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Ch 3.1: A brief review of linear programming
Example (E.g. A.2.1 in KP). A small factory makes two products using two
resources A and B. The first product uses 4 units of resource A and 1 unit of resource
B. The second uses 1 unit of resource A and 2 units of resource B.

The first product brings in $2 of revenue per pound and the second $1 per pound. The
factory has 6 units of resource A and 5 units of resource B. How many pounds of each
product should the factory make to maximize revenue?

We can write this as the following optimization problem: Let xj, xo denote the number
of pounds produced for each product.

maximize  2x3 + x» Revenue

subject to  4x1 + xp < 6, Resource A
x1+2xp <5, Resource B
x; >0,

xp > 0.
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Resource allocation example (cont'd)
This optimization problem is an example of a linear program (LP): It has a linear
objective, and linear constraints.

Feasible region. The set of (x1, x2) satisfying the constraints is called the feasible
region. It is a polygon defined by the intersection of halfspaces.

xy
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Resource allocation example (cont'd)
An optimum of the LP always lies at a vertex of the feasible region.

L2

o
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Linear Program

Generally, an LP can be written as follows?:

min ¢! x
x€ER"
subject to, Aupx < byp,
AegX = beq,
< x<u.

Here x € R" is the optimization variable, ¢ € R" are the objective coefficients,

AubX < by, where Ay € R™*7 b € R™ are inequality constraints, Aeqx = beq, Where
Aup € RP*" b e R™ are equality constraints, and ¢, u, where £, u € R" bounds on
variables

1This is the form expected by many solvers. The equality constraints and bounds can also be
represented as inequality constraints. Hence, an LP can be succinctly written as miny ¢ ' x s.t, Ax < b. 5/30



Linear Program (cont'd)

Recall the LP from our example. Let

T Pt
subject to  4x1 +x» < 6,
x1+2xp <5,
x1,x2 > 0.

Solution: The optimization variable

=

us write this LP in the form shown in the right.
T

min ¢ x
x€eRn"
subject to, Aupx < byp,
AeqgX = beq,
(< x<u.

is x = [x1, x2]. We can then write,

ol el [
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Solving LPs with SciPy (read at home)
You can use your favorite library to solve an LP (e.g., SciPy, CVXPY, PuLP, PuLP).
The following example shows how to do so using SciPy’s ‘linprog' function.

from scipy.optimize import linprog
c =[-2, —1]
A_ub = [[4, 1],
(1, 2]]
b.ub = [6, 5]
bounds = [(0, None), (0, None)]

res = linprog(c, A_ub=A_ub, b_ub=b_ub, bounds=bounds)
print (" Optimal-x1,-x2:", res.x)
print ("Max-objective:", —res.fun)

SciPy returns ‘res.x’ (optimal decision variables) and ‘res.fun’ (optimal value for
minimization). If you have equality constraints, they can be passed via the A_eq, b_eq

arguments.
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Solving maximin objectives via LPs

Often, we can frame optimization problems with nonlinear objectives as LPs, with
some work. One such use case (relevant to games), occurs when we have maximin
objectives of the following form:

m
max  min E Cij Xi
x€R™  je[n] 4 1

=

subject to, x € X,

where, X is a polygon (can be expressed by linear constraints).

Here, we have linear constraints, but the objective f(x) = minjc, > 1% cij X; is
nonlinear due to the minimum over j.

8/30



Solving maximin objectives via LPs (cont'd)

Question: How do we convert this to an LP?

Key idea: The f(x) = min; Y, ¢ jX; is the smallest of several linear functions of x.
If we introduce an auxiliary variable t € R that is a lower bound on all those linear
functions, then maximizing t will make it equal to that minimum.

Formally, we will introduce n additional constraints

m
t < ZC,‘JX,’ for all j € [n].
i=1

If we maximize t subject to these constraints, it will match the true minimum.
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Solving maximin objectives via LPs (cont'd)

Original minimization problem:
m

max  min E Cij Xi,
x€R™  je[n] 4 1
=

subject to, x € X,

Our LP has the following form:

max t
x€ERM teR

m

subject to t < Z cijxi forje[n],
i=1
x e X.
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Quiz

Which of the following other optimization problems can be formulated as LPs? In all

cases, X is a polygon.

