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Abstract

We generalize the construction of Gabber and Galil to essentially every unimodular matrix in
SL2(Z). It is shown that every parabolic or hyperbolic fractional linear transformation explicitly
defines an expander of bounded degree and constant expansion. Thus all but a vanishingly small
fraction of unimodular matrices define expanders.

1 Introduction

It has been recognized in the last 25 years that certain combinatorial objects called expanders are
extremely useful in a number of computer science applications. These include sorting networks,
superconcentrators and sparse connection networks in general, pseudorandom generators and am-
plifications and deterministic simulations, to name just a few.

An (n, k, d) expander is a bipartite graph G = (L,R,E), with |L| = |R| = n and at most kn
edges, such that for every subset X of L, the neighbor set in R has |Γ(X)| ≥ [1+ d(1− |X|/n)]|X|.
Thus, for every subset of input vertices of cardinality at most, say, n/2, its neighbor set expands,
having cardinality at least a constant multiple more than |X|. It is generally desired to have k and
d fixed and n growing to infinity.

The first existence theorems on expanders were provided by probabilistic counting argument [11][34].
Roughly speaking, such a proof starts by defining a certain probability space of graphs, and then
one shows that the probability of such graphs is non-zero. In fact it is usually shown that such
probability tends to 1. Thus not only such graphs exist, but they exist in abundance. The weakness
of such a proof is that it is not explicit.

Margulis [30] was the first to give an explicit construction of a sequence of graphs {Gn}. This
major achievement uses group representation theory. However, while his construction is explicit,
the constant of expansion was not explicitly known. Gabber and Galil [21] in a beautiful paper
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gave an explicit construction of graphs {Gn} with an explicitly stated constant of expansion. The
Gabber-Galil proof also has the added advantage of being relatively elementary. We will follow
the proofs of [21] closely. There is an extensive literature on expanders and their applications to
the theory of computing, the reference section contains an incomplete list of important works. It
was realized that expansion properties are closely related to the second largest eigenvalues of the
graph λ(G) (see [36, 7]), and for d-regular graphs the gap between d and λ(G) provides estimates
for both upper and lower bound for the expansion constant. The best construction was given by
Lubotsky, Phillip and Sarnak [29] and by Margulis [31], where asymptotically optimal λ(G) was
achieved. The proofs in [29] use deep results from number theory, especially results of Eichler and
Igusa concerning the Ramanujan conjecture.

We also mention the interesting construction of Ajtai, Komlós and Szemerédi [4], where they
showed a randomly chosen transposition and a full cycle over the group Sn also supply an expander.
If the original probabilistic constructions are one extreme of showing the “abundance” of expander
graphs, the proof in [4] can be viewed as a construction with reduced randomness. The other
extreme is of course the explicit constructions mentioned above. Recently, Reingold et. al. [35]
considered a new construction technique called zig-zag graph product.

In this paper, we generalize the construction of Gabber and Galil [21] to essentially every
unimodular matrix in SL2(Z). Our proofs are relatively elementary. They do provide a certain
“abundance” as well as being explicit, with the same expansion constant 1 −

√
3/2 as in [21]. It

is shown that every parabolic or hyperbolic fractional linear transformation explicitly defines an
expander of bounded degree and constant expansion.

Regarding the complexity of deciding for a graph whether it is an expander, Blum et. al. [14]
have shown that it is coNP-complete. We will not discuss the complexity aspect in this paper.

Here is an outline of the paper. In Section 2 we give some preliminary remarks on the matrices
we will use in the construction. In Section 3 we prove Theorem 1 which summarizes the first key
property of the matrices we use. In Section 4 we further develop these properties of the matrices
which are summarized in Theorem 3. This is our main combinatorial handle on the matrices we
use in our construction. Then we turn to analytic techniques in Section 5, where we use Fourier
analysis to derive the key estimate in Lemma 20. Here the proof uses our combinatorial properties of
Theorem 3 and some basic properties of Fourier analysis, including Parseval’s equality. In Section 6
we give the construction of the family of graphs and prove that they are indeed expanders. Finally
in Section 7 we give some further geometric descriptions of the expanders we constructed.

2 Preliminary Remarks

Let A =

(

a b
c d

)

be an integral unimodular matrix, i.e., A ∈ SL2(Z), where a, b, c, d ∈ Z and

detA = ad− bc = 1.

We define a companion matrix Ã to be

(

d c
b a

)

. Note that in terms of the mappings they

define on R
2, Ã is merely an exchange of the x and y coordinates. More formally, let R =

(

0 1
1 0

)

.

Then R = R−1 is the matrix form of the permutation (12). Thus Ã = RAR.
We are going to consider the set Σ = {A, Ã,A−1, Ã−1}. We will use this set to define a constant

degree expander. To this end we want all 4 matrices in Σ to be distinct.

Lemma 1 A = Ã iff A = ±I.
A = A−1 iff A = ±I.
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A = Ã−1 iff b+ c = 0.

For the other
(4
2

)

possibilities, we note that Ã = RAR, and thus

Lemma 2 Ã = A−1 iff A = Ã−1 iff b+ c = 0.
Ã = Ã−1 iff A = A−1 iff A = ±I.
A−1 = Ã−1 iff A = Ã iff A = ±I.

The goal in the next two sections is to prove the necessary combinatorial properties of our
matrices in Σ, as summarized in Theorem 3. Regarding the choice of the matrices in Σ starting
from A, especially the definition of the companion matrix Ã, one may think of the possibility

of choosing the transpose AT =

(

a c
b d

)

instead as the companion matrix. However there are

examples where Theorem 3 is not valid for this choice.
We will henceforth assume A 6= ±I and b+ c 6= 0.

3 One less, three more

Our goal regarding the combinatorial properties of the set Σ is to prove Theorem 3. In this section
we first prove a partial result in Theorem 1.

We will assume none of a, b, c, d is zero, and deal with the case where abcd = 0 just prior to
Theorem 3.

Let p = (x, y). Define the max (or ∞-) norm ||p|| = max{|x|, |y|}. The goal in this section is to
show that, under a mild condition, if one of the norms

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||}

is strictly less than the corresponding norm ||p||, then the three other norms are all strictly greater
than ||p||. The proof involves an examination of all the cases with reductions using suitable sym-
metries.

Let us start with the following Lemma:

Lemma 3 ||Ap|| < ||p|| =⇒ ||Ãp|| > ||p||.

Given A =

(

a b
c d

)

, for a contradiction assume ||Ap|| < ||p|| and ||Ãp|| ≤ ||p||, where p = (x, y).

First let’s assume |y| ≥ |x|, thus ||p|| = |y|. We have

|ax+ by| < |y|
|cx+ dy| < |y|
|dx+ cy| ≤ |y|
|bx+ ay| ≤ |y|.

Let ξ = −x
y . We note that since the strict inequality ||Ap|| < ||p|| holds, y 6= 0. Dividing

through by y and a, b, c, d respectively, we get the rational approximations of ξ

|ξ − b

a
| <

1

|a|

|ξ − d

c
| <

1

|c|
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|ξ − a

b
| ≤ 1

|b|

|ξ − c

d
| ≤ 1

|d| .

(We recall that none of a, b, c, d is zero as assumed.) It follows that

∣

∣

∣

∣

|ξ| − | b
a
|
∣

∣

∣

∣

<
1

|a|
∣

∣

∣

∣

|ξ| − |d
c
|
∣

∣

∣

∣

<
1

|c|
∣

∣

∣

∣

|ξ| − |a
b
|
∣

∣

∣

∣

≤ 1

|b|
∣

∣

∣

∣

|ξ| − | c
d
|
∣

∣

∣

∣

≤ 1

|d| .

