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In the previous lectures, we have shown that Ry € O(d\/f ) under the following good event G =
{’f(ﬁfa) — f(6Ta)| < p||aHV;11,Va eANVte{d+1,... 7T}}. In this lecture, we will show P(G¢) < 1/T

using martingale concentration inequalities.

1 Martingale Concentration Inequality

Theorem 1. Let F = {F;}i>0 be a filtration. Let {A;}i>1 be an Ry-valued stochastic process predictable
w.r.t F, and let {€;:}1>1 be a real-valued martingale difference sequence adapted to {Fi}i>1. Assume € is o-
subGaussian. Let V; = 22:1 AAT ¢ = 22:1 Ages and say AT A, < C% Vs € [T]. Suppose Vi > I,¥t > t.

Then for all § > e V2, with probability at least 1 — 6,

1€elly, -1 < vo/2dlog(t) log(d/d)

Where v = /3 + 2log(1 + 2C)

To prove this theorem, we need the following lemma.
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Lemma 1. If A and B are random variables s.t E[e*~"2 | < 1, then Y7 > /2 and y > 0,

(oo (14 o (14 7)) ) <%

Remark If we don’t think of B as a random variable, but as a constant, then A is B-subGaussian by
2p2
E[e*] < e 2. So we have P(|A| > Br) < 2¢7"/2. This lemma gives a similar result when B is a random

variable.

Now we can start to prove Theorem 1.

Proof Let v € R? be given. We will apply the lemma with A = # and B = ||z||y, = /2T Viz. First
22
we should check the condition E[e*~*27] <1 VA.
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As Ay is Fs_1 measurable, it is a non-stochastic quantity given Fs_1,

2
E[e¥:|F,_1] = E [exp (ixTAses — % Ha:TAsﬂz) ‘]:51]

2
=E [exp (ixTAses) ‘.7:31] exp (—)\2 HxTAst)

< exp <U22 * 2—2 HxTASH2> exp (—/\22 Ha:TASH2> (as €4 is o-sub-Gaussian)
=1
Therefore,
E[eM=247] = B[eSim1 Q]
= E[eXi51Q: EleQ|F_y]
E[eX:=1 @]
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We will now apply the lemma with y = ||x||§ and 7 = 2log(1/d"). We will choose ¢ later in terms of §
on. We require 7 > /2, which is satisfied if ¢’ < ¢~ V5. Then with probability at least 1 — ¢’
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Next, we will show that (x) ~ ||;UH$/1 For t > tg, since I < V; = S0 A AT < tC?I, we have
2 2 2
]z < ll=lly, <tC* |zl

2 2 2
[l + [l=lly, < 2ll=[ly,
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We can also show that 1 + %log (1 + ) < 2 kz’g(t), where v = \/3 + 2log(1 4 2C) as given in the

theorem. Therefore, with probability at least 1 — ¢’ Vo € R¢,

1
276 < o7l [ 2los(t) log )
We can decompose ||§t|\%/;1 in the following way.
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Now for any s > 0,

d
Bl 2 ) = 2 [ SV e v e 0
< Z]P’( ejefv;‘%gt > 52)

We will apply (1) with z = V;%ej, 0’ =d/dandlet s = oy HVt_lmej Hv log(t) log(d/s) = ov+/log(t) log(d/s)

Finally we get
d
P (ngﬁv,l > dy20? log(t) og 5) <s

2 Bounding P(G°)

We have proved the martingale concentration inequality so we now proceed to prove P(G¢) < 1/T. We can
also use the following fact about generalized linear models.

Define g;(0) := Y\, A.f(AT9), so we can write

t

f; = arg min

veo ||=¢ -
t
t
= argmin ||g¢(0) — ZASXS
bco o -
t

Fact: By using quasi-maximum likelihood estimators in the exponential family, 3 a unique 0, € R% s.t

—zt:ASX ZA( F(ATd,) — ):0

Therefore we can write

0, = argmln Hgt gt(ét)H .
Vi
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We now prove the claim P(G¢) < 1/T, where G = {‘f(G*Ta) — f(étTa)‘ < pHaHVt:ll,Va ceAVvVte{d+1,... ,T}}
Proof Pick aroundt e {d+1,...,T} and any a € A. By the L-Lipschitz property of f, We know
[F(67a) — (6] a)| < L] (6. — 8)"al

Now we bound 6, — 9t. Consider

t—1 t—1
Vo 1(0) =Y AALf(AT0) > ¢y AAL > eI
s=1 s=1

As [’ is continuous, by the fundamental theorem of calculus,
ge—1(6x) — gtfl(étfl) =G % (0 — étfl)
Where G;_1 = fol Vgi_1 (89* +(1— s)ét,l) ds

(proof to be continued in the next class) O



