z € {0,1}", compute the p and ¢ that n corresponds to. If z is not a valid
encoding of a pair (M, s), reject z. Otherwise, let (M, s) be the pair z encodes. Randomly pick
a t x t matrix R over Z,. This can be done, for example, as follows. To pick R;;, uniformly

pick a number r € {0,...,2P — 1} by tossing p coins. If r > [%Jp, output “fail”. Otherwise,

p

let R;; = r mod p. This procedure fails with probability at most 5; and outputs a uniformly

generated member of Z, otherwise.



Now, we use the fact that ¢(z) = Permanent(M + zR) is a degree ¢ polynomial. For i =
1,...,t+1, construct the matrix M; = M + iR, where all the operations are done in Z,. Generate
a uniformly random representation for this matrix to present it as an input to A,. Since every
member of Z, has exactly |_27pj different representations as a p-bit string, randomly choose one
of these, independently for each entry of M;. Denote this representation of M; by x;. Clearly,
|z;| = pt?.

For each matrix M;, now represented by a pt? bit string x;, and for each j € {1,...,2pt},
uniformly pick a p-bit string s; ; and a p(t? — 1)-bit string r; ;. With probability more than 1 —
W, every s;; is a valid representation of a uniformly distributed member of Z,. If z; is
a uniformly chosen valid representation of a matrix, s; ; is a valid representation of a uniformly
chosen member of Z, and r;; is a uniformly chosen p(t? — 1)-bit string, then with probability
>1- 2 t;t; 1), Ay gives the correct answer on the n-bit string x; o s; ; o r; ;, for all 7, j, where o
denotes concatenation.

2pt
Fix an 4. If all s;; is valid, then with probability 1 — (1 — %) > 1—e 2 at least one s; ;

represents a correct guess of the permanent of M;. Therefore, the probability that for every ¢ there
is a j, such that s; ; represents a correct guess of the permanent of M; is > 1 — (¢ + 1)e 2,

So, C;, runs A, on the 2pt(t + 1) samples z; o s; ; o r; j, reconstructs the polynomial ¢(z) =
Permanent(M + zR) from A,’s answers and outputs ¢(0).

The error probability of C!. is at most the sum 22 2(;; DL Jivas) (t+1)e~? < ;. Thus, C is

n2
correct with probability > %. This can be amplified to a value more than 1— 9—n’ by repeating this
process poly(n) times and taking majority. This means that for a randomly picked string r, the
probability that C), gives the correct answer for all ’s when using r as the source of randomness

is>1-— 22% Note that the length of r is polynomial in 7.

Construction of Cy,: To construct C,, pick r randomly and build it into C,, which then simulates
C!, with r as the source of randomness.

23n€0/10)

Time/size analysis for Cy: Because the size of A, is O( , it is clear from the above that the

time required to construct C, is poly(n) - O(237°’"*) = 0(27°’"). This is also an upper bound for
the size of C,,.

Probability of a correct Cp: As seen earlier, a correct C), is obtained with probability > 1 — 22% O

This completes the inductive construction of C,,. The total time for the first four stages is as
follows:

1. Construction of Dy: 0(22(10361)”)

2. Construction of Ey: 0(22(10gd)022n73q)
3. Construction of Fy: 0(25(108 d)c)

4. Construction of An: O (2371‘0/9)

néo/s

It can be checked that the total time taken by these four stages is less than 2 . We repeat these
€0

© <o
steps at most 2" * times and then test the circuits in time poly(n)22"° 2" * as outlined earlier.

?Q. The time required for the last stage (going from A, to C)

3eg/4

The total time taken is at most 2"

is 0(2”19). Thus, the overall time to construct C,, is < 2"

Therefore, in time 0(2”350/4) we have constructed a circuit C), of size O( , that solves
Permy,. On inputs of length n, the BPTIME algorithm for Perm will construct C1,... ,C, in time
at most n-0(2"**’"), and then simulate C,, in time O(27*’"), a total time < 27°. This shows that
Perm € BPTIME(2™).