Then

|b| − 1

|a| < |ξ| < |b| + 1

|a|
|a| − 1

|b| ≤ |ξ| ≤ |a| + 1

|b| .

Thus,
|a| − 1

|b| <
|b| + 1

|a| ,

and
|b| − 1

|a| <
|a| + 1

|b| .

If |b| < |a| then, being integral, we get |b| + 1 ≤ |a| and |b| ≤ |a| − 1, and so the following
contradiction follows

1 ≤ |a| − 1

|b| <
|b| + 1

|a| ≤ 1.

If |a| < |b| then |a| + 1 ≤ |b|, |a| ≤ |b| − 1, and the following contradiction arises

1 ≤ |b| − 1

|a| <
|a| + 1

|b| ≤ 1.

Hence it follows that |a| = |b|. Being a row of a unimodular matrix A, the gcd of (a, b) is 1. Thus
|a| = |b| = 1.

The exact same argument can be made for the pair (c, d). We conclude that |c| = |d| = 1 as
well. Hence

a, b, c, d = 1 (mod 2).

It follows that
ad− bc = 0 (mod 2),

which is a contradiction to detA = 1.
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Next we consider the case |x| ≥ |y|. This is essentially symmetric. We have

|ax+ by| < |x|
|cx+ dy| < |x|
|dx+ cy| ≤ |x|
|bx+ ay| ≤ |x|.

Let η = − y
x . Since x 6= 0 in this case, η is well defined. Dividing through by x and a, b, c, d

respectively, we get the rational approximations of η

|η − a

b
| <

1

|b|

|η − c

d
| <

1

|d|

|η − b

a
| ≤ 1

|a|

|η − d

c
| ≤ 1

|c| .

Then

|a| − 1

|b| < |η| < |a| + 1

|b|
|b| − 1

|a| ≤ |η| ≤ |b| + 1

|a| ,

and thus

|b| − 1

|a| <
|a| + 1

|b|
|a| − 1

|b| <
|b| + 1

|a| .

The rest is the same.
This concludes the proof of Lemma 3.
By the symmetry of a↔ d and b↔ c, which effects A↔ Ã we also have the following Lemma,

Lemma 4 ||Ãp|| < ||p|| =⇒ ||Ap|| > ||p||.

We next consider the pair (||Ap||, ||A−1p||).

Lemma 5 Suppose |tr(A)| = |a+ d| ≥ 2, then

||Ap|| < ||p|| =⇒ ||A−1p|| > ||p||.

Before we give the proof of this lemma, we shall discuss briefly the condition on the trace.
The elements in SL2(Z) with trace |a+ d| < 2 are called elliptic elements, |a+ d| = 2 parabolic

elements, and |a+d| > 2 hyperbolic elements. (A final class called loxodromic elements for complex
linear fractional transformations z 7→ az+b

cz+d do not occur here since our matrix A is real.) We note
that for an integral matrix A, these classes are more simply stated as
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• Elliptic elements: a+ d = 0,±1.

• Parabolic elements: |a+ d| = 2.

• Hyperbolic elements: |a+ d| > 2.

In view of the mapping properties of these classes, it is not surprising that we needed, for the
construction of expanders, the condition that the mappings be parabolic or hyperbolic, and not
elliptic. Using Cayley-Hamilton Theorem, it is easy to verify that for every elliptic A ∈ SL2(Z),
A12 = I. We also note that except for a vanishingly small fraction, virtually all elements are
hyperbolic.

We now turn to the proof of Lemma 5.
Assume for a contradiction that

||Ap|| < ||p|| and yet ||A−1p|| ≤ ||p||.

First let’s assume that |y| ≥ |x|. Then we have the inequalities

|ax+ by| < |y|
|cx+ dy| < |y|
|dx− by| ≤ |y|

| − cx+ ay| ≤ |y|.

With the second and the fourth inequalities we get

|(a+ d)y| ≤ |cx+ dy| + | − cx+ ay| < 2|y|,

and thus
|a+ d| < 2,

where we have also used the fact that y 6= 0 as implied by the strict inequality ||Ap|| < ||p|| = |y|.
This is a contradiction to the assumption that A is not elliptic.

The remaining case for Lemma 5 is when |x| ≥ |y|. Then

|ax+ by| < |x|
|cx+ dy| < |x|
|dx− by| ≤ |x|

| − cx+ ay| ≤ |x|.

This time with the first and the third inequalities we again get

|a+ d| < 2.

The proof of Lemma 5 is complete.
Exactly the same argument gives us the following

Lemma 6 Suppose |tr(A)| = |a+ d| ≥ 2, then ||A−1p|| < ||p|| =⇒ ||Ap|| > ||p||.

We next consider the pair (||Ap||, ||Ã−1p||). We now require the condition |b + c| ≥ 2. This
condition is the same as requiring the trace of the permuted matrix RA to be at least 2 in absolute
value: |tr(RA)| = |b+ c| ≥ 2. In terms of the symmetry involved for x and y, this is quite natural.
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Lemma 7 Suppose |tr(RA)| = |b+ c| ≥ 2, then

||Ap|| < ||p|| =⇒ ||Ã−1p|| > ||p||.

For the proof of Lemma 7, again we assume for a contradiction that

||Ap|| < ||p|| and yet ||Ã−1p|| ≤ ||p||.

First assume that |y| ≥ |x|. Then

|ax+ by| < |y|
|cx+ dy| < |y|
|ax− cy| ≤ |y|

| − bx+ dy| ≤ |y|.

With the first and the third inequalities we get

|(b+ c)y| = |(ax+ by) − (ax− cy)| ≤ |ax+ by| + |ax− cy| < 2|y|,

and thus
|b+ c| < 2,

just as before.
Similarly if |x| ≥ |y|, then we use the second and the fourth inequalities to get the same

contradiction
|b+ c| < 2.

This completes the proof of Lemma 7.
Exactly the same argument gives us the following

Lemma 8 Suppose |tr(RA)| = |b+ c| ≥ 2, then

||Ã−1p|| < ||p|| =⇒ ||Ap|| > ||p||.

Combining the 6 Lemmata above (Lemma 3 to Lemma 8), we conclude that under the condition
|tr(A)| = |a+ d| ≥ 2 and |tr(RA)| = |b+ c| ≥ 2, for each of the 3 pairs

(||Ap||, ||Ãp||), (||Ap||, ||A−1p||), (||Ap||, ||Ã−1p||),

involving ||Ap|| from the following set

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||}

there can be at most one of the entry to be strictly less than ||p||, and in that case the other entry
of the pair is strictly greater than ||p||.

This is not quite enough for the goal of this section as stated, which includes the remaining
3 pairs not involving ||Ap|| (and corresponding 6 Lemmata above). However we will handle the
remaining proofs by symmetry.

For the pair (||Ãp||, ||A−1p||) we apply the symmetry a↔ d, b↔ c, thus A↔ Ã. This reduces
the pair (||Ãp||, ||A−1p||) to the pair (||Ap||, ||Ã−1p||) and Lemma 7, Lemma 8 give us respectively

Lemma 9 Suppose |tr(RA)| = |b+ c| ≥ 2, then ||Ãp|| < ||p|| =⇒ ||A−1p|| > ||p||.
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and

Lemma 10 Suppose |tr(RA)| = |b+ c| ≥ 2, then ||A−1p|| < ||p|| =⇒ ||Ãp|| > ||p||.

