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In this lecture, we begin by recapping point estimate and minimax optimality from the previous
class. Then, we will introduce the concept of hypothesis testing, along with the theorem of reduction
from estimation to testing. Finally, we will introduce the Le Cam methods, which are fundamental
tools in establishing minimax lower bounds.

1 From Estimation to Testing

A standard first step in proving minimax bounds is to “reduce” the estimation problem to a testing problem.
Then, we need to show that the estimation risk can be lower bounded by the probability of error in testing
problems, which we can develop tools for. We first define the hypothesis test problems we will use.

Definition 1 (Hypothesis Test). Let Q be a class of distributions, and let Q1,Qa, .., QN be a partition of Q.
Let S be a dataset drawn from some P € Q. A (multiple) hypothesis test U is a function of the data which
maps to {1,..., N} = [N]. If U(S) = j, the test has decided that P € Q.

e In this class, Q = {P1,...., Pn}, Q; = {P;}.
o Ps.p, (U(S) # j) is the probability of error (when S ~ P;).
With this setup, we obtain the classical reduction from estimation to testing.

Theorem 1 (Reduction from Estimation to Testing). Let {Pi,...,Pn} C P, and let § = minjxi p(6(P;), 0(Py)),
Then

R* = inf sup Eg [q>. p(@(P),é\(S))} > @ (2 inf max Pop (W(S) £ ).
o P 2) ¥ jelN] !

PI'OOf FOI' brevity, 9] = Q(Pj), PJ() = PSNPj (), ]Ej H = E5~pj []
First,

R* =infsupEg |£(0,0)| > inf max E; [£(0;,0)] .
= infsup B [00,9)] 2 nf s [£00,.0)

By Markov’s inequality,

Set t =@ ($),

6 I (5
* > . .
Ry, Helf;relﬁ\)[(](l)(Q)PJ (@op(@,@) ><I><2)>

= (6) inf max P; (p (Hj, 5) > 6) (Since ®(-) is a nondecreasing function)
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Figure 1: Illustrative figure for Theorem 1. The radius of each circle is §/2. If N is too large (¢ is small), W(5/2)
will be small. But if N is small (¢ is large), Ps~p,; (¥(S) # j) will be small as it may be harder to distinguish between
the alternatives.

Given an estimator 5, we define the following test,

Us(S) = argjminp (@\(S), Hj)

Given the data was generated by Pj, but W5 =k # j, then,

d <p(0;,0;) (By definition of 4)

Therefore, IP; (p (5, Hj) > g) > P, (\115 #* j), and we have,
re > (2) inf max Py (0, # )
n= N2 e T

B
>&(2)inf P; (U £ 7).
> ()132%3( #7)

2 Distances/divergences between distributions

Consider two probability distributions, P and Q. Let p(x) and ¢(z) be their probability density functions.
We usually have the following distance and divergence measurements between two probability distributions.
They are key ingredients in formulating lower bounds on the performance of inference procedures.
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. KL divergence:

KL(P,Q) = /log (%Eg) dP(z) = /log (f;gg) p(z) dz .

. Total Variation (TV) distance:

TV(P,Q) = sup [P(A) — Q(A)].

. L, distance:

1P~ Qll = [ Ipta) - )] dz.
. Helliger distance H(P, Q):
H2(P,Q) = / (\/m— \/@)zdaz
:2—2/\/de.

Also, define affinity:

2.1

1P AQ| = / min (p(z), g(z)) de
- / (0(z) A () da

Inequalities between divergences and product distributions

Here we present a few inequalities and their consequences when applied to product distributions, which will
be quite useful for proving our lower bounds. These inequalities will relate to three divergences, i.e. total
variation distance, Kullback-Leibler divergence, and Hellinger distance.

1.

Since KL-divergence and Hellinger distance both are easier to manipulate on product distributions
than is total variation. Consider the product distribution P* = P x --- x Pand Q" = Q X --- X Q.

n times n times

Then,
KL(P", Q") = n x KL(P,Q)
(P, Q) =2 -2(1- JH(P.Q))"

L TV(P,Q) = 5IP = Qlh =1-[[PAQ]|.

Pinsker’s inequality:

TV(P.Q) < \[3KLPQ).
IPAQI 2 §exp(~KL(P, Q).

We will prove statement 5 below. You will prove the remaining statements in your homework.