2,,7‘60/9 )



5 Derandomizing BPQP if EXP is Hard

This section is devoted to the proof of Theorem 3. Suppose If € EXP s.t. f cannot be computed
by circuits of size 2" where ¢ is as in Theorem 3. Using the approach of [BFNW93] we will show
that every language L € BPTIME(2(°89)°) can be deterministically simulated in time O(2(084)° )
for infinitely many input lengths d.

Let f,, be the restriction of f to n-bit inputs. Let g,, be the unique multi-linear extension of f,,.

Then,

In(T1,. .. ,Tp) = Z fn(E)HXz',Ev

be{o,1}n

where X;; = z; it b; = 1 and 1 — z; otherwise. Let F' be a finite field of size g, where ¢ is the
smallest power of 2 greater than or equal to n+ 2. Then g, is considered to be defined over F'. Let
g be the family of functions g,,. The following sequence of lemmas will prove Theorem 3. O

Lemma 8 There is a PSPACE machine with oracle access to f that computes g.

The proof is obvious from the definition of g,. This lemma means that ¢ can be computed by an
EXP machine.

. . . € . . . €1/2
Lemma 9 If no circuit of size 2""' computes f,, then no circuit of size 2" v

- % fraction of the inputs.

computes gn, on a

Proof. Since f, cannot be computed by a circuit of size 2"", g¢,, also cannot be computed by such
a circuit. Assume that there is a circuit D,, of size 271? that computes g, on a 1 — % fraction of

the inputs. Then, there is a probabilisitic circuit D), of size g/t , such that Vy = (z1,...,2y,),

ol w

Pr[Dy(y) = ga(y)] >
This can be seen as follows. To evaluate g,(aq,...,ay), D) randomly chooses r1,...,7r, and
computes using Dy, p(t) = g(a1 +tr1,... ,an +try), for t =1,... ,n+ 1. Then, it reconstructs the
n-degree polynomial p and outputs p(0). Since the r; have been chosen randomly, g is evaluated
on n+ 1 inputs, each of which is uniformly distributed. Therefore, with probability > 1 — ”3—";3 > %,
D,, correctly evaluates g, on all the n + 1 points. This probability can then be increased, to say
1—2"" by repeating this process poly(n) times and taking the most frequently output value. That

. . . . . € .
is, there is a circuit D! of size 2""' that achieves

Vy Pr[D(y) =ga(y)] >1-27"".

coins

This can be converted to a deterministic circuit of the same size (2"') that produces the correct
answer for every input. This is a contradiction. O

Let h be the Goldreich-Levin [GL89] predicate for g, i.e. h(y,r) = (g(y),r), where (-,-) is the
inner product mod 2, |y| = nlogq and |r| = |g(y)| = log ¢ < n. (g is the size of the field on which
gn is defined.)

Lemma 10 If there is no circuit of size onet/? yp o computes gn on a 1 — % fraction of the inputs,
then for all circuits E, of size ont/ 4,

Pr{Ea(y, ) = hly, )] <1 —

y} n\Y,T) = y,r W



Proof. Suppose there is a circuit E, of size 271" such that,

1
Pr|E =h >1-—
y,?I“‘[ n(y’ T) (ya T)] 6n2

Here is a probabilistic circuit F}, to compute g,(y). To compute the i bit of g, (y), F,
1. Picks r; randomly. Let 7; be r; with the i*® bit flipped.
2. Computes E,(y,7;) ® Ep(y,7;)-

With probability > 1— &= 2. both the outputs of E, are correct and their parity is the correct value
of the 7" bit. Thus, with probability > 1 — 6—2 =1- —n all bits of g,,(y) are computed correctly,
because |g,(y)| = log ¢ < n. There is a setting of the random bits » = R of F,, which ensures that

PP ) = guly)] 21 5.
Y n

with R as the random bits. _
The size of F, is at most 271"? and this contradicts our assumption that no circuit of size gne1/?
computes g, on a 1 — 5~ fraction of the inputs. O

Lemma 11 If no circuit of size 2" can compute h correctly on more than a 1 — =5 fraction
6n

of the inputs, then Ih' € EXP such that no circuit of size S can compute h' correctly on more
than a & + ﬁ fraction of the inputs of length m = poly(n).

