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Announcements	

• Announcement:		
• 	HW	1	extended:	

•  	Primarily	because	many	students	got	off	the	waitlist	only	yesterday/today.	
•  	If	you	have	already	completed	it,	you	can	start	on	homework	2.	
	

• 	HW	2	will	be	released	by	Friday	(possibly	sooner)	
•  	Due	on	Wednesday	Feb	15	at	10am.	
•  	Covers	topics	we	are	yet	to	cover.	But	you	can	start	on	some	questions	
already!	

 
  
 



Outline	

• Review	from	last	time	
• Features,	labels,	hypothesis	class,	training,	generalization	

• Instance-based	learning	
• k-NN	classification/regression,	locally	weighted	regression,	
strengths	&	weaknesses,	inductive	bias		

• Decision	trees	
• 	Setup,	splits,	learning,	information	gain,	strengths	and	
weaknesses	
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Supervised	Learning:	Formal	Setup	

Problem	setting	
• Set	of	possible	instances		

• Unknown	target	function	

• Set	of	models	(a.k.a.	hypotheses):	
Get	

• 	Training	set	of	instances	for	unknown	target	function,		
			where		

X

<latexit sha1_base64="34aUvQpU7gJBlmSr1toDTH8doYQ=">AAAB9HicbVBNTwIxFHyLX4hfqEcvjWDiiewSjR6JXjxiIkgCG9ItXWjotmvbJSEbfocXDxrj1R/jzX9jF/ag4CRNJjPv5U0niDnTxnW/ncLa+sbmVnG7tLO7t39QPjxqa5koQltEcqk6AdaUM0FbhhlOO7GiOAo4fQzGt5n/OKFKMykezDSmfoSHgoWMYGMlv9qLsBkRzNPOrNovV9yaOwdaJV5OKpCj2S9/9QaSJBEVhnCsdddzY+OnWBlGOJ2VeommMSZjPKRdSwWOqPbTeegZOrPKAIVS2ScMmqu/N1IcaT2NAjuZZdTLXib+53UTE177KRNxYqggi0NhwpGRKGsADZiixPCpJZgoZrMiMsIKE2N7KtkSvOUvr5J2veZd1C7v65XGTV5HEU7gFM7BgytowB00oQUEnuAZXuHNmTgvzrvzsRgtOPnOMfyB8/kDUpCR0A==</latexit>

H = {h|h : X ! Y}

<latexit sha1_base64="LDg7ukkNwQWNz68OLKAxleY7yyk=">AAACKXicbZDLSsNAFIYnXmu9RV26GWwFVyUpiiIIRTddVrAXaUKZTCfN0MmFmYlSYl7Hja/iRkFRt76IkzZ4af1h4Oc75zDn/E7EqJCG8a7NzS8sLi0XVoqra+sbm/rWdkuEMcekiUMW8o6DBGE0IE1JJSOdiBPkO4y0neFFVm/fEC5oGFzJUURsHw0C6lKMpEI9vVa2fCQ9jFhST+EZtBIP3kEPnsJv3kmhxenAk4jz8PaHXyuelnt6yagYY8FZY+amBHI1evqz1Q9x7JNAYoaE6JpGJO0EcUkxI2nRigWJEB6iAekqGyCfCDsZX5rCfUX60A25eoGEY/p7IkG+ECPfUZ3ZmmK6lsH/at1Yuid2QoMoliTAk4/cmEEZwiw22KecYMlGyiDMqdoVYg9xhKUKt6hCMKdPnjWtasU8rBxdVku18zyOAtgFe+AAmOAY1EAdNEATYHAPHsELeNUetCftTfuYtM5p+cwO+CPt8wt5g6Y0</latexit>

(x(1), y(1)), (x(2), y(2)), . . . , (x(n), y(n))

<latexit sha1_base64="MN4PtQ1aWELji92wwzecY83bgWU=">AAACLXicbZDLSsNAFIYnXmu9VV26GWyFFkpJgqLLoi5cVrAXaGOZTKbt0MkkzEzEEvpCbnwVEVxUxK2v4TRNQVsPDHz8/zmcOb8bMiqVaU6MldW19Y3NzFZ2e2d3bz93cNiQQSQwqeOABaLlIkkY5aSuqGKkFQqCfJeRpju8nvrNRyIkDfi9GoXE8VGf0x7FSGmpm7spFJ8e4qJVGpfhaAalMkw0e67ZidZhXqBk6vG5p6FU6ObyZsVMCi6DlUIepFXr5t46XoAjn3CFGZKybZmhcmIkFMWMjLOdSJIQ4SHqk7ZGjnwinTi5dgxPteLBXiD04wom6u+JGPlSjnxXd/pIDeSiNxX/89qR6l06MeVhpAjHs0W9iEEVwGl00KOCYMVGGhAWVP8V4gESCCsdcFaHYC2evAwNu2KdVc7v7Hz1Ko0jA47BCSgCC1yAKrgFNVAHGDyDVzABH8aL8W58Gl+z1hUjnTkCf8r4/gEdn6M9</latexit>

f : X ! Y

<latexit sha1_base64="R+fN6tJDjr2h59SXd6UVFOrLLNk=">AAACEXicbVDLSsNAFJ3UV62vqEs3g63QVUmKorgqunFZwT6kCWUynbRDJ5MwM1FKyC+48VfcuFDErTt3/o2TNqC2HrhwOOde7r3HixiVyrK+jMLS8srqWnG9tLG5tb1j7u61ZRgLTFo4ZKHoekgSRjlpKaoY6UaCoMBjpOONLzO/c0eEpCG/UZOIuAEacupTjJSW+ma14p9DJ0BqhBFLuil0BB2OFBIivP/Rb9NK3yxbNWsKuEjsnJRBjmbf/HQGIY4DwhVmSMqebUXKTZBQFDOSlpxYkgjhMRqSnqYcBUS6yfSjFB5pZQD9UOjiCk7V3xMJCqScBJ7uzG6U814m/uf1YuWfuQnlUawIx7NFfsygCmEWDxxQQbBiE00QFlTfCvEICYSVDrGkQ7DnX14k7XrNPq6dXNfLjYs8jiI4AIegCmxwChrgCjRBC2DwAJ7AC3g1Ho1n4814n7UWjHxmH/yB8fENIP6dOw==</latexit>

safe	 safe	poisonous	



Supervised	Learning:	Objects	

Three	types	of	sets	
• Input	space,	output	space,	hypothesis	class	

	
	