1. min max E Cij Xi,
xERM  je[n]

2. max max g Cij Xis
xeR™ je[n]

3. min m|n E Ci j Xi,

subject to x € X.

subject to x € X.

subject to x € X.
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Ch 3.2: Computing safe strategies via LPs

Consider a finite two player game with action sets A; = [m] and Ay = [n]. Let
S1=Ap={x€ R, 17x = 1} and S, = A, be the strategy spaces. Let the utilities
be given by u; : [m] x [n] = R, for i € {1,2}.

Question: How do we compute the safe strategies for both players?

Let us first recall the definition of safe strategies in a two player game: Let

g1 : S1 — R, where g1(x) = minyca, ui(x, y) denote the lowest possible utility P1
could achieve by choosing x, over the strategies y of P2. A strategy X is safe for P1 if
g1(x) > gi(x) for all x € Ap,.

We can likewise define the safe strategy y for P2.
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Computing safe strategies via LPs (cont'd)

Let UM € R™*" such that U,-(}) = u1(i,j). Hence, if X is safe for P1, we have,
g1(x) > g1(x) for all x € Ap, by definition

= yngiAnn ui(x,y) > yrgiAnn u1(x, y) for all x € Ap,.

—  min X' UBy > min x"TUBy  forall x € Ap. (1)
yEA, yEA,

Fact. Let c € R”. The minimum of the linear function c'y over the simplex y € A,
satisfies, minyca, ¢y = minjep, 6. (Why?)

Therefore, we can write (1) as,

(1) < min <U(1)T)~<)_ > min <U(1)Tx)_ for all x € Ap,.
J J

Jeln] Jeln]
m m
<= min ur(i,j)x; > min ui(i,j)x; forall x € Ap,.
jelnl = Jeln “=
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Computing safe strategies via LPs (cont'd)

Therefore, we can write computing the safe strategies as the following problem:
m

X = argmax min g ur(f, ) xi
x€A, JEN )

The domain x € A, can be expressed as linear constraints (x > 0,17 x = 1), but the
inner term of the objective is not linear in x.

Fortunately, we saw that we can formulate such problems as the following LP:

max v
xERM veR
subject to v <> w(i,j)x forallj € [n]
i=1

m

17x

x > 0.

L
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Example
Write LPs to compute both players’ safe strategies in the following example.

P2
P1 ! 2

1 (4,0) (1,3)

2 (2,1) (3,2)

3 (0,4) (5,1)

For player 1: For player 2:

max v
max % y€R2 veR

€R3,veR .
XSRSV subject to v < 0y; + 3y»,

v < 1ly; + 2y,
v <4y + 1lys,
lTy =1, y>0.

subject to v < 4x3 + 2x2 + Ox3,
v < 1x1 + 3x2 + 5x3,
1"'x=1, x>0.

15/30



Quiz
1. Consider any feasible x, i.e., x € Ap,. What is an intuitive interpretation of the
maximum value of v which satisfies all constraints? That is,

m
v < Z ur(7,J) xi for all j € [n]
i=1

2. Recall the safe strategy for P2, y = max,ca, Mminea,, t2(x,y). Here,
wa(x,y) =>_; ; xiyj - uo(i,j). Write an LP to compute y.
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Quiz (cont'd): state if the following statements are true or false

3. You can use LPs to compute Nash equilibria in a two player zero sum game.

4. You can use LPs to compute safe strategies in an n player game.
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Ch 3.3: Computing CEs via LPs

We will now use LPs to compute correlated equilibria (CE). Let us first recall the
definition of a CE.

Review (CE). Recall the following definitions: There are n players in a normal form game.
The action space of player i is A;. Let A = X;':l A;. We can write the utility of player i as
u,-(a) = u,-(a,-, a,,-).

Definition (CE). A joint distribution s € A(A) is a correlated equilibirum if, for all i € [n],
and any a; € A; and a} # a;, we have B, [uj(a)|a;] > Eans [ui(a), a—)|ai] -

Interpretation of a CE:

- The joint distribution s € A(A) is revealed ahead of time to all players.

- A trusted third party draws a ~ s and reveals a; and only a; to player /.

- Player i can follow a; or choose any other action a’.

- Then, following a; maximizes player i's utility, provided that others are following a_;.