For the pair (||Ãp||, ||Ã−1p||) we apply the symmetry b ↔ −c, (and c ↔ −b, a ↔ a, and
d ↔ d), thus, A ↔ Ã−1 and Ã ↔ A−1. Thus this reduces the pair (||Ãp||, ||Ã−1p||) to the pair
(||A−1p||, ||Ap||). Now Lemma 6, Lemma 5 give us respectively

Lemma 11 Suppose |tr(A)| = |a+ d| ≥ 2, then ||Ãp|| < ||p|| =⇒ ||Ã−1p|| > ||p||.

and

Lemma 12 Suppose |tr(A)| = |a+ d| ≥ 2, then ||Ã−1p|| < ||p|| =⇒ ||Ãp|| > ||p||.

Finally for the pair (||A−1p||, ||Ã−1p||) we apply the same symmetry b ↔ −c as above, which
transforms it to the pair (||Ãp||, ||Ap||). Then we apply Lemma 4, Lemma 3 respectively,

Lemma 13 ||A−1p|| < ||p|| =⇒ ||Ã−1p|| > ||p||.

and

Lemma 14 ||Ã−1p|| < ||p|| =⇒ ||A−1p|| > ||p||.

Combining Lemma 3 to Lemma 14 we have

Theorem 1 For any A ∈ SL2(Z), where abcd 6= 0 and A, RA not elliptic, then if any one of the
following 4 entries

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||}
is strictly less than the corresponding norm ||p||, then the three other norms are all strictly greater
than ||p||.

We note that the condition that none of a, b, c, d is zero is only technical, and will be handled
later. Only the conditions on the trace are real restrictions.

4 At most two equalities

As shown in Section 3 if there is any one among

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||}

to be strictly less than ||p||, then the three other norms are all strictly greater than ||p||. In
particular there are no equalities in this case. Suppose now, for this section, that there are no one
among the four to be strictly less than ||p||, i.e.,

||Ap|| ≥ ||p|| (1)

||Ãp|| ≥ ||p|| (2)

||A−1p|| ≥ ||p|| (3)

||Ã−1p|| ≥ ||p||. (4)

We count the number of equalities among these four inequalities. The goal in this section is to
show that, for p 6= 0, there can be at most two among the four to be equalities. It follows that the
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other terms, at least two among four, are all strictly greater than ||p||. Clearly the condition that
p 6= 0 is necessary for handling the equalities.

We prove this by contradiction. Suppose there are at least three among the four inequalities in
(1), (2), (3) and (4) are in fact equalities. Then there are the following two Alternatives.

Alternative (1):

||Ap|| = ||p|| (5)

||Ãp|| = ||p|| (6)

both hold and at least one of the following holds

||A−1p|| = ||p|| (7)

||Ã−1p|| = ||p||; (8)

Alternative (2):
Both (7) and (8) hold and at least one of (5) and (6) holds.

In either Alternatives, without loss of generality we may assume that |y| ≥ |x|. We note that
the symmetry x↔ y exchanges and permutes the equalities

||Ap|| = ||p|| ↔ ||Ãp|| = ||p||
||A−1p|| = ||p|| ↔ ||Ã−1p|| = ||p||

respectively, and thus the assumption |y| ≥ |x| is indeed without loss of generality.
Let us first assume Alternative (1).
Since p 6= 0, and |y| ≥ |x|, we have y 6= 0. The first alternative leads to

|ax+ by| ≤ |y|
|cx+ dy| ≤ |y|
|dx+ cy| ≤ |y|
|bx+ ay| ≤ |y|,

and at least one of the following holds

|dx− by| ≤ |y|
| − cx+ ay| ≤ |y|

or

|ax− cy| ≤ |y|
| − bx+ dy| ≤ |y|.

As in the proof of Lemma 3, denoting ξ = −x
y , and dividing through by y and a, b, c, d respectively,

we get the rational approximations of ξ

|ξ − b

a
| ≤ 1

|a| (9)

|ξ − d

c
| ≤ 1

|c| (10)

|ξ − a

b
| ≤ 1

|b| (11)

|ξ − c

d
| ≤ 1

|d| . (12)

9



Lemma 15 For any unimodular matrix A =

(

a b
c d

)

either |a| 6= |b| or |c| 6= |d|.

Assume instead both equalities hold |a| = |b| and |c| = |d|. Since they form the rows of a
unimodular matrix, the gcd of both (a, b) and (c, d) are 1. Thus

|a| = |b| = |c| = |d| = 1,

and taking modulo 2
a = b = c = d = 1 (mod 2).

However this leads to
det(A) = ad− bc = 0 (mod 2)

which contradicts the unimodularity of A. Lemma 15 is proved.

Hence we have two possibilities from Lemma 15: 1. |a| 6= |b| or 2. |c| 6= |d|. We show that in
either cases it leads to |x| = |y|.

1. |a| 6= |b|
Suppose ab > 0, i.e., they are of the same sign, then b

a = |b|
|a| , and from the rational approxi-

mations to ξ,
|b| − 1

|a| ≤ ξ ≤ |b| + 1

|a| ,

and also
|a| − 1

|b| ≤ ξ ≤ |a| + 1

|b| .

Note that these two bounds on ξ are symmetric for a and b. Thus, without loss of generality
|a| > |b|. Then, by being integral, |a| ≥ |b| + 1, it follows that

1 ≤ |a| − 1

|b| ≤ ξ ≤ |b| + 1

|a| ≤ 1,

which means that these inequalities are in fact all equalities, and ξ = 1. By definition of ξ,
x = −y. This is true regardless |a| > |b| or |a| < |b|, as long as ab > 0.

The case where a and b are of opposite signs, i.e., ab < 0, is handled similarly with b
a = − |b|

|a| ,
and the corresponding rational approximations of −ξ. So we obtain −ξ = 1. Hence x = y.

We conclude in this case that |x| = |y|.

2. |c| 6= |d|
This case is handled by the symmetry a ↔ d and b ↔ c. Note that the set of rational
approximations in Eqn. (9) to Eqn. (12) is invariant under this substitution. Hence we also
get |x| = |y|.

We now proceed to deal with the possibility |x| = |y|, which is 6= 0, under the assumption that

|ax+ by| ≤ |y|
|cx+ dy| ≤ |y|
|dx+ cy| ≤ |y|
|bx+ ay| ≤ |y|
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and at least one of the following holds

|dx− by| ≤ |y|
| − cx+ ay| ≤ |y|

or

|ax− cy| ≤ |y|
| − bx+ dy| ≤ |y|.

Consider two cases x = −y and x = y:

Case 1. x = −y
Dividing through by |y| we have

|a− b| ≤ 1

|c− d| ≤ 1

and

|d+ b| ≤ 1

|c+ a| ≤ 1.

From these we obtain

|a+ d| ≤ 2

|b+ c| ≤ 2.

By our condition on the trace of A and RA, i.e., they are not elliptic, we get

|a+ d| = |b+ c| = 2.

Hence we get

|a− b| = 1

|c− d| = 1

|d+ b| = 1

|c+ a| = 1.

Thus we can write
(

b b
c c

)

=

(

a −d
d −a

)

+ E , (13)

where we let

E =

(

ε11 ε12

ε21 ε22

)

,

and εij = ±1 for i, j = 1, 2.

In E the top row cannot be of the same sign, otherwise a+ d = 0. Similarly the bottom row
cannot be of the same sign, otherwise a+ d = 0 as well.
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Furthermore, we observe that
a+ d+ (ε11 − ε12) = 0

and
a+ d+ (ε21 − ε22) = 0.

Thus the trace a+ d = −2 iff

E =

(

+1 −1
+1 −1

)

,

and the trace a+ d = +2 iff

E =

(−1 +1
−1 +1

)

.

However in either way we obtain
b+ c = 0,

by adding the diagonal entries in the matrix equation Eqn. (13).

So under |a+ d| ≥ 2, |b+ c| ≥ 2 we conclude that x = −y is impossible.

Case 2. x = y

This case is handled by the symmetry b ↔ −b and c ↔ −c in the above argument for Case
1. with x = −y. Thus x = y is also impossible.