• Examples:	

• Input	space:	feature	vectors	

• Output	space:		
• Binary	

• Continuous		

X ,Y,H

<latexit sha1_base64="AHh5x63U1qltbnn0p6Ktwc4kFdE=">AAACEHicbVC7SgNBFL0bXzG+Vi1tBhPRQsJuULQM2qSMYB6SLGF2MpsMmX0wMyuEJZ9g46/YWChia2nn3zibLBKjBwbOPede5t7jRpxJZVlfRm5peWV1Lb9e2Njc2t4xd/eaMowFoQ0S8lC0XSwpZwFtKKY4bUeCYt/ltOWOrlO/dU+FZGFwq8YRdXw8CJjHCFZa6pnHpa6P1ZBgnrQnp+inuJsvapNSzyxaZWsK9JfYGSlChnrP/Oz2QxL7NFCEYyk7thUpJ8FCMcLppNCNJY0wGeEB7WgaYJ9KJ5keNEFHWukjLxT6BQpN1fmJBPtSjn1Xd6Y7ykUvFf/zOrHyLp2EBVGsaEBmH3kxRypEaTqozwQlio81wUQwvSsiQywwUTrDgg7BXjz5L2lWyvZZ+fymUqxeZXHk4QAO4QRsuIAq1KAODSDwAE/wAq/Go/FsvBnvs9ackc3swy8YH98M3Jya</latexit>

X ✓ Rd

<latexit sha1_base64="hxvJDSDTU8MqumMBamc49bajSpk=">AAACDXicbVC7TsNAEDyHVwgvAyXNiQSJKrIjEJQRNJQBkYeUhOh82SSnnM/m7owUWf4BGn6FhgKEaOnp+BvOiQtIGGml0cyudne8kDOlHefbyi0tr6yu5dcLG5tb2zv27l5DBZGkUKcBD2TLIwo4E1DXTHNohRKI73FoeuPL1G8+gFQsELd6EkLXJ0PBBowSbaSeXSp1fKJHlPC4leCOijwFGu7xVPW8+Ca565d6dtEpO1PgReJmpIgy1Hr2V6cf0MgHoSknSrVdJ9TdmEjNKIek0IkUhISOyRDahgrig+rG028SfGSUPh4E0pTQeKr+noiJr9TE90xneqSa91LxP68d6cF5N2YijDQIOls0iDjWAU6jwX0mgWo+MYRQycytmI6IJFSbAAsmBHf+5UXSqJTdk/LpdaVYvcjiyKMDdIiOkYvOUBVdoRqqI4oe0TN6RW/Wk/VivVsfs9aclc3soz+wPn8AZfybxQ==</latexit>

Y = {�1,+1}

<latexit sha1_base64="m8T+oyUuYcmvX8S3/Lzn1VdFM+E=">AAACA3icbVDLSsNAFJ3UV62vqDvdDLaCoJakKLoRim5cVrAPaUKZTCft0MkkzEyEEgJu/BU3LhRx60+482+ctFmo9cCFwzn3cu89XsSoVJb1ZRTm5hcWl4rLpZXVtfUNc3OrJcNYYNLEIQtFx0OSMMpJU1HFSCcSBAUeI21vdJX57XsiJA35rRpHxA3QgFOfYqS01DN3Kk6A1BAjltyl8AI6ybF9BA9tJ630zLJVtSaAs8TOSRnkaPTMT6cf4jggXGGGpOzaVqTcBAlFMSNpyYkliRAeoQHpaspRQKSbTH5I4b5W+tAPhS6u4ET9OZGgQMpx4OnO7GD518vE/7xurPxzN6E8ihXheLrIjxlUIcwCgX0qCFZsrAnCgupbIR4igbDSsZV0CPbfl2dJq1a1T6qnN7Vy/TKPowh2wR44ADY4A3VwDRqgCTB4AE/gBbwaj8az8Wa8T1sLRj6zDX7B+PgG2Y6Vtw==</latexit>

Y ✓ R

<latexit sha1_base64="VijaAaVaRr08pid7+TgQP+vpKmc=">AAACC3icbVC7TsNAEDzzDOEVoKQ5JUGiiuwIBGUEDWVA5IFiKzpfNskp57O5OyNFVnoafoWGAoRo+QE6/oZz4gISRlppNLOr3R0/4kxp2/62lpZXVtfWcxv5za3tnd3C3n5ThbGk0KAhD2XbJwo4E9DQTHNoRxJI4HNo+aPL1G89gFQsFLd6HIEXkIFgfUaJNlK3UCy7AdFDSnhyN8Guin0FGu7xVPX95GZS7hZKdsWeAi8SJyMllKHeLXy5vZDGAQhNOVGq49iR9hIiNaMcJnk3VhAROiID6BgqSADKS6a/TPCRUXq4H0pTQuOp+nsiIYFS48A3nemJat5Lxf+8Tqz7517CRBRrEHS2qB9zrEOcBoN7TALVfGwIoZKZWzEdEkmoNvHlTQjO/MuLpFmtOCeV0+tqqXaRxZFDh6iIjpGDzlANXaE6aiCKHtEzekVv1pP1Yr1bH7PWJSubOUB/YH3+ANw5mvA=</latexit>