We will begin with a simple example. 18/30



Example: Computing CE in a two player game
Let us characterize all possible correlated equilibria in this two player game (left).

P21 4 2 P21 1 2
Pl Joint distribution: P1

1 [ (1.8) (3,4 O T e s

2 (7,5) (2,6) 2 91 92

Consider a joint distribution (right), satisfying Z,J sij=1ands;; > 0.

Let us write the conditions for a CE. When P1 is told to follow action 1, deviating to
action 2 should not be beneficial:

E3N5 [Ul(]., 32)|31 = ].] > E3N5 [U1(2, 32)‘31 = l]
— wn(1,1)Psus(az =1la1 = 1) + v1(1,2)Paus(az = 2|a1 = 1)
> u1(2,1)Paus(az = 1|a1 = 1) + v1(2,2)P,as(a2 = 2]a1 = 1)
51,1 3 S12 o4 51,1 5 51,2

S1,1+ 51,2 S1,1+ 51,2 S1,1+ 51,2 S1,1 + 51,2
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Example: Computing CE in a two player game (cont'd)

51,1 51,2 51,1 51,2
1.7’4_3.7727.774_2.77
S1,1+S1,2 S1,1+S1.2 S1,1 + 51,2 s1,1 + 51,2

<~ 6'51’1—1-5172§0.

When P1 is told to follow action 2, deviating to 1 should not be beneficial:

1 2.2 1 S22
. ’ +2- ’ >1- : 3. —— <= —06s51+ 15, <0.
1+ S22 1+ S22 1+ S22 1+ S22
When P2 is told to follow action 1, deviating to 2 should not be beneficial:
S1,1 21 S1,1 1
. ’ 5. ’ >4 - ’ +6. ———— <= —45171+15271§0.
s1,1+ 521 s1,1+ 521 S1,1+ S2,1 S1,1+ S2,1
When P2 is told to follow action 2, deviating to 1 should not be beneficial:
51,2 2.2 51,2 52,2
. ) 6 - : > 8- ’ +5. ——— &= 451515, <0.
S12+ 522 S12 + 522 S12+ 522 S12 + 52,2
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Example: Computing CE in a two player game (cont'd)

P2 1 9 P2 1 2
P1 Joint distribution:

1 [ (1.8) (3,4 O T e s

2 (7,5) (2,6) 2 1 92

Summary. The following linear constraints characterize all CE in this game:

siit s+ 521+ 92=1, sij >0,
6-511—1-512<0. —6s51 + 155> < 0.
— 4-5171 + 15271 <0. 45172 — 15272 <0.

This is an example of a linear satisfiability problem. One approach to find a feasible
point is to use a dummy objective in an LP, e.g., ¢ = 0 or ¢ chosen randomly. (There
are other methods too.)
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Example: Computing CE in a two player game (cont'd)

P2 1 9 P2 1 2
Pl Joint distribution: Pl

1 [ (1.8) (3,4 O T e sio

2 (7,5) (2,6) 2 1 S22

We may want to find a “good” CE. For example, consider the welfare:

W(S) = ul(s) + U2(S) = EaNs[ul(al, 32)] + EQNS[UQ(QL 32)]
= 95171 + 7510+ 125271 + 85272.

To find a CE which maximizes the welfare, we can maximize W (s), which is linear in s,

subject to the previous constraints in an LP.
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Computing CEs in an n player game

Consider an n player game. The action space of player i is A;. Let A, A_; have their
usual meanings. We can write the utility of player i as vj(a) = uj(a;, a—;).

Let us write an LP to find the welfare maximizing CE. In a CE, when recommending
action a; = a}, player i should not deviate to any other action a; = a/. That is,

Eans [ui(ai, a—i)|ai = a]] > Eans [ui(a], a-i)|aj = &

s(al,a_; s(al,a_;
Y wEhe) o) S ) R

a_j€A_; a_j€A S(a:" 5_i) a_i€A_; aieA 5(3;7 5_i)
:Paws(a,,-|a,-:a§) :Paws(afi‘ai:a”
— Z (u,-(af-’, a_;) — ui(a, a,,-)) s(al,a_;) <O0.
a_;eA_;
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Computing CEs in an n player game (cont'd)