Proof. In the notation of Nisan and Wigderson [NW94], h is a (1 — 57,2 61/4) hard function.
From Yao’s XOR lemma [Yao82], we get that if h is (¢, S) -hard then A/ CaTg) = @le h(zx;)
is (eF +6,6%(1 — 6)25) hard for any ¢ > 0.

Our e is 1 — 55 and S is 27" Let €2 = €1/8. Let k = 3n?(n® +1) and § = 2715++1 Then
k44 < 2n152 and 0%(1 — €)29 > 2"?. Let m = k(n + 1)logq = 3n?(n® + 1)(n + 1)logq. So,
now we have a function h’ € EXP whose hardness (refer [NW94] for definition) at input length m,
(denoted H,,(h')) is greater than 2nV® We can rewrite this as Hp(B') > 2™ for some n > 0. O

1
3n
(z1

Because there is an infinite sequence of n’s such that h at length n cannot be computed correctly
on more than a 1 — 6—2 fraction of the inputs by circuits of size 2™ “/ , we get an infinite sequence
of m’s such that, for some 7 > 0, A’ has hardness > 2" at length m. The next lemma asserts that
this is enough to give us an io-deterministic simulation of BPQP.

Lemma 12 If 3¢ € EXP and an infinite sequence of m’s such that Hpy(¢) > 2™, for some € > 0,

then Ve > 1 3¢ s.t. any L € BPTIME(2189°) can be simulated in DTIME(2(8 ) ’) for infinitely
many lengths d.

Proof. Let L € BPTIME(2(°89°) for some ¢ > 1. Let ¢ € DTIME(2""). We will show L €

DTIME (218 d)cl), for some ¢’ > ¢ and for infinitely many d. Consider a design as in [NW94] with
parameters ((logd)%, (log d)®, (log d)¢, 2189 where ¢; is any constant > 26. This gives us a
PSRG G mapping (log d)?¢" bits to 2(°89° bits,

Now consider the following deterministic simulation for L. Cycle through all 2( seeds, and
for each one of them run the BP machine for L with the output of G as the random bits and take
majority. The total time required by this simulation is O(2(08 9“1%2(log d)*g(log d)*1y — (9 (log d)’ ),
for an appropriate ¢ > c. The following claim completes the proof of Theorem 3. It shows that if
the above deterministic simulation fails for inputs of all sufficiently large lengths, then there exists

log d)2°1
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a circuit contradicting the hardness assumption for ¢. The proof of the claim can be found in the
appendix.

Claim If the above simulation fails for all sufficiently large d, then for all sufficiently large m,
there exists a circuit Cp, of size < 2™ that satisfies,

1.
Br [Cnl@) = 9(a)) > 5 427

This contradicts the hardness assumption for ¢.
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Appendix

Construction of E, (Lemma 4)

G,, is a function from [ bits to 20989)° bits where both [ and d are functions of n. Let the output
bits of G, be denoted by bi,... ,byuesa)c. Let S; be the set of m input bits that output bit b;
depends on. To probabilistically construct a circuit E,, do the following,

1. Pick i €y [1,... ,20089)°],

2. Pick randomly those input bits of GG, that b; does not depend on, in other words, those input
bits lying outside S;.

3. Compute all possible values for by,...,b;—1. This involves computing h, on the bits in
S1,...,5; 1 respectively, assuming all possible values for the bits in S; N S}, j < 4. Since for
i # j, |S;i N S;| is at most (log d)°, at most 2(°89)° bits need to be stored for each output bit.
To compute h,, we need to have the ability to compute Perm,,. But using the downward-self-
reducibility of Perm and the fact that circuits for Permy,... , Perm,_1 are available, we can
do this computation.