safe	 poisonous	

13.23�

<latexit sha1_base64="diTpYy4KM6tOWGG6g+jlDls3vS4=">AAAB+HicbVBNT8JAEJ3iF+IHVY9eNoKJp6YFjR6JXjxiIh8JVLJdFtiw3Ta7WxNs+CVePGiMV3+KN/+NC/Sg4EsmeXlvJjPzgpgzpV3328qtrW9sbuW3Czu7e/tF++CwqaJEEtogEY9kO8CKciZoQzPNaTuWFIcBp61gfDPzW49UKhaJez2JqR/ioWADRrA2Us8ulr2qU6k+pF3CJJmWe3bJddw50CrxMlKCDPWe/dXtRyQJqdCEY6U6nhtrP8VSM8LptNBNFI0xGeMh7RgqcEiVn84Pn6JTo/TRIJKmhEZz9fdEikOlJmFgOkOsR2rZm4n/eZ1ED678lIk40VSQxaJBwpGO0CwF1GeSEs0nhmAimbkVkRGWmGiTVcGE4C2/vEqaFcc7dy7uKqXadRZHHo7hBM7Ag0uowS3UoQEEEniGV3iznqwX6936WLTmrGzmCP7A+vwBuDaR2Q==</latexit>



Output	space:	Classification	vs.	Regression	

Choices	of							have	special	names:	
• Discrete:	“classification”.	The	elements	of							are	classes		

• Note:	doesn’t	have	to	be	binary	

	
• Continuous:	“regression”	

• Example:	linear	regression	

• There	are	other	types…	

Y

<latexit sha1_base64="cOhVPtSYvsQwOep/CgNdCVdN/CE=">AAAB9HicbVDLSsNAFL2pr1pfVZduBlvBVUmKosuiG5cV7EPaUCbTSTt0Mokzk0IJ/Q43LhRx68e482+cpFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vcpv6nSmVioXiQc8i6gZ4JJjPCNZGcqv9AOsxwTx5nFcH5YpdszOgVeLkpAI5moPyV38YkjigQhOOleo5dqTdBEvNCKfzUj9WNMJkgke0Z6jAAVVukoWeozOjDJEfSvOERpn6eyPBgVKzwDOTaUa17KXif14v1v61mzARxZoKsjjkxxzpEKUNoCGTlGg+MwQTyUxWRMZYYqJNTyVTgrP85VXSrteci9rlfb3SuMnrKMIJnMI5OHAFDbiDJrSAwBM8wyu8WVPrxXq3PhajBSvfOYY/sD5/AFQWkdE=</latexit>

Y

<latexit sha1_base64="cOhVPtSYvsQwOep/CgNdCVdN/CE=">AAAB9HicbVDLSsNAFL2pr1pfVZduBlvBVUmKosuiG5cV7EPaUCbTSTt0Mokzk0IJ/Q43LhRx68e482+cpFlo64GBwzn3cs8cL+JMadv+tgpr6xubW8Xt0s7u3v5B+fCorcJYEtoiIQ9l18OKciZoSzPNaTeSFAcepx1vcpv6nSmVioXiQc8i6gZ4JJjPCNZGcqv9AOsxwTx5nFcH5YpdszOgVeLkpAI5moPyV38YkjigQhOOleo5dqTdBEvNCKfzUj9WNMJkgke0Z6jAAVVukoWeozOjDJEfSvOERpn6eyPBgVKzwDOTaUa17KXif14v1v61mzARxZoKsjjkxxzpEKUNoCGTlGg+MwQTyUxWRMZYYqJNTyVTgrP85VXSrteci9rlfb3SuMnrKMIJnMI5OHAFDbiDJrSAwBM8wyu8WVPrxXq3PhajBSvfOYY/sD5/AFQWkdE=</latexit>



Hypothesis	class	

	
• Pick	specific	class	of	models.	Ex:	linear	models:	

• Ex:	feedforward	neural	networks	

	

h✓(x) = ✓0 + ✓1x1 + ✓2x2 + . . .+ ✓dxd

<latexit sha1_base64="jalLA04rc7Qh9GtHBcp0y/zwNYw="></latexit>

Wikipedia	



Supervised	Learning:	Training	&	Generalization	

Goal:	model	h	that	best	approximates	f	
	

• One	way:	empirical	risk	minimization	(ERM)	

• 	Recall:	we	want	to	generalize.	
• Do	well	on	future	(test)	data	points,	not	just	on	training	data.	

Model	prediction	

Loss	function	(how	far	are	we)?	

f̂ = argmin
h2H

1

n

nX

i=1

`(h(x(i)), y(i)))

<latexit sha1_base64="Q/acPidWw+xq0g0jYlMMsjUwD0c="></latexit>

Hypothesis	Class	



Break & Questions



Outline	

• Review	from	last	time	
• Features,	labels,	hypothesis	class,	training,	generalization	

• Instance-based	learning	
• k-NN	classification/regression,	locally	weighted	regression,	
strengths	&	weaknesses,	inductive	bias		

• Decision	trees	
• 	Setup,	splits,	learning,	information	gain,	strengths	and	
weaknesses	

	



Nearest	Neighbors:	Idea	

Basic	idea:	“nearby”	feature	vectors	more	likely	have	the	
same	label	

• Example:	classify	car/no	car	
• All	features	same,	except	location	of	car		

	
• What	does	“nearby”	mean?	