We have proved that Alternative (1) is in fact impossible.

Finally we consider the second alternative.
Assume Alternative (2), we have: |y| ≥ |x| and,

|dx− by| ≤ |y|
| − cx+ ay| ≤ |y|

|ax− cy| ≤ |y|
| − bx+ dy| ≤ |y|

and at least one of the following holds

|ax+ by| ≤ |y|
|cx+ dy| ≤ |y|

or

|dx+ cy| ≤ |y|
|bx+ ay| ≤ |y|.

Use η = −ξ = x
y , and the symmetry a ↔ d, and b ↔ −b, c ↔ −c, we conclude that the second

alternative is also impossible.

Theorem 2 For any A ∈ SL2(Z), where abcd 6= 0 and A, RA not elliptic, then for p 6= 0, among

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||}

there cannot be more than two of them equal to ||p||.
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We now briefly handle the case with abcd = 0. Suppose a = 0 or d = 0. Then bc = −1 by
unimodularity. Being both integral, b = −c = ±1. Then b+ c = 0. This is excluded.

Suppose b = 0, then ad = 1 and being integral, a = d = ±1. Thus the matrix we are dealing

with is A = ±
(

1 0
c 1

)

.

The case of c = ±1 with b = 0 is the matrix dealt with by Gabber and Galil [21]. They showed

that the matrix

(

1 0
2 1

)

does satisfy our statement in Theorem 3, and from that it defines an

expander. In fact, based on the properties of

(

1 0
2 1

)

, with some care, they further showed that
(

1 0
1 1

)

also defines an expander with a smaller expansion constant. We note however, that as far

as Theorem 3 is concerned, the condition of RA being non-elliptic technically excludes the matrix
(

1 0
1 1

)

.

For the general c, it is not difficult to see that the properties stated in Theorem 3 are valid
for |c| ≥ 2 and b = 0. The best way to see this is to consider directly the mappings by matrices
in Σ, which are “shears” along the x-axis or y-axis, respectively, on the set of lattice points with

||(x, y)||∞ = r for any r ≥ 1. (This is the Gabber-Galil proof for

(

1 0
2 1

)

in [21].)

By symmetry, the same is true for the case |b| ≥ 2 and c = 0.
Combining Theorem 1, Theorem 2, and the above discussion regarding abcd = 0, we have

Theorem 3 For any A ∈ SL2(Z), where A, RA are not elliptic, i.e., |a+ d| ≥ 2 and |b+ c| ≥ 2,
and p 6= 0, then among

{||Ap||, ||Ãp||, ||A−1p||, ||Ã−1p||},

• Either one is less than ||p|| and three others are greater than ||p||,

• Or no more than two are equal to ||p|| and the rest are all greater than ||p||.

5 Analytic proof of expansion

In this section we prove some explicit estimates using Fourier analysis. We will follow [21] and
adapt their proof for special matrices to general matrices.

Let B = A or Ã and let U = [0, 1)2. B defines a measure preserving automorphism β = βB of
U as follows:

β : (x, y) 7→ (x, y)B mod 1,

where mod 1 is taken component-wise in the two-dimensional row vector (x, y)B. We will denote
α = βA and α̃ = βÃ. It is easy to check that β is a bijection on U with inverse map β−1(x, y) =
(x, y)B−1 mod 1. That it is measure preserving follows from the fact that the Jacobi of the map is
detB = 1.

For any function φ on U , we can define the function

B∗(φ)(x, y) = φ(β−1(x, y)).

We will restrict our discussion to square integrable functions φ on U . For such φ the Fourier
coefficients are defined as follows

a(m
n)(φ) =

∫

U
φ(x, y)e−2πi(mx+ny)dµ(x, y),

13



where m,n ∈ Z, and µ is the Lebesgue measure on U . The next lemma relates the Fourier
coefficients of φ with that of B∗(φ).

Lemma 16

a(m
n)(B

∗(φ)) = aB(m
n)(φ).

Proof:

a(m
n)(B

∗(φ)) =

∫

U
φ(β−1(x, y))e−2πi(x,y)·(m

n)dµ(x, y)

=

∫

U
φ(β−1(x, y))e−2πi(x,y)B−1B(m

n)dµ(x, y)

We can replace (x, y)B−1 by β−1(x, y) in the exponent since the function exp[−2πiX] has integral
period 1. Hence, by a substitution of variables (x′, y′) = β−1(x, y), and note that the Jacobi is 1,
we get

a(m
n)(B

∗(φ)) =

∫

U
φ(x′, y′)e−2πi(x′,y′)B(m

n)dµ(x′, y′)

= aB(m
n)(φ).

Our goal is to obtain a non-trivial estimate for

∑

q

[

|aAq − aq|2 + |aÃq − aq|2
]

,

where q ranges over Z
2, and {aq} is square summable

∑

q |aq|2 < ∞. Note that A and Ã define

permutations on Z
2 − {0} while A0 = Ã0 = 0. Thus the above sum can also range over Z

2 − {0}.
Let f, g be any complex square summable functions on Z

2 − {0}. The inner product is defined
as

〈f, g〉 =
∑

q 6=0

f(q) · g(q),

and the norm is
||f || = 〈f, f〉1/2 =

∑

q 6=0

|f(q)|2.

It follows that
||f − f ◦A||2 + ||f − f ◦ Ã||2 = 4||f ||2 − C,

where the cross terms

C = 〈f, f ◦ A〉 + 〈f ◦A, f〉 + 〈f, f ◦ Ã〉 + 〈f ◦ Ã, f〉,

thus |C| ≤ 2 [〈|f |, |f ◦A|〉 + 〈|f |, |f ◦ Ã|〉].
Lemma 17

||f − f ◦A||2 + ||f − f ◦ Ã||2 ≥ (4 − 2
√

3) ||f ||2.

14



Proof: We only need to show an upper bound |C| ≤ 2
√

3 ||f ||2. Define

λ(p, q) =











√
3 if ||q|| < ||p||

1 if ||q|| = ||p||
1/

√
3 if ||q|| > ||p||

By Cauchy-Schwarz, 2|XY | ≤ λ|X|2 + 1
λ |Y |2. Note that λ(p, q) = λ(q, p)−1, and thus for σ = A or

Ã,

2
∑

q 6=0

|f(q)||f(σ(q))| ≤
∑

q 6=0

[

λ(q, σ(q))|f(q)|2 + λ(σ(q), q)|f(σ(q))|2
]

=
∑

q 6=0

|f(q)|2
[

λ(q, σ(q)) + λ(q, σ−1(q))
]

.

Hence

|C| ≤
∑

q 6=0

|f(q)|2
[

∑

σ∈Σ

λ(q, σ(q))

]

.

(Recall that Σ = {A, Ã,A−1, Ã−1}.) By Theorem 3, the sum of four terms
∑

σ∈Σ λ(q, σ(q)) ≤ 2
√

3
in all cases (being either ≤

√
3 + 3/

√
3, or ≤ 4/

√
3, or ≤ 1 + 3/

√
3, or ≤ 2 + 2/

√
3.) It follows that

|C| ≤ 2
√

3 ||f ||2.
Stated for {aq} we have

Lemma 18 If a0 = 0 and
∑

q 6=0 |aq|2 <∞, then

∑

q

[

|aAq − aq|2 + |aÃq − aq|2
]

≥ (4 − 2
√

3)
∑

q

|aq|2.

We next translate this lemma to integrals via Parseval’s equality.

Lemma 19 For square integrable function φ on U with
∫

U φ = 0,

∫

U
|A∗(φ) − φ|2 +

∫

U
|Ã∗(φ) − φ|2 ≥ (4 − 2

√
3)

∫

U
|φ|2.