Proof
2APAQ| =2 / min(p(z), ¢(z)) dz

> 2 [ win(p(o), e do - ( [ min(p(z»q(o:))dz)g

— [ wintoa).ato)ds (2 [ miniote).ate)) ds

= ([ winpo).ate e ) ( [ mox(pio).ate) o)

> ( / \/min(p(a:),q(x))max(p(a:),q(x))da:>2 (By Cauchy Schwarz inequality)
(J )

o o )

exp (2 log (/p(a:) ;Eg) da:)
exp (2/]9(96) log < Zg;) dx) (By Jensen’s inequality: log (E l igg]) >E
~exp (- / p(z) log (:’Eg) da:)

— exp(—KL(P,Q))
Where the third equality to fourth equality follows by,

[ minto(e)gta)) do+ [ maxpo) a@)de = [e)do+ [ ofe)dz =2
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3 Le Cam’s Method

Consider this scenario: nature chooses one of a possible set of (say) k + 1 words, indexed by probability
distributions Py, P, - - - P, and conditional on nature’s choice of the word —the distribution P* € { P, - - Py}
chosen—we observe data S drawn from P*. Intuitively, it will be difficult to decide which distribution P; is
the true P* if all the distributions are similar—the distance/divergence between the P; is small and easy if
the distance/divergence between the distribution P; is large.

The simplest case is when there are only two possible distributions, Py and P;, and our goal is to make a
decision on whether Py and P; are the distribution generating data we observe. Suppose that nature chooses
one of the distributions Py or P; at random, and let V' = {0, 1} index the choice. Conditional on V = v, we
then observe samples S drawn from P,, then, for any test ¥ : § = {0, 1}, the probability of error is then

P(S) # V) = SPo(¥ #0) + S AW # 1)

Now, we introduce the Neyman-Pearson Test, and then we will show that it can minimize the sum of
errors.



3.1 Neyman-Pearson Test

Given a binary hypothesis test between two alternatives Py and P; with densities pg and p1, let S denote an
i.i.d dataset. Then, the Neyman-Pearson test is the form:

0 if po(S) = pr(5)

‘M““:{limwﬁ<mw>

Lemma 1. For any other test ¥, the Neyman-Pearson test minimizes the sum of errors. That is, VU,
Po(¥ #0) + Pi(V #1) > Po(Unp #0) + P (Unp # 1)

where Po(V #£ 0) is actually the Pgp, (¥ # 0), for short.

Proof

Po(¥ #0) + Py(¥ #1)
= Py(¥ = 1)+ P, (T = 0)

= [1/:1p0(m) dx—f—/lj:opl(x)dx

= / po(x) dx—l—/ po(x) da:—|—/ p1(x) da:—|—/ p1(z) dx
U=1,Unp=1 U=1,UNnp=0 U=0,¥np=0 U=0,¥np=1

> / po(x) dz +/ p1(x)dz +/ pi(x)dz +/ po(x)dr  (by Definition of NP Test)
U=1,¥np=1 U=1,¥np=0 =0,¥np=0

=0,Wnp=1
:/ po(x) dx—l—/ p1(x)dz
=1 v=0

::f%ﬂﬂpr 231)4‘}1(QJNP ::0)
= Py(Unp #0) + P (Unp # 1)

Next, we show the connection between hypothesis testing and total variation distance and later use this to
yield lower bounds on minimax error by Le Cam’s Method.

Corollary 1. For any hypothesis test U, we have,
1
Py #0)+ P £ 1) 2 [P AP = 1=TV(Ry, 1) > 5 exp(—KL(Po, P1))

From this Corollary, we can see that the smaller the KL divergence or TV distance between P, and P, i.e.,
the more similar Py and Pj, the larger the testing error, which also verifies the intuition of our introduced
scenario.

Proof

Row £ 0)+ w2 1) = |

Unp=1

po(z) dx + / p1(x) dx

Ynp=0

= / po(z) dx +/ p1(x)dx  (by Definition of NP test)
Py<P, P <Py

:/MMM@mmww
= ||P0 /\P1||



Other parts of inequalities come from Section 2. O

Putting them together, we now show that Le Cam’s Method can yield lower bounds for minimax estimation.

Theorem 2 (Le Cam’s Method). Let Py, Py € P, let § = p(6(Py),0(P1)) and let S be an i.i.d dataset of n
points, then,

7= 5o (5) 17 A
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