4. Pick output bits b;, biy1,... ,bygega)e Tandomly.

Working of Ep: Given w, it looks up the correct value for the first ¢ — 1 output bits. and presents
all the output bits to D,,. If D,, returns 1 then E,, outputs b;, otherwise it outputs b;.

Note. We do not know if the z chosen in the construction of D,, is in L or not. If z ¢ L, E, should
be constructed as above, if z € L, E, should do the reverse. We can get around this problem by
randomly choosing one of the two behaviors when constructing F,.
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Time/size analysis for Ey: It can be checked that the time to construct E, is O(22(&)° -22”73(l +

0 c . .
size of D,,) = 0(22(084)° . 9209y ‘hecause the size of D, is O(22189)°), We assume, by induction,
that the size of lower circuits is at most 2" ° . The size of E,, is also easily seen to be O (22008 9)°),
Note that the size of F, is independent of the size of the circuits for Permq,... , Perm,_1.
Probability of a good Ey: Let Qg = Pry[En(w) = hy(w)]. Then using standard techniques, it can
be shown that

1

t 1 3logde”

EXPE[QE] 2 %

Now, by Markov’s inequality, we can prove that, with probability > m, Qe > % + W.
O

Probability of a good F),, (Lemma 5):
Let Qr = Pry[F,(y) = gn(y)]. By hypothesis,

1 1
= > -4 —— .
Ef[En(yar) hn(y,r)] > 9 + 3. 2(log d)°
By applying Markov’s inequality, we can show that there is a set 1" of y’s of size > WZ”’“

such that, Vy € T,

PriEn(y,r) = ha(y, )] 2 % + 16-2:(17108600'

Let us calculate the probability that F,, computes the first bit wrongly. This probability is both
over a random construction of F;, and a random input to Fj,. Assume y € T. This happens with
probability > m. Also assume the o; are all correct guesses. This happens with probability
5. Define random variables X;, 1 <i <2°—1, as follows : X; = 1 iff E,(y,t}) is correct, where
we identify a non-zero S € {0,1}® with an integer 7 in the interval [1,2° — 1] in the natural way.
We know that Exp(X;) > % + m and that the X; are pairwise independent. Because the X;

are 0-1 random variables, Var(X;) < 1, for all 4. Let X = Zfi;l X;. We have,

Coe 25 _ 1
Pr(majority gives wrong answer) < Pr <|X — Exp(X)| > W)

(25 _ 1) (22(10g d)C—I—S)

<
@1
92(log d)°+8
< 2s—1

Therefore, the probability that all k bits are computed correctly (= Expp(QF)) can be estimated
as follows:

1 1 k ogogdye+s

Therefore, by
O

Since k = poly(n), a choice of s = 3(logd)¢ ensures that Expp(Qp) >

1
22(log d)2c

1
9(log d)2c *
] >

applying the Markov inequality, we can conclude that Prp[Qr >

92(log d)2¢ *
Proof of Lemma 6

With a choice of k = O(—lo%) (in our case k = o(n®)), Impagliazzo and Wigderson construct a
distribution on probabilistic circuits A’, taking n-bit inputs such that, for any subset H of inputs
of size > 62",

Exp 4 Pr (A'(x) = Permy(z))] >

€y H,coins of A’

N3
32°

N =
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The distribution is obtained as follows : first 4 is chosen uniformly in {1,... ,k} and for each j # i,
x; is chosen uniformly. Then, Permy,(z;) is computed for each j # 4. All this information is stored
in A’. On input z, A’ sets x; = = and simulates F,, on (z1,...,zx). It then computes ¢ = the
number of j’s, j # i, j output of F, # Permy,(x;). With probability g7, it outputs the i*® output
bit of F}, and outputs a randomly chosen bit otherwise.