Proof: By Parseval’s equality, for square integrable ψ,

∫

U
|ψ|2 =

∑

q

|aq(ψ)|2,

where aq(ψ) are the Fourier coefficients. Note that a0(φ) =
∫

U φ = 0. By linearity and Lemma 16,
aq(A

∗(φ) − φ) = aq(A
∗(φ)) − aq(φ) = aAq(φ) − aq(φ). Lemma 19 follows from Lemma 18.

Recall the definition of β = βB for B ∈ Σ, as a mapping from U to U : for ξ ∈ U , ξ 7→ βB(ξ) =
ξB mod 1.

Lemma 20 For measurable set Z ⊆ U ,

∑

B=A,Ã

µ[Z − β−1
B (Z)] ≥ (2 −

√
3) µ(Z)µ(Zc).
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Proof: Define φ = χZ −µ(Z) =

{

µ(Zc) on Z
−µ(Z) on Zc , where χZ is the characteristic function on Z.

Then
∫

U φ = 0, and
∫

U
|φ|2 = µ(Z)µ(Zc) <∞.

Let ξ ∈ U , and denote βA by α, i.e., α(ξ) = ξA mod 1. We observe that

A∗(φ)(ξ) = φ(α−1(ξ))

=

{

µ(Zc) for ξ ∈ α(Z)
−µ(Z) for ξ 6∈ α(Z)

= χα(Z) − µ(Z)

It follows that
A∗(φ) − φ = χα(Z) − χZ .

Hence for
∫

U |A∗(φ)−φ|2, the integrand is 1 on the symmetric difference α(Z)∆Z, and 0 elsewhere.
So

∫

U
|A∗(φ) − φ|2 = µ[α(Z)∆Z].

However, α(Z)∆Z = [α(Z) − Z] ∪ [Z − α(Z)]. Since α is bijective and measure preserving,

µ[Z − α(Z)] = µ[Z] − µ[Z ∩ α(Z)]

= µ[α(Z)] − µ[Z ∩ α(Z)]

= µ[α(Z) − Z]

= µ[Z − α−1(Z)]

Thus
∫

U
|A∗(φ) − φ|2 = 2µ[Z − α−1(Z)].

Similarly, denote α̃ = βÃ, we have

∫

U
|Ã∗(φ) − φ|2 = 2µ[Z − α̃−1(Z)].

Then by Lemma 19,

∑

B=A,Ã

µ[Z − β−1
B (Z)] =

1

2

∑

B=A,Ã

∫

U
|B∗(φ) − φ|2 ≥ (2 −

√
3)

∫

U
|φ|2 = (2 −

√
3) µ(Z)µ(Zc).

6 The graph

In this section we give the construction of a family of bipartite graphs, constructed from every
matrix A considered in Theorem 3, and prove an explicit expansion constant for the graphs.

We will first define a notion of neighborhood. Denote the unit square by U = [0, 1)2. For
p = (i, j) ∈ Z

2, the translated square by p is denoted by Up = p + U . We define a set of
“neighborhood” points as follows: For B = A, Ã,

NB = {q ∈ Z
2 | µ[UB ∩ Uq] 6= 0}, (14)
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where µ denotes the Lebesgue measure, and UB = {ξB | ξ ∈ U} is the image of U under B.
For k ≥ 1, let the “mod k neighborhood” NB,k be

NB,k = NB mod k. (15)

Note that the cardinality of NB,k is at most that of NB for every k. In particular since |NB|
is independent of k, |NB,k| is bounded in k. For any measurable set V ⊆ R

2, denote its mod
k fold in the torus (R/kZ)2 by (V )k = V mod k. We will identify (Z/kZ)2 with the subset
{0, 1, . . . , k − 1}2 ⊂ Z

2, and also identify (R/kZ)2 with [0, k)2 ⊂ R
2. Note that for q ∈ (Z/kZ)2,

Uq ⊆ [0, k)2, so that (Uq)k = Uq.
We claim that

NB,k = {q ∈ (Z/kZ)2 | µk[(UB)k ∩ Uq] 6= 0}, (16)

where µk is the Lebesgue measure on the torus (R/kZ)2. Also

NB,k = ({q ∈ Z | µk[(UB)k ∩ (Uq)k] 6= 0}) mod k. (17)

It is easy to see (16) and (17) are equivalent. Indeed let q ∈ (Z/kZ)2. For any integral vector v,
(Uq+kv)k = (Uq)k = Uq. Now if q belongs to the set defined in (16), then clearly q also belongs to
the set defined in (17). Conversely, suppose q belongs to (17). Then there is some integral vector
v, such that µk[(UB)k ∩ (Uq+kv)k] 6= 0. Then as (Uq+kv)k = Uq, µk[(UB)k ∩ Uq] 6= 0. So q also
belongs to the set defined in (16).

To show that both (16) and (17) indeed define the set NB,k, consider any q ∈ (Z/kZ)2.
If q ∈ NB,k, then there exists some integral vector v, such that q + kv ∈ NB , i.e., µ[UB ∩

Uq+kv] 6= 0. Then µk[(UB)k ∩ (Uq+kv)k] 6= 0. Since (Uq+kv)k = Uq for q ∈ (Z/kZ)2, it follows that
µk[(UB)k ∩ Uq] 6= 0.

Conversely suppose µk[(UB)k ∩ Uq] 6= 0. Then there exists some integral vector v, such that
µ[UB ∩ Uq+kv] 6= 0. Hence q + kv ∈ NB , and q ∈ NB,k.

We also note that |NA| = |NÃ| and |NA,k| = |NÃ,k|. This is because Ã = RAR simply exchanges

the x and y coordinates from A, where R =

(

0 1
1 0

)

, and R is µ-invariant, and UR = U is invariant

under R.

We now define the family of graphs. For every k ≥ 1, the bipartite graph Gk = (L,R,E)
has n = k2 vertices on both sides, L = R = (Z/kZ)2. We will arbitrarily order the vertices in

NA,k and NÃ,k as {q`}|NA,k|
`=1 and {q̃`}

|N
Ã,k

|

`=1 , then a vertex p ∈ L is connected to p ∈ R and every

p` = pA + q` mod k, and p̃` = pÃ + q̃` mod k, for every q` ∈ NA,k, and q̃` ∈ NÃ,k. (The set

{p`}|NA,k|
`=1 consists of |NA,k| distinct elements, since {q`}|NA,k|

`=1 consists of |NA,k| distinct elements;

similarly {p̃`}
|N

Ã,k
|

`=1 consists of the same number of distinct elements. But the union of these two
sets together with p ∈ R may have repeated elements. In case there are repeated elements, we do
not place multiple edges.) It is clear that the maximum degree of Gk is bounded, being at most
d = 1 + 2|NA|.

We denote by σ0 the identity map on (Z/kZ)2, and by σ` the permutation p 7→ p` = pA +
q` mod k. Similarly denote by σ̃` the permutation p 7→ p̃` = pÃ + q̃` mod k. Thus for p ∈ L the
neighbor set of p in R is Γ(p) = {p} ∪ {σi(p) | 1 ≤ i ≤ |NA,k|} ∪ {σ̃j(p) | 1 ≤ j ≤ |NA,k|}. (There is
only one edge for every distinct element in the set Γ(p).)
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For B = A, Ã, we claim that the neighbors of p of the form p′ = pB + q mod k are precisely
those satisfying

µk[(UpB)k ∩ Up′ ] 6= 0. (18)

Moreover, if p′ = pA+ q` mod k, the measure

µk[(UpA)k ∩ Up′ ] = µk[(UA)k ∩ (Uq`
)k] (19)

is independent of p (and depends on ` only). We note that as q` ∈ (Z/kZ)2, (Uq`
)k = Uq`

, thus this
quantity is also the same as µk[(UA)k ∩ Uq`

].
A similar statement holds true for p′ = pÃ+ q̃` mod k.
In fact, for any subsets S, T ⊆ R

2, and any point x ∈ R
2, we claim

µk[(x+ S)k ∩ (x+ T )k] = µk[(S)k ∩ (T )k], (20)

is independent of x.
Assuming (20) for now, we prove the assertions in (18) and (19). We note that UpA = pA+UA.

