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CS 540 Introduction to Artificial Intelligence
Classification — Nearest Neighbors & Naive Bayes

University of Wisconsin-Madison
Fall 2026 Sections 1 & 2



Announcements

Homework:

- HW4 due Friday October 9th at 11:59 PM
- HWS5 will also be released on Friday

Midterm cheatsheet: one double-sided 8.5 x 11 page permitted,
but we aim to make the midterm doable without one

—

Class rOadmap: Machine Learning: Neural
Networks | (Perceptron)
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Outline

* Review linear and logistic regression
* Nearest Neighbors

— parametric vs. nonparametric models
* Nalve Bayes

— discriminative vs. generative models



Review: Linear Regression

= Training data

Simplest form of regression: find a line that fits the data

* Whenxisascalar: fgp)(x) =ax + b

* When x is a vector: e
f(X) — 60+91X1+92x2+“‘+9dxd — HO‘I‘XTH
Give x a “dummy dimension” to simplify notation

old  [x,7 New 1 %
X X1 01
X =1: x=|xx| fl)=I[1 x1 xp - xq|[02|=(x,0)=xT6
X : :
a Xd Xd



Review: Linear Regression

Problem Setup

Train set (X1, 41), (X2,92), - - -5 (Xns Un)
Take train features and make it a n*(d+1) matrix, and y a vector:

x{ V1
X=].. y =1
xT Yn

Loss: %HXH — |4

Closed form solution: é — (XTX) _1XTy

Another way to find the best parameters is using Gradient Descent and its variants



Polynomial Regression

Y/\

* Linear regression tries to draw a straight line
on your data.

* |f data naturally curves, we may need to use Y1
polynomial regression.

f(x) =0y +0.x+ 0,x* + -+ 0, x™




Review: Linear Regression
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Review: Logistic regression

* Logistic regression = sigmoid conditional distribution + MLE

* More precisely:
— Give training data iid from some distribution D,

— Train: h
/(0: X.Y) = min — ] i |
max ((6; X,Y) = min ; og po(yi|z:)

— Test: output label probabilities

1
Pp(y = 1]z) = U(QTZE) — + exp(—0Tx)




Big picture: Nonparametric learning

So far, all learning approaches we have studied have been
parametric:

* each possible model is defined via a setting of a fixed-
dimensional parameter vector

* learning proceeds by finding a parameter that yields a good
model according to some loss

* Examples: linear models, neural networks

Nonparametric methods:

* models are defined by an unbounded number of parameters,
typically determined by the data itself

* Examples: nearest neighbors, decision trees, kernel density
estimation

fg:X > Y



Example 1: Predict if a user likes a song or not

model
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K-nearest neighbors for classification

Input:

® Training data (X1,V1), X2, V2),..., Xy, Vi)
* Distance function d(x;, X;);

* number of neighbors k;

* testdata x”

Prediction procedure:
1. Find the k training instancesXx; ,...,X;, closesttox" under d(x;, X;)

2. Outputy”, the majority class of y; ,..., y;, . Break ties randomly.



Defined by

1NN: Decision Regions

“Voronoi Diagram”

*Each cell contains points closer to a particular training point
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k-Nearest Neighbors: Distances

Discrete features: Hamming dlstance

dH( (J) Z 1{33(@) - x(])}

Continuous features: d 5
*Euclidean distance: d(z'¥,z2)) = (Z@g’) — azgj))z)

a—=—1

L1 (Manhattan) distance: (7> Z |:1:(Z — x(3)|



k-Nearest Neighbors: Distances (cont’d)

Mixed distances: Might have features of both, discrete and
continuous, types:

*Sum two types of distances component

Often, we will need standardization, (e.g. normalize individual
distances to maximum value of 1), to ensure that all distances
are in the same scale.



k-Nearest Neighbors: Standardization

Typical in data science applications. Recipe:
*Compute empirical mean/stddev for a feature (in train set)

1

n n 3
1 2
— £ q a — | — i,a — Ma
Ha E 1: i,a g (’n, Z(*’B, fa) )
T

1=1

Lia — Ha

*Standardize features before processing: Tiq =
* Only use training points to compute mean/stddev
* Do the same for test points! (via mean/stddev computed using
training points)
*\Very useful for parametric models as well

Oa



How to pick k, the number of neighbors