This leads to the following LP to find a CE which maximizes welfare:

max  W(s) 23" s(a) (Z u,-(a)>

acA i=1
subject to Z s(a) =1,
acA
s(a)>0 forallae A,

Z (u,-(af-’, a_;) — ui(a, a,,-)) s(al,a_;j) <0, Via € A,a #a.

a_jeA_;

Question: Suppose we have n players, and each player has m possible actions, i.e.,
|A;] = m. How many variables and constraints do we have in this LP?
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Exercise  (try at home)

The usual definition for the welfare W(s) = >"7_; u;(s), which sums all agent utilities,
is also called the utilitarian welfare. It is just one way to quantify how well all agents
are collectively doing. Another option is to consider the egalitarian welfare, which is
defined as the minimum utility among all agents:

We a =mi i .
gal(S) min u (s)

Write an LP to find a Wga-maximizing correlated equilibrium.
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Ch 3.4: Computing CCEs via LPs

We will now use LPs to compute coarse correlated equilibria (CCE). Let us recall the
definition of a CCE.

Review (CCE). Recall the following definitions: There are n players in a normal form game.
The action space of player i is A;. Let A = X;’:l A;. We can write the utility of player / as
u,-(a) = u,-(a,-, a,,-).

Definition. A joint distribution s € A(A) is a CCE if, for all i € [n], and any a} € A;, we have
Eas [ui(a)] = Eans [ui(a}, a-1)] -

Interpretation:

- The distrbution s is known ahead of time to the players.

- Each player i can choose their own alternative action a}, or agree to a contract where a
trusted third party will draw a ~ s and play a; on behalf of player i.
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Computing CCEs via LPs

In a CCE, following s should be no worse for agent i than choosing some action a':

Eas [ui(a)] = Eaus [u,-(af-,a,,-)] = Z ui(aj, a—;i)s(a) > Z ui(a;, a_;)s(a)

acA acA
— Z (u,-(af-, a_;) — ui(aj, a,;)) s(a) < 0.
acA

This yields the following LP to find a CCE which maximizes welfare:

max W(s) £ Z s(a) (Z u,-(a))

acA i=1
subject to Z s(a)=1, s(a)>0 Vac A,
acA
> (uial,ai) — ui(ai,a_)) s(a) <O Vi 4} € A
acA
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Example: Computing CCE in a two player game
Write the linear constraints which characterize all CCE in this two player game (left).

P2 | 9 P2| |
P1 ) .
Joint distribution:
1 S1,1 51,2
S1 S22

1 (1,8) (3,4)
2 (7,5) (2,6) 2

Consider a joint distribution (right), satisfying Z,J sij =1 and s;j > 0. The expected

utilities of P1 and P2 are:
ui(s) =Eaus[ta(s)] =1-s114+3-s12+7-1+2 52,

U2(S) = EaNs[UQ(S)] =8 s10+4-5120+5-51+ 6 - 2.
P1 following s should be no worse than choosing action 1 ahead of time:
01(5) > Bouslun(L,a-)] = n(1, 1)P(a = 1) + us (1, 2)P(; = 2)
=1-(s11+%2,1) +3(s12 + $2,2),
<= —6-51+1-55>0.
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Example: Computing CCE in a two player game

P1 following s should be no worse than choosing action 2 ahead of time:

ur(s) > Eanslu1(2,a-1)] =7(s11 + 52,1) +2(s12 + 52.2),
<= 6~5171—1-5172§0.

P2 following s should be no worse than choosing action 1 ahead of time:

u(s) > Eaus[un(1,a-;)] = 8(s1,1 + s1,2) +5(52,1 + 52,2),
& 4512 — 1. S22 < 0.

P2 following s should be no worse than choosing action 2 ahead of time:

u(s) > Eaus[un(2,a-j)] = 4(s1,1 + s1,2) +6(52,1 + 52,2),
Sl —4-511+1-571<0.
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Final remarks

» Linear programs can be solved in polynomial time. With p variables and ¢
constraints, interior point methods have worst-case complexity O(p?g®/?). Some
recent methods are more efficient, both in theory and practice.

> But p, g can be very large: with n players, and m actions each, we have p = m"
variables, ¢ = nm(m — 1) + m" 4+ 1 constraints for computing a CE.

» Roadmap for the next two chapters:
» Ch4: Introduction to online learning

» Chb: Using online learning to approximate CE and CCE in general sum games and
NE in zero sum games.
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