And for p′ ∈ (Z/kZ)2, let q = (p′ − pA) mod k ∈ (Z/kZ)2. Then Up′ = (Up′)k = (UpA+q)k =
(pA+ Uq)k, and (Uq)k = Uq. Thus, by (20)

µk[(UpA)k ∩ Up′ ] = µk[(pA+ UA)k ∩ (pA+ Uq)k] = µk[(UA)k ∩ (Uq)k] = µk[(UA)k ∩ Uq].

Hence it is non-zero iff q ∈ NA,k by (16), i.e., p′ is of the form pA+q` mod k ∈ (Z/kZ)2, a neighbor
of p. This proves (18) and (19).

To prove (20), we may visualize it as follows: Imagine replicating S and T through out the
plane R

2 by a lattice vector of kZ2, i.e., consider S+kZ2 and T +kZ2. These subsets are invariant
under shifts by kZ2. Now form the intersection ∆ = [S + kZ2] ∩ [T + kZ2]. As an intersection of
subsets invariant under shifts by kZ2, it is easy to see that

(∆)k = ∆ ∩ [0, k)2

and also
(∆)k = (S)k ∩ (T )k.

Now for any point x, consider the shift x+ ∆. Clearly x+ ∆ = [x+ S + kZ2]∩ [x+ T + kZ2], also
an intersection of subsets invariant under shifts by kZ2. Then replacing x+ ∆ for ∆ above we get

(x+ ∆)k = [x+ ∆] ∩ [0, k)2

and also
(x+ ∆)k = (x+ S)k ∩ (x+ T )k.

Furthermore the measure of ∆ in any shifted square of [0, k)2 is the same, i.e., for all x,

µ[∆ ∩ [−x+ [0, k)2]] = µ[∆ ∩ [0, k)2].

Then

µk[(x+ S)k ∩ (x+ T )k] = µk[(x+ ∆)k]

= µk[[x+ ∆] ∩ [0, k)2]

= µ[[x+ ∆] ∩ [0, k)2]
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= µ[∆ ∩ [−x+ [0, k)2]]

= µ[∆ ∩ [0, k)2]

= µk[∆ ∩ [0, k)2]

= µk[(∆)k]

= µk[(S)k ∩ (T )k].

This proves (20), and thus also (18) and (19). This concludes the definition of the graph Gk.

The next Lemma discretizes Lemma 20.

Lemma 21 Let X ⊆ L. There exists τ = σ`, or τ = σ̃`, for some 1 ≤ ` ≤ |NA,k|, such that

|τ(X) −X| ≥ (1 −
√

3/2)|X||Xc|/n,

where n = k2.

Proof: For X, define a subset of the torus (R/kZ)2 by Y =
⋃

p∈X Up. Thus each point p = (i, j) ∈
X is replaced by the translated square Up. Clearly µk(Y ) = |X| and µk(Y

c) = |Xc|. If we shrink
Y by a factor of k, we may consider Z = 1

kY ⊆ U , in which we can identify U with the unit torus

(R/Z)2. Clearly µ(Z) = |X|
n and µ(Zc) = |Xc|

n .
We next consider where does the small square 1

kUp get mapped to under α; more specifically,
for p′ ∈ (Z/kZ)2, we ask which 1

kUp′ contains a subset of an image of 1
kUp with non-zero measure.

For ξ = [(i, j) + (u, v)] /k ∈ 1
kUp, where p = (i, j) and (u, v) ∈ U ,

α(ξ) = ξA mod 1

=
(i+ u, j + v)A mod k

k
.

So α(ξ) ∈ 1
kUp′ iff (i+ u, j + v)A mod k ∈ Up′ . Thus

α(
1

k
Up) =

1

k
(UpA)k,

and

α(
1

k
Up) ∩

1

k
Up′ =

1

k
[(UpA)k ∩ Up′ ].

It follows that

µ[α(
1

k
Up) ∩

1

k
Up′ ] =

1

n
µk[(UpA)k ∩ Up′ ], (21)

and, by (19), this is non-zero iff p′ is a neighbor of p of the form p′ = σ`(p) = pA + q` mod k. A
similar statement is true for α̃(ξ).

Let w` = µ[α( 1
kUp) ∩ 1

kUσ`(p)] > 0 be the weight of intersection. Note that these weights

correspond to disjoint slices of α( 1
kUp) that together make up α( 1

kUp). Since α is measure preserving,
∑

1≤`≤|NA,k|
w` = 1/n. One also observes that w` is independent of p, by (21) and (19).

Similarly one can define w̃` = µ[α̃( 1
kUp) ∩ 1

kUσ̃`(p)] > 0, for Ã, and they also sum to 1/n.

By definition, Z =
⋃

p∈X
1
kUp. Within each 1

kUp, divide it according to

[

1

k
Up

]

∩ α−1
(

1

k
Uσ`(p)

)

,
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each with weight w`.
ξ ∈ Z − α−1(Z) iff [ξ ∈ Z & α(ξ) 6∈ Z]. For ξ ∈ Z, ξ ∈ 1

kUp for a unique p ∈ X, and within
1
kUp those ξ ∈ ( 1

kUp)∩α−1( 1
kUσ`(p)) are mapped to 1

kUσ`(p). For those ξ, α(ξ) 6∈ Z iff σ`(p) 6∈ X. It
follows that

µ[Z − α−1(Z)] =
∑

p∈X

∑

1≤`≤|NA,k|

w`1[σ`(p)6∈X]

=
∑

1≤`≤|NA,k|

w`

∑

p∈L

1[p∈X and σ`(p)6∈X]

=
∑

1≤`≤|NA,k|

w`|X − σ−1
` (X)|,

where 1[·] is the indicator function.
Similarly

µ[Z − α̃−1(Z)] =
∑

1≤`≤|NA,k|

w̃`|X − σ̃−1
` (X)|.

By Lemma 20,

µ[Z − α−1(Z)] + µ[Z − α̃−1(Z)] ≥ (2 −
√

3)
|X|
n

|Xc|
n

.

Hence,

∑

1≤`≤|NA,k|

w`|X − σ−1
` (X)| +

∑

1≤`≤|NA,k|

w̃`|X − σ̃−1
` (X)| ≥ (2 −

√
3)|X||Xc|/n2.

It follows that there exists `0, such that either

|X − σ−1
`0

(X)| ≥ (1 −
√

3/2)|X||Xc|/n,

or
|X − σ̃−1

`0
(X)| ≥ (1 −

√
3/2)|X||Xc|/n,

as
∑

`w` =
∑

` w̃` = 1/n.
In either cases, since τ = σ`0 or σ̃`0 is a permutation, |X − τ−1(X)| = |τ(X) −X|, and thus

|τ(X) −X| ≥ (1 −
√

3/2)|X||Xc|/n.

Lemma 21 is proved.
Now the neighbor set Γ(X) ⊇ X ∪ τ(X), it follows that

|Γ(X)| = |X| + |Γ(X) −X|
≥ |X| + |τ(X) −X|

≥
[

1 + (1 −
√

3/2)

(

1 − |X|
n

)]

|X|.

This completes our construction and proof of the expander graphs.