1-Nearest	Neighbors:	Algorithm	

Training/learning:	given		
	
	

	
			
	
Prediction:	for					,	find	nearest	training	point	
Return			

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

x(j)

<latexit sha1_base64="eOjUeMbBDqLAxEQnR4PTGnZ41ug=">AAAB8HicbVC7TgMxENwLrxBeAUoaiwQpNNFdBIIygoYySOSBkiPyOb7ExPadbB8iOuUraChAiJbPoeNvcB4FBEZaaTSzq92dIOZMG9f9cjJLyyura9n13Mbm1vZOfnevoaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJz4zQeqNIvkjRnF1Be4L1nICDZWui0+3qWl++NxsZsvuGV3CvSXeHNSgDlq3fxnpxeRRFBpCMdatz03Nn6KlWGE03Guk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9KgqfpzIsVC65EIbKfAZqAXvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRjkbgrf48l/SqJS9k/LpdaVQvZjHkYUDOIQSeHAGVbiCGtSBgIAneIFXRznPzpvzPmvNOPOZffgF5+MbqmiPqw==</latexit>

y(j)

<latexit sha1_base64="jIKwbbaaqI4Hcsyiqq5jIyr5bK8=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRjDBC2mJRo9ELx4xkQ8DlWyXLaxst83u1qRp+BVePGiMV3+ON/+NC/Sg4EsmeXlvJjPzvIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98fXUbz9RqVgo7nQSUTfAQ8F8RrA20n05eUgrj6eTcr9Ysqv2DGiZOBkpQYZGv/jVG4QkDqjQhGOluo4daTfFUjPC6aTQixWNMBnjIe0aKnBAlZvODp6gE6MMkB9KU0Kjmfp7IsWBUkngmc4A65Fa9Kbif1431v6lmzIRxZoKMl/kxxzpEE2/RwMmKdE8MQQTycytiIywxESbjAomBGfx5WXSqlWds+r5ba1Uv8riyMMRHEMFHLiAOtxAA5pAIIBneIU3S1ov1rv1MW/NWdnMIfyB9fkDq/OPrA==</latexit>



1-Nearest	Neighbors:	Algorithm	

Training/learning:	given		
	
	

	
	
	
	
	
Prediction:	for					,	find	nearest	training	point	
Return			

safe	

poisonous	

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

x(j)

<latexit sha1_base64="eOjUeMbBDqLAxEQnR4PTGnZ41ug=">AAAB8HicbVC7TgMxENwLrxBeAUoaiwQpNNFdBIIygoYySOSBkiPyOb7ExPadbB8iOuUraChAiJbPoeNvcB4FBEZaaTSzq92dIOZMG9f9cjJLyyura9n13Mbm1vZOfnevoaNEEVonEY9UK8CaciZp3TDDaStWFIuA02YwvJz4zQeqNIvkjRnF1Be4L1nICDZWui0+3qWl++NxsZsvuGV3CvSXeHNSgDlq3fxnpxeRRFBpCMdatz03Nn6KlWGE03Guk2gaYzLEfdq2VGJBtZ9ODx6jI6v0UBgpW9KgqfpzIsVC65EIbKfAZqAXvYn4n9dOTHjup0zGiaGSzBaFCUcmQpPvUY8pSgwfWYKJYvZWRAZYYWJsRjkbgrf48l/SqJS9k/LpdaVQvZjHkYUDOIQSeHAGVbiCGtSBgIAneIFXRznPzpvzPmvNOPOZffgF5+MbqmiPqw==</latexit>

y(j)

<latexit sha1_base64="jIKwbbaaqI4Hcsyiqq5jIyr5bK8=">AAAB8HicbVBNT8JAEJ3iF+IX6tHLRjDBC2mJRo9ELx4xkQ8DlWyXLaxst83u1qRp+BVePGiMV3+ON/+NC/Sg4EsmeXlvJjPzvIgzpW3728qtrK6tb+Q3C1vbO7t7xf2DlgpjSWiThDyUHQ8rypmgTc00p51IUhx4nLa98fXUbz9RqVgo7nQSUTfAQ8F8RrA20n05eUgrj6eTcr9Ysqv2DGiZOBkpQYZGv/jVG4QkDqjQhGOluo4daTfFUjPC6aTQixWNMBnjIe0aKnBAlZvODp6gE6MMkB9KU0Kjmfp7IsWBUkngmc4A65Fa9Kbif1431v6lmzIRxZoKMl/kxxzpEE2/RwMmKdE8MQQTycytiIywxESbjAomBGfx5WXSqlWds+r5ba1Uv8riyMMRHEMFHLiAOtxAA5pAIIBneIU3S1ov1rv1MW/NWdnMIfyB9fkDq/OPrA==</latexit>

poisonous	



1NN:	Decision	Regions	

Defined	by	“Voronoi	Diagram”	
• Each	cell	contains	points	closer	to	a	particular	training	point	



k-Nearest	Neighbors:	Classification	

Training/learning:	given	
	
	
Prediction:	for					,	find	k	most	similar	training	points	
Return	plurality	class	

• I.e.,	among	the	k	points,	output	most	popular	class.	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>



k-Nearest	Neighbors:	Distances	

Discrete	features:	Hamming	distance	
	
	
Continuous	features:	
• Euclidean	distance:	

• L1	(Manhattan)	dist.:	

dH(x(i), x(j)) =
dX

a=1

1{x(i)
a

6= x(j)
a

}

<latexit sha1_base64="owigfdWzfUrE2jK0yYVMV201OjU="></latexit>

d(x(i), x(j)) =

 
dX

a=1

(x(i)
a � x(j)

a )2
! 1

2

<latexit sha1_base64="tJ3xc2kpmyL3JQoejDtrXGOVY2Y="></latexit>

d(x(i), x(j)) =
dX

a=1

|x(i)
a � x(j)

a |

<latexit sha1_base64="uWMbFbQtI/KWbwpf4aabGMSGQlw="></latexit>



k-Nearest	Neighbors:	Standardization	

Typical	in	data	science	applications.	Recipe:	
• Compute	empirical	mean/stddev	for	a	feature	(in	train	set)	

• Standardize	features:		
• Do	the	same	for	test	points!	