Let H = {x | Pra’ coins of 4’ (A’ (z) = Permy(x)) < 1/2 + €/32}. Then

1 €
Exp 4/ P Al(x)=P -+ —.
XpA [$€UH700£IS of Al( (x) eTmTL (:L‘))] < 2 + 32
This implies that |H| < §2™.
Ifz¢g H,
Pr (A'(2) = Permp(z) > = +
A’ coins of A’ N " -2 32 )

Probabilistically construct r samples that each behave like A’ except that the random bits that
A" needs are built into them. To construct one sample pick ¢ €y {1,...,k}. For each j # i,
pick z; €y {0,1}", compute Perm,(z;) using lower circuits and store the results. Toss k coins
c1,.-. ,c, and store the results. Do this r times independently. Call the samples C1,... ,C,. Each
C; works as follows on input z. It plugs = into the i*! spot and runs F,, on (x1,...,x;). It then
computes the number of j, j # 4, such that the j* output bit produced by F,, does not agree with
the stored value for Permy(z;). Let this number be ¢. It then looks at ci,...,¢. If they are all
zero, it outputs the it" output bit of F},, otherwise it outputs cx. Ay, is the circuit that outputs the
majority answer of the Cj.

We will show that by taking r sufficiently large, we can ensure that Vo ¢ H Pry, (A,(z) =
Permp(z)) > 1—2""". Fix an = ¢ H. Let A, be produced as described above. Let b, = Cj(z).
Define 0-1 random variables X; as follows:

X; =1 iff b = Permy(z).

Thus, X; is a random variable that depends on the choices of i, x; for j # i, and ¢1,... ,¢ in the
construction of C;. Let X =), X;. Because VI Exp(X;) > %—k a5, 4 = Exp(X) > § + 5. We now
have to bound the probability that X < 5. We have,
r €
Pr(X < 5) < Pr(X<(1- 3—2)u)
— 679(621').

So a choice of r = O(n2/e?) makes this bound < 27"

Thus for every x ¢ H, we succeed in constructing A, computing Perm,(x) with probability
1 — 2="°. Therefore with probability 1 — 2277;, a randomly constructed A,, will be simultaneously
good for all z & H.
Time/size analysis for An: The time to construct A, can be seen to be O((n2/e2)(22*"° +
size of Fy)), again assuming that the size of smaller circuits is at most 97" The size of A, on
the other hand, is only O(f—: (size of F},)). Since the size of F, is O(25(°89)°) these quantities are

O ((TLZ/EQ)(QQ"EO/Q + 25(log d)c)) =0 (23"50/9) and O (2—22 (2508 d)c)) =0 (23"60/10) respectively.
g

Proof of Claim
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Let d = 2m"°'. Assume m is large enough so that the simulation fails for a z € {0,1}%. Wlog let
z € L, and let M be the BP machine for L. Let D be the circuit that takes the random bits of M
as input and simulates M on z with those random bits. Because the simulation fails for z,

3
lz/r[D(y) =1]> 1

but

PHD(G () = 1] < 5,

where y €, {0, l}z(logd)C and z €, {0,1}008 D> Therefore, Pry[D(y) = 1]-Pr,[D(G(z)) = 1] > 1.
It is clear that D is of size O(22(°84)°)  Here is a probabilistic circuit C, to compute ¢ on inputs
of length m = (log d)**. C,,, does the following on input w € {0,1}™ :

1. Guesses i € [1,... ,2(1089)]
2. Guesses output bits b;, ... ,byuega)c Of the generator
3. Guesses input bits of the generator that don’t affect b;
4. Computes by, ... ,b; 1 by means of circuits of size 2008 4)°
5. Runs D on by, ... ,byuogay
6. If D says 1, outputs b; else outputs b;
We have,
1 1

2(logd)® 4°

Pr [Cnla) = $la)] 2 3 +

Z,coins

Therefore, the private random bits of C,,, can be set in such a way that

—

1 1 1 1
PriCm(@) = 6(@)] 2 3 + Sagar 1 > 5 + Jogar

Also, C,y, is a circuit of size < 20969 and (log d)% < (log d)“¢ = m. O
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