Theorem 4 For any A =

(

a b
c d

)

∈ SL2(Z), where A, RA are not elliptic, i.e., |a + d| ≥ 2

and |b + c| ≥ 2, we can explicitly construct a family of expander graphs with bounded degree and
expansion coefficient 1 −

√
3/2.
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7 Some geometric descriptions

In this section we give some further concrete geometric descriptions of the neighbor set

NB = {q ∈ Z
2 | µ[UB ∩ Uq] 6= 0}

used to define the expander graph. In particular we derive an explicit upper bound on the degree
d of the expander graphs in terms of the matrix B.

For a subset S in R
2, we denote its set of boundary points by ∂S, its closure by S = S∪∂S, and

its interior points by So = S − ∂S respectively. Consider the unit square U and the parallelogram
UB. Clearly ∂U = {(x, y) ∈ [0, 1]2 | either: [x = 0 or 1], or: [y = 0 or 1]}, U = [0, 1]2, and
Uo = (0, 1)2. Also ∂(UB) = (∂U)B, UB = (U)B, and (UB)o = (Uo)B.

Consider the parallelogram UB. We observe that the condition on q ∈ Z
2

µ[UB ∩ Uq] 6= 0,

is equivalent when UB is replaced by either UB or (UB)o, since the measure of the boundary set
∂(UB) is 0. Similarly we can replace Uq by either Uq = q + U or U o

q = q + Uo. In particular we
have

NB = {q ∈ Z
2 | µ[UB ∩ Uo

q ] 6= 0}. (22)

Next we claim that µ[UB ∩ U o
q ] 6= 0 is equivalent to UB ∩ U o

q 6= ∅. Thus

NB = {q ∈ Z
2 | UB ∩ Uo

q 6= ∅}. (23)

To see this, let ξ ∈ UB ∩ U o
q . If ξ ∈ (UB)o, then clearly µ[UB ∩ U o

q ] 6= 0. Suppose ξ ∈ ∂(UB).
Then at least for a sufficiently small ε > 0, there exists one quarter of a small disk

Dε = {(x, y) ∈ R
2 | x > 0, y > 0, x2 + y2 < ε2},

whose image under a certain measure-preserving affine linear map (which maps (0, 0) to ξ) is
contained in (UB)o ∩ Uo

q . Hence µ[UB ∩ U o
q ] 6= 0 as well.

It follows that, to identify NB, we should collect all lattice points q ∈ Z
2 such that for some

η ∈ Uo, q + η ∈ UB.
We can reverse this process. Start with an arbitrary z ∈ UB, and “place” an open unit square

−Uo at z. As z runs through UB, we get a region as the union

UB + (−Uo) =
⋃

z∈UB

(z + (−U o)) = {z − ξ | z ∈ UB, ξ ∈ U o}. (24)

We look for all lattice points in this region. i.e.,

NB = {q ∈ Z
2 | q ∈ UB + (−U o)}. (25)

The more interesting claim in this section is the following, which is valid for those B considered
in Theorem 4: In (24), it suffices to trace the point z along the boundary of UB only, i.e., there is
no need to place z in the interior of UB.

Lemma 22 For any A considered in Theorem 4, and B = A, Ã,

NB = {q ∈ Z
2 | q ∈ ∂(UB) + (−U o)}. (26)
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Let ρθ =

(

cos θ sin θ
− sin θ cos θ

)

denote the mapping (x, y) 7→ (x, y)ρθ, which is a counter clockwise

rotation of θ on R
2. Let ρ = ρπ

2
=

(

0 1
−1 0

)

. Then ρ2 = ρπ = −I, ρ3 = ρ 3π
2

= −ρ, and ρ4 = I.

The equality (26) in Lemma 22 is in fact not valid for matrices in {I, ρ, ρ2, ρ3}. For example for
B = I, it can be verified that ∂(UB) + (−U o) = (−1, 1)2 − {(0, 0)}, while UB + (−U o) = (−1, 1)2.
Simliarly for the other three matrices, the region ∂(UB) + (−U o) is UB + (−U o) with a center
point deleted.

However these matrices do not satisfy the requirements in Theorem 4 and hence are excluded.

We now prove that for any integral unimodular matrix B =

(

a b
c d

)

other than the 4 powers of ρ

above, the equality in (26) holds.

Proof: (of Lemma 22) First we consider whether there are any sides of the parallelogram UB
which are parallel to the x-axis or the y-axis.

Suppose for both x-axis and y-axis, there are sides of the parallelogram UB parallel to it. Then
a moment reflection shows that B is one of the four powers of ρ above, which are excluded in
Theorem 4.

Now suppose for either the x-axis or the y-axis, there is no side of the parallelogram UB parallel
to it. By symmetry we assume there is no side of UB parallel to the y-axis. Label the four vertices
of the parallelogram UB as vi = (xi, yi), where 1 ≤ i ≤ 4, such that x1 = min{xi|1 ≤ i ≤ 4},
and starting with v1, the four vertices counter clockwise are v1, v2, v3, v4 in that order. Since no
side of the parallelogram UB is parallel to the y-axis, both x2 and x4 are > x1. Moreover being a
parallelogram, x3 − x1 = (x2 − x1) + (x4 − x1), it follows that

x1 < x2, x4 < x3.

Suppose there is a lattice point in z + (−U o), where z = (x, y) ∈ UB. If z ∈ ∂(UB), then we
are done. Suppose z ∈ (UB)o. Consider the vertical line X = x where x1 ≤ x ≤ x3. It intersects
the parallelogram UB in a line segment, possibly degenerate (i.e., a single point). At x = x1 or
x = x3 the intersection is the single point z, which is the vertex v1 or v3 of UB, and thus not in
(UB)o. (Besides, in this case z is a lattice point, and therefore no point in z + (−U o) is a lattice
point.)

Therefore we need only to consider x1 < x < x3. Then the intersection is a (proper) line
segment bounded by the upper end z = (x, y) and the lower end z = (x, y). Note that y < y < y,
where the inequalities being strict because z ∈ (UB)o.

We observe the following, which follows from the fact that UB is a parallelogram: As x
varies from x1 to min{x2, x4}, y − y is strictly monotonic increasing; it is constant when x varies
from min{x2, x4} to max{x2, x4}; finally it is strictly monotonic decreasing when x varies from
max{x2, x4} to x3. Of course if x2 = x4 then the middle interval [min{x2, x4},max{x2, x4}] is just
a single point.

We claim that 0 ≤ y − y ≤ 1 throughout. For, if at any x, y − y > 1, then it is so at x = x2.
Then there must be a lattice point of the form (x2, y

∗) in the interior of UB, where y < y∗ < y,
which contradicts the unimodularity of B.

Moreover, if x2 6= x4, then we claim that 0 ≤ y − y < 1 throughout. Suppose otherwise, then
the maximum value at min{x2, x4} is y − y = 1. Consider the vertical line at X = min{x2, x4}. If
x2 < x4 then y = y2 is integral, and if x2 > x4 then y = y4 is integral. Then since y − y = 1, in
either case, both y and y are integral at min{x2, x4}. If x2 < x4 then (x2, y) would be a lattice point
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on the boundary ∂(UB) of the parallelogram but distinct from the vertices. This is a contradiction
to the unimodularity of B. Similarly if x2 > x4 then (x4, y) would be such a lattice point.

To cover a lattice point p ∈ z + (−U o), we consider the vertical slides of z.
If x2 6= x4, then as y − y < 1, clearly either z + (−U o) or z + (−U o) covers p.
Suppose x2 = x4. Since y4 − y2 > 0, being integral, and as y− y ≤ 1 always, we get y4 − y2 = 1.