	

µa =
1

n

nX

i=1

x(i)
a

<latexit sha1_base64="9yCIp+IYmmIZfzNH54phx1Xl46U=">AAACF3icbVDLSgMxFM3UV62vqks3wVaomzJTFN0Uim5cVrAP6LRDJs20oUlmSDJiGeYv3Pgrblwo4lZ3/o3pY6GtBy4czrmXe+/xI0aVtu1vK7Oyura+kd3MbW3v7O7l9w+aKowlJg0cslC2faQIo4I0NNWMtCNJEPcZafmj64nfuidS0VDc6XFEuhwNBA0oRtpIXr5cLLo89hCsQjeQCCdOmogUuirmXkKrTtoT8MFDvaRET9Ni0csX7LI9BVwmzpwUwBx1L//l9kMccyI0ZkipjmNHupsgqSlmJM25sSIRwiM0IB1DBeJEdZPpXyk8MUofBqE0JTScqr8nEsSVGnPfdHKkh2rRm4j/eZ1YB5fdhIoo1kTg2aIgZlCHcBIS7FNJsGZjQxCW1NwK8RCZeLSJMmdCcBZfXibNStk5K5/fVgq1q3kcWXAEjkEJOOAC1MANqIMGwOARPINX8GY9WS/Wu/Uxa81Y85lD8AfW5w98iJ5C</latexit>

�a =

 
1

n

nX

i=1

(x(i)
a � µi)

2

! 1
2

<latexit sha1_base64="6SgdYqkAlIKxS2dGPkK446D8Azw="></latexit>

x̃(j)
a =

x(j)
a � µa

�a

<latexit sha1_base64="F10YLNMpIaXOhn0pboApC7N8nAg="></latexit>



k-Nearest	Neighbors:	Mixed	Distances	

Might	have	features	of	both	types	
• 	Sum	two	types	of	distances	component	
	
• 	Might	need	normalization,	(e.g.	normalize	individual	
distances	to	maximum	value	of	1)	

	



k-Nearest	Neighbors:	Regression	

Training/learning:	given	
	
	
Prediction:	for					,	find	k	most	similar	training	points	
Return	
	

• I.e.,	among	the	k	points,	output	mean	label.	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>

x

<latexit sha1_base64="MkfWr9QPQRk+LqoeNw3btBd/SNU=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTui0ZJoY4lRkAQuZG/Zgw17e5fdOSMh/AQbC42x9RfZ+W9c4AoFXzLJy3szmZkXJFIYdN1vJ7eyura+kd8sbG3v7O4V9w+aJk414w0Wy1i3Amq4FIo3UKDkrURzGgWSPwTD66n/8Mi1EbG6x1HC/Yj2lQgFo2ilu/JTuVssuRV3BrJMvIyUIEO9W/zq9GKWRlwhk9SYtucm6I+pRsEknxQ6qeEJZUPa521LFY248cezUyfkxCo9EsbalkIyU39PjGlkzCgKbGdEcWAWvan4n9dOMbz0x0IlKXLF5ovCVBKMyfRv0hOaM5QjSyjTwt5K2IBqytCmU7AheIsvL5NmteKdVc5vq6XaVRZHHo7gGE7BgwuowQ3UoQEM+vAMr/DmSOfFeXc+5q05J5s5hD9wPn8An+qNXg==</latexit>

ŷ =
1

k

kX

i=1

y(i)

<latexit sha1_base64="WSe5RRdsCg/iay6SEKrogJdCoR0=">AAACF3icbVDLSsNAFJ34rPUVdelmsBXqpiRF0U2h6MZlBfuAJi2T6aQdOnkwMxHCkL9w46+4caGIW935N07bLLT1wIXDOfdy7z1ezKiQlvVtrKyurW9sFraK2zu7e/vmwWFbRAnHpIUjFvGuhwRhNCQtSSUj3ZgTFHiMdLzJzdTvPBAuaBTeyzQmboBGIfUpRlJLA7NaLjtjJFWawTp0fI6wsjM1yaAjkmCgaN3O+hOY9lWFnmXl8sAsWVVrBrhM7JyUQI7mwPxyhhFOAhJKzJAQPduKpasQlxQzkhWdRJAY4QkakZ6mIQqIcNXsrwyeamUI/YjrCiWcqb8nFAqESANPdwZIjsWiNxX/83qJ9K9cRcM4kSTE80V+wqCM4DQkOKScYMlSTRDmVN8K8RjpcKSOsqhDsBdfXibtWtU+r17c1UqN6zyOAjgGJ6ACbHAJGuAWNEELYPAInsEreDOejBfj3fiYt64Y+cwR+APj8wfz2J6J</latexit>



k-Nearest	Neighbors:	Variations	

Could	contribute	to	predictions	via	a	weighted	distance	
• All	k	no	longer	equally	contribute	
• Classification	/	regression	

ŷ  
Pk

i=1 y
(i)/d(x, x(i))2

Pk
i=1 1/d(x, x

(i))2

<latexit sha1_base64="67GCUsYeR+UQq/jy51+Wlrrk4fQ="></latexit>

ŷ  argmax
v2Y

kX

i=1

1

d(x, x(i))2
�(v, y(i))

<latexit sha1_base64="p38pyeA52azkg71Y4FUwUmvL654="></latexit>



Dealing	with	Irrelevant	Features	

x1

One	relevant	feature	x1		
	
1-NN	rule	classifies	each	
instance	correctly	

Effect	of	an	irrelevant	feature	x2	
on	distances	and	nearest	
neighbors	

x1

x2



Instance-Based	Learning:	Strengths	&	Weaknesses	

Strengths	
• 	Easy	to	explain	predictions	
• 	Simple	to	implement	and	conceptualize.	
• 	No	training!		
• 	Often	good	in	practice	

Weaknesses	
• 	Sensitive	to	irrelevant	+	correlated	features	

• Can	try	to	solve	via	variations.	More	later	
• 	Prediction	stage	can	be	expensive	
• 	No	“model”	to	interpret	



Inductive	Bias	

•  Inductive	bias:	assumptions	a	learner	uses	to	predict	yi	for	a	previously	unseen	
instance	xi	

•  Two	components	(mostly)	
•  hypothesis	space	bias:	determines	the	models	that	can	be	represented	
•  preference	bias:	specifies	a	preference	ordering	within	the	space	of	models	

learner	 hypothesis	space	bias	 preference	bias	

k-NN	 Ddecomposition	of	space	determined	
by	nearest	neighbors	

instances	in	neighborhood	
belong	to	same	class	



Break & Quiz



Q2-1:	Table	shows	all	the	training	points	in	2D	space	and	their	labels.	Assume	3NN	
classifier	and	Euclidean	distance.	What	should	be	the	labels	of	the	points	A:	(1,	1)	
and	B(2,	1)?	

1.  A:	+,	B:	-	

2.  A:	-,	B:	+	

3.  A:	-,	B:	-	

4.  A:	+,	B:	+	

x	 y	 label	

0	 0	 +	

1	 0	 +	

2	 0	 +	

2	 2	 +	

0	 1	 -	

0	 2	 -	

1	 2	 -	

3	 1	 -	



Q2-2:	In	a	distance-weighted	nearest	neighbor,	which	of	the	following	
weight	is	NOT	appropriate?	Let	p	be	the	test	data	point	and	xi	{i	=	1:	N}	be	
training	data	points.	

1.  wi	=	d(p,	xi)½		

2.  wi	=	d(p,	xi)-2	

3.  wi	=	exp(-d(p,	xi))	

4.  wi	=	1	



Outline	

• Review	from	last	time	
• Features,	labels,	hypothesis	class,	training,	generalization	

• Instance-based	learning	
• k-NN	classification/regression,	locally	weighted	regression,	
strengths	&	weaknesses,	inductive	bias		

• Decision	trees	
• 	Setup,	splits,	learning,	information	gain,	strengths	and	
weaknesses	

	



Decision	Trees:	Heart	Disease	Example	
thal	

#_major_vessels	>	0	 present	

normal	 fixed_defect	

true	 false	

1	 2	

present	

reversible_defect	

chest_pain_type	 absent	

absent	absent	absent	 present	

3	 4	

Each	internal	node	tests	one	feature	xi
	
Each	branch	from	an	internal	node	
represents	one	outcome	of	the	test	
	
Each	leaf	predicts	y	or	P(y | x)



Decision	Trees:	Logical	Formulas	

•  Suppose	X1 …  X5 are	Boolean	features,	and	Y 	is	also	
Boolean	
• How	would	you	represent	the	following	with	decision	trees?	

) (i.e.,   5252 XXYXXY ∧==

52 XXY ∨=

1352 XXXXY ¬∨=



Decision	Trees:	Textual	Description	
thal	

#_major_vessels	>	0	 present	

normal	 fixed_defect	

true	 false	

present	 absent	

thal	=	normal	
[#_major_vessels	>	0]	=	true:	present	
[#_major_vessels	>	0]	=	false:	absent	

thal	=	fixed_defect:	present	



Decision	Trees:	Mushrooms	Example	
if	odor=almond,	predict	edible	

if	odor=none	∧		
			spore-print-color=white	∧		
			gill-size=narrow	∧	
		gill-spacing=crowded,	
predict	poisonous	



Decision	Trees:	Learning		
MakeSubtree(set	of	training	instances	D)	

	C	=	DetermineCandidateSplits(D)	
	if	stopping	criteria	is	met	
	 	make	a	leaf	node	N
	 	determine	class	label	for	N	
	else	
	 	make	an	internal	node	N	
	 	S	=	FindBestSplit(D, C)	
	 	for	each	group	k	of	S	
	 	 	Dk	=	subset	of	training	data	in	group	k
	 	 	kth	child	of	N	=	MakeSubtree(Dk)	
	return	subtree	rooted	at	N	

• Learning	Algorithm:	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>



Decision	Trees:	Learning		
MakeSubtree(set	of	training	instances	D)	

	C	=	DetermineCandidateSplits(D)	
	if	stopping	criteria	is	met	
	 	make	a	leaf	node	N
	 	determine	class	label	for	N	
	else	
	 	make	an	internal	node	N	
	 	S	=	FindBestSplit(D, C)	
	 	for	each	group	k	of	S	
	 	 	Dk	=	subset	of	training	data	in	group	k
	 	 	kth	child	of	N	=	MakeSubtree(Dk)	
	return	subtree	rooted	at	N	

• Learning	Algorithm:	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>



1.	DT	Learning:	Candidate	Splits	

First,	need	to	determine	how	to	split	features	
• Splits	on	nominal	features	have	one	branch	per	value	

• Splits	on	numeric	features	use	a	threshold/interval	

thal	

normal	 fixed_defect	 reversible_defect	

weight	≤	35	

true	 false	

ID3,	C4.5	



DT	Learning:	Numeric	Feature	Splits	

Given	a	set	of	training	instances	D	and	a	specific	feature	Xi
• Sort	the	values	of	Xi	in	D
• Evaluate	split	thresholds	in	intervals	between	instances	of	
different	classes	

	

weight	

17	 35	

weight	≤	35	

true	 false	



Numeric	Feature	Splits	Algorithm	

//	Run	this	subroutine	for	each	numeric	feature	at	each	node	of	DT	induction	

DetermineCandidateNumericSplits(set	of	training	instances	D, feature Xi)	

	C = {} 	//	initialize	set	of	candidate	splits	for	feature	Xi	

 let vj denote the value of Xi for the jth data point

sort the dataset using vj as the key for each data point 

	for	each	pair	of	adjacent	vj, vj+1 in	the	sorted	order
	 	if	the	corresponding	class	labels	are	different

   add candidate split Xi ≤ (vj + vj+1)/2 to C

 return C

	 		

		



DT:	Splits	on	Nominal	Features	

Instead	of	using	k-way	splits	for	k-valued	features,	could	
require	binary	splits	on	all	nominal	features	(CART	does	this)	

thal	

normal	 reversible_defect	∨	fixed_defect	

color	

red	∨blue	 green	∨	yellow	



Decision	Trees:	Learning		
MakeSubtree(set	of	training	instances	D)	

	C	=	DetermineCandidateSplits(D)	
	if	stopping	criteria	is	met	
	 	make	a	leaf	node	N
	 	determine	class	label	for	N	
	else	
	 	make	an	internal	node	N	
	 	S	=	FindBestSplit(D, C)	
	 	for	each	group	k	of	S	
	 	 	Dk	=	subset	of	training	data	in	group	k
	 	 	kth	child	of	N	=	MakeSubtree(Dk)	
	return	subtree	rooted	at	N	

• Learning	Algorithm:	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>



Decision	tree	Learning:	Finding	the	Best	Splits	

How	to	we	select	the	best	feature	to	split	on	at	each	step?	
• Hypothesis:	simplest	tree	that	classifies	the	training	
instances	accurately	will	generalize	

Occam’s	razor	
• “when	you	have	two	competing	theories	that	make	the	same	
	predictions,	the	simpler	one	is	the	better”	



DT	Learning:	Finding	the	Best	Splits	

How	to	we	select	the	best	feature	to	split	on	at	each	step?	
• Hypothesis:	simplest	tree	that	classifies	the	training	
instances	accurately	will	generalize	

Why	is	Occam’s	razor	a	reasonable	heuristic?	
• There	are	fewer	short	models	(i.e.	small	trees)	than	long	ones	
• A	short	model	is	unlikely	to	fit	the	training	data	well	by	chance	
• A	long	model	is	more	likely	to	fit	the	training	data	well	coincidentally	



DT	Learning:	Finding	Optimal	Splits?	

Can	we	find	and	return	the	smallest	possible	decision	tree	that	
accurately	classifies	the	training	set?	

• NO!	This	is	an	NP-hard	problem	
	[Hyafil	&	Rivest,	Information	Processing	Letters,	1976]	

• Instead,	we’ll	use	an	information-theoretic	heuristic	to	
greedily	choose	splits	



Information	Theory:	Super-Quick	Intro	

• Goal:	communicate	information	to	a	receiver	in	bits	
• Ex:	as	bikes	go	past,	communicate	the	maker	of	each	bike	



Information	Theory:	Encoding	

• Could	send	out	the	names	of	the	manufacturers	in	binary	
coded	ASCII	
• Suppose	there	are	4:	Trek,	Specialized,	Cervelo,	Serrota	

	
• Inefficient…	since	there’s	just	4,	we	could	encode	them	

• #	of	bits:	2	per	communication	

11	

10	

01	

00	

Trek	

Specialized	

Cervelo	

Serrota	

type	 code	



Information	Theory:	Encoding	

• Now,	some	bikes	are	rarer	than	others…	
• Cervelo	is	a	rarer	specialty	bike.	
• We	could	save	some	bits…	make	more	popular	messages	fewer	
bits,	rarer	ones	more	bits	

• Note:	this	is	on	average	

• Expected	#	bits:	1.75	

	
1	

  

€ 

P(Trek) = 0.5
P(Specialized) = 0.25
P(Cervelo) = 0.125
P(Serrota) = 0.125

2	

3	

3	

1	

01	

001	

000	

Type/probability	 #	bits	 code	

�
X

y2Y
P (y) log2 P (y)
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Information	Theory:	Entropy	

• Measure	of	uncertainty	for	random	variables/distributions	

• Expected	number	of	bits	required	to	communicate	the	value	
of	the	variable	

H(Y ) = �
X

y2Y
P (y) log2 P (y)

<latexit sha1_base64="OFR7qy3u+b7jcH7VTpgl/mv/JJ4="></latexit>



Information	Theory:	Conditional	Entropy	

• Suppose	we	know	X.	CE:	how	much	uncertainty	left	in	Y?	

• Here,		

• What	is	it	if	Y=X?		
• What	if	Y	is	independent	of	X?	

H(Y |X) = �
X

x2X
P (X = x)H(Y |X = x)

<latexit sha1_base64="H2OGcUSURmqlZ7dYX+zdhc8JGRo="></latexit>

H(Y |X = x) = �
P

y2Y P (Y = y|X = x) log2 P (Y = y|X = x)

<latexit sha1_base64="29CVOgjlZuDY23q6buerPv2DXos="></latexit>



Information	Theory:	Conditional	Entropy	

• Example.	Y	is	still	the	bike	maker,	X	is	color.	

Y=Type/X=Color	 Black	 White	

Trek	 0.25	 0.25	

Specialized	 0.125	 0.125	

Cervelo	 0.125	 0	

Serrota		 0	 0.125	

H(Y|X=black)	=	-0.5	log(0.5)	–	0.25	log(0.25)	–	0.25	log(0.25)	–	0	=	1.5	
H(Y|X=white)	=	-0.5	log(0.5)	–	0.25	log(0.25)	–0	–	0.25	log(0.25)	=	1.5	
H(Y|X)	=	0.5	*	H(Y|X=black)	+	0.5	*	H(Y|X=white)	=	1.5	



Information	Theory:	Mutual	Information	

• Similar	comparison	between	R.V.s:	

Interpretation:		
• How	much	uncertainty	of	Y	that	X	can	reduce.	
• Or,	how	much	information	about	Y	can	you	glean	by	knowing	X?	

I(Y ;X) = H(Y )�H(Y |X)

<latexit sha1_base64="mzQPTnHszaF+qeZeHFE2KlepL24=">AAACAXicbVDLSgMxFM34rPU16kZwE2yFdmGZKYqCCEU3dVfBtlPaoWTSTBuaeZBkhDLWjb/ixoUibv0Ld/6NmXYW2nrgcg/n3EtyjxMyKqRhfGsLi0vLK6uZtez6xubWtr6z2xBBxDGp44AF3HKQIIz6pC6pZMQKOUGew0jTGV4nfvOecEED/06OQmJ7qO9Tl2IkldTV9/M3hdaFVYSXsFpoFeFx0h6sYr6r54ySMQGcJ2ZKciBFrat/dXoBjjziS8yQEG3TCKUdIy4pZmSc7USChAgPUZ+0FfWRR4QdTy4YwyOl9KAbcFW+hBP190aMPCFGnqMmPSQHYtZLxP+8diTdczumfhhJ4uPpQ27EoAxgEgfsUU6wZCNFEOZU/RXiAeIISxVaVoVgzp48TxrlknlSOr0t5ypXaRwZcAAOQQGY4AxUQBXUQB1g8AiewSt40560F+1d+5iOLmjpzh74A+3zB3jokxE=</latexit>

Y=Type/X=Color	 Black	 White	

Trek	 0.25	 0.25	

Specialized	 0.125	 0.125	

Cervelo	 0.125	 0	

Serrota		 0	 0.125	

I(Y:X)	=	H(Y)	–	H(Y|X)	=	1.75	–	1.5	=	0.25	



DT	Learning:	Back	to	Splits	

Want	to	choose	split	S	that	maximizes	
	
	
	
ie,	mutual	information.	
• Note:	D	denotes	that	this	is	the	empirical	entropy	

• We	don’t	know	the	real	distribution	of	Y,	just	have	our	dataset	

• Equivalent	to	maximally	reducing	the	entropy	of	Y	
conditioned	on	a	split	S	

InfoGain(D,S) = HD(Y )�HD(Y |S)
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DT	Learning:	InfoGain	Example	

Simple	binary	classification	(play	tennis?)	with	4	features.	
	
	



DT	Learning:	InfoGain	For	One	Split	

• What	is	the	information	gain	of	splitting	on	Humidity?
	
	 Humidity	

high	 normal	

D: [3+, 4-]

D: [9+, 5-]

D: [6+, 1-]
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DT	Learning:	Comparing	Split	InfoGains	

•  Is	it	better	to	split	on	Humidity	or	Wind?
	
	 Humidity	

high	 normal	

D: [3+, 4-]

D: [9+, 5-]

D: [6+, 1-]

 HD (Y |weak) = 0.811

Wind	

weak	 strong	

D: [6+, 2-]

D: [9+, 5-]

D: [3+, 3-]

 HD (Y | strong) = 1.0
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DT	Learning:	InfoGain	Limitations	

• InfoGain is biased towards tests with many outcomes 
• Splitting on it results in many branches, each of which is 
“pure” (has instances of only one class) 

• In the extreme: A feature that uniquely identifies each instance 
• Maximal information gain! 

• Use GainRatio: normalize information gain by entropy 

GainRatio(D,S) = InfoGain(D,S)
HD(S) = HD(Y )�HD(Y |S)

HD(S)

<latexit sha1_base64="KlzAuK3QHhk510rVgvzq8oRqYh0="></latexit>



Homework:	What	is	a	good	stopping	criteria?	

MakeSubtree(set	of	training	instances	D)	
	C	=	DetermineCandidateSplits(D)	
	if	stopping	criteria	is	met	
	 	make	a	leaf	node	N
	 	determine	class	label	for	N	
	else	
	 	make	an	internal	node	N	
	 	S	=	FindBestSplit(D, C)	
	 	for	each	group	k	of	S	
	 	 	Dk	=	subset	of	training	data	in	group	k
	 	 	kth	child	of	N	=	MakeSubtree(Dk)	
	return	subtree	rooted	at	N	

• Learning	Algorithm:	

{(x(1), y(1)), (x(2), y(2)), . . . , (x(m), y(m))}

<latexit sha1_base64="x8feO+qWXWmBKBJflFiHP+cZRb8=">AAACMXicbZDLSsNAFIYnXmu9VV26GWyFFkpJiqLLopsuK9gLNLFMJtN26OTCzEQMIa/kxjcRN10o4taXcJqmoK0HBj7+/xzOnN8OGBVS16fa2vrG5tZ2bie/u7d/cFg4Ou4IP+SYtLHPfN6zkSCMeqQtqWSkF3CCXJuRrj25nfndR8IF9b17GQXEctHIo0OKkVTSoNAsmXH56SEuG5WkCqM5VKow1eoLrZ5qJnN8KTLPXXgKKmZSGhSKek1PC66CkUERZNUaFF5Nx8ehSzyJGRKib+iBtGLEJcWMJHkzFCRAeIJGpK/QQy4RVpxenMBzpThw6HP1PAlT9fdEjFwhItdWnS6SY7HszcT/vH4oh9dWTL0glMTD80XDkEHpw1l80KGcYMkiBQhzqv4K8RhxhKUKOa9CMJZPXoVOvWZc1C7v6sXGTRZHDpyCM1AGBrgCDdAELdAGGDyDN/AOPrQXbap9al/z1jUtmzkBf0r7/gGi66UT</latexit>



Inductive	Bias	

•  Recall:	Inductive	bias:	assumptions	a	learner	uses	to	predict	yi	for	a	previously	
unseen	instance	xi	

•  Two	components	
•  hypothesis	space	bias:	determines	the	models	that	can	be	represented	
•  preference	bias:	specifies	a	preference	ordering	within	the	space	of	models	

learner	 hypothesis	space	bias	 preference	bias	

Decision	trees	 trees	with	single-feature,	axis-parallel	
splits	

small	trees	identified	by	greedy	
search	

k-NN	 Decomposition	of	spce	determined	by	
nearest	neighbors	

instances	in	neighborhood	
belong	to	same	class	



Q3-1:	Which	of	the	following	statements	are	True?	

1.  In	a	decision	tree,	once	you	split	using	one	feature,	you	cannot	split	

again	using	the	same	feature.		

2.  We	should	split	along	all	features	to	create	a	decision	tree.	

3.  We	should	keep	splitting	the	tree	until	there	is	only	one	data	point	

left	at	each	leaf	node.	



Thanks Everyone!

Some	of	the	slides	in	these	lectures	have	been	adapted/borrowed	from	materials	developed	by	Mark	Craven,	
David	Page,	Jude	Shavlik,	Tom	Mitchell,	Nina	Balcan,	Elad	Hazan,	Tom	Dietterich,	Pedro	Domingos,	Jerry	Zhu,	
Yingyu	Liang,	Volodymyr	Kuleshov		