So y − y has the unique maximum value 1 at x2 = x4. For any other x, y − y < 1. But if z is
on the vertical line X = x2(= x4), the x-coordinate is integral, thus there are no lattice points in
z+(−U o). For z not on this vertical line, y− y < 1 implies that the sliding argument above works.

This completes the proof of Lemma 22.

The rest of this section is devoted to giving an exact bound for |NB|, which is the number of
lattice points in ∂(UB) + (−U o).

We first note that this bound will be exactly the same, if we used one of the four rotated/reflected
copies of −U o, i.e., we could have used ∂(UB) + S, for S ∈ {U o, Uoρ,−Uo,−Uoρ}. This follows
from a more general principle, namely, for any subsets S and T in R

2, when we use a “shifted” copy
x+S for S, there is an isometry between T+S and T+(x+S), which is a translation by the vector x.
Now note that every S ∈ {U o, Uoρ,−Uo,−Uoρ} is in fact a shifted copy x+(−U o) for some lattice
vector x. In fact, U o = (1, 1)+(−U o), Uoρ = (0, 1)+(−U o), and −U oρ = (1, 0)+(−U o). Therefore
there are exactly the same number of lattice points in ∂(UB) + S, for S ∈ {U o, Uoρ,−Uo,−Uoρ}.

Now we compute |NB|. We first deal with the case where there are sides of the parallelogram
UB which are parallel to the x-axis or the y-axis. As we saw in the proof of Lemma 22 that for
the matrices considered in Theorem 4, not both x-axis and y-axis can have sides of UB parallel to
it. By symmetry, suppose some side of UB is parallel to the y-axis (but no side is parallel to the
x-axis). Then one side of the parallelogram UB must be either the segment {(0, y) | 0 ≤ y ≤ 1}
or {(0, y) | −1 ≤ y ≤ 0}. After a suitable reflection with respect to x-axis and/or y-axis we may

assume that UB is located in the first quadrant (x, y ≥ 0), i.e., B is of the form

(

1 b
0 1

)

, for b ≥ 1.

The reflections may have changed −U o to one of its four reflected copies {U o, Uoρ,−Uo,−Uoρ}.
But as we noted earlier, for counting the lattice points, we may continue to assume it is −U o.

For B =

(

1 b
0 1

)

, and b ≥ 1, it is quite straightforward to compute that the open set ∂(UB) +

(−Uo) is a convex polygon with 6 vertices (see Fig 1.).
Counter clockwise starting from the lower left most corner, these are: (−1,−1), (0,−1), (1, b−

1), (1, b+ 1), (0, b+ 1), (−1, 1). There are 8 lattice points on the boundary of this convex polygon,
which are the above 6 points together with (−1, 0) and (1, b). But none of these 8 lattice points
should be included since they are not in the open interior of the convex polygon ∂(UB) + (−U o).
This interior is bounded by −1 < x < 1. Thus the only lattice points in the interior has x = 0.
Then it is clear that there are exactly b+ 1 lattice points in ∂(UB) + (−U o).

If we denote

∣

∣

∣

∣

(

a b
c d

)
∣

∣

∣

∣

= |a| + |b| + |c| + |d|, then we have |NB| = |B| − 1 in this case.

Next we consider a general B =

(

a b
c d

)

where no side of the parallelogram UB is parallel

to either the x-axis or the y-axis. As before, label the four vertices of the parallelogram UB as
vi = (xi, yi), where 1 ≤ i ≤ 4, such that x1 = min{xi|1 ≤ i ≤ 4}, and starting with v1, the four
vertices counter clockwise are v1, v2, v3, v4 in that order. Since no side of the parallelogram UB is
parallel to the y-axis, both x2 and x4 are > x1. As observed before, x1 < x2, x4 < x3. Since no
side of UB is parallel to the x-axis either, y2 6= y1 and y4 6= y1.

We claim that either both y2, y4 > y1 or both y2, y4 < y1. Otherwise, by drawing a horizontal line
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(0,−1)

(0,b−1)

(1,b)

(1, b+1)(0,b+1)

(−1,1)

(−1,0)

(−1,−1)

Fig. 1.

at Y = y1, we see that (min{x2, x4}, y1) would be a lattice point in the interior of the parallelogram
UB, which is a contradiction to B being unimodular. After a reflection we may assume both
y2, y4 > y1.

Now depending on which vertex among {v1, v2, v3, v4} is the origin 0, we have the following four
cases. If v1 = 0, then all entries a, b, c, d > 0, and (UB)o is properly contained in the first quadrant
(x, y > 0). If v2 = 0, then a, b > 0 and c, d < 0. In this case by shifting UB with vector (−c,−d),
we may assume our matrix is B =

(−c −d
a b

)

, and then (UB)o is properly contained in the first

quadrant again. If v3 = 0, then both a, b < 0 and c, d < 0. We can shift by (−(a + c),−(b + d))

and get B =

( −c −d
−a −b

)

in the first quadrant. Finally if v4 = 0, then a, b < 0 and c, d > 0. By

shifting with (−a,−b), we may assume our matrix is B =

(

c d
−a −b

)

, back to the first quadrant.

For all these shifts, −U o and |B| remain unchanged.

In terms of the matrix B, we have arrived at the form B =

(

a b
c d

)

with all entries > 0.

Then the vertices of UB are (0, 0), (a, b), (c, d) and (a + c, b + d) respectively. And it can be
computed that ∂(UB) + (−U o) is an open convex polygon with 8 vertices (see Fig 2.):

(−1,−1), (0,−1), (a, b− 1), (a+ c, b+ d− 1), (a+ c, b+ d), (a+ c− 1, b+ d), (c− 1, d), (−1, 0).

Note that while all these 8 vertices are lattice points, none of which is counted in |NB| since
they are all not in the interior, and thus does not belong to the open set ∂(UB) + (−U o).

We can subdivide this convex polygon into 6 parallelograms as in Fig 2. We now count lattice
points in ∂(UB) + (−U o) in each of these 6 parallelograms.

On the boundary of region IV ( = (UB)o) there are 3 lattice points in ∂(UB) + (−U o), namely
(0, 0), (a, b), (c, d). Note that the fourth lattice point (a+ c, b+ d) of region IV is not in ∂(UB) +
(−Uo). There are no other lattice points in ∂(UB) + (−U o) which are on the boundaries of these
6 parallelograms.

Now in the interior of these 6 parallelograms:
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(−1,0)

(−1,−1) (0,−1)

(a,b−1)

(a+c,b+d−1)

(a+c,b+d)(a+c−1,b+d)

(c−1,d)

Fig. 2.

I

II

III

IV

V

VI

1. There are none in regions I and IV.

2. For region II, consider horizontal lines Y = y, where y takes an integral values strictly
between 0 and d. Since each such horizontal line intersects region II in an interval of length
exact 1, there is exactly one lattice point in the interior. (The lattice point cannot land on
the boundary for 0 < y < d, since otherwise we will have a lattice point on ∂(UB) which
is distinct from the vertices of UB.) Thus region II contributes d − 1 lattice points in its
interior.

Similarly, for region III, we also consider horizontal lines Y = y, where y is integral and
d < y < b+ d. Then the same proof gives b− 1 lattice points in the interior of region III.

3. For region V, we consider vertical lines X = x, where x is integral and 0 < x < a. The same
proof idea as above shows that there are a− 1 lattice points in the interior of region V.

Similarly, region VI has c− 1 interior lattice points.

Summarizing, there are exactly 3 + (a− 1) + (b− 1) + (c− 1) + (d− 1) = |B| − 1 lattice points
in ∂(UB) + (−U o).

Theorem 5 The degree d of the expander family constructed in Theorem 4 starting from matrix

A =

(

a b
c d

)

is at most 2|A| − 1 = 2(|a| + |b| + |c| + |d|) − 1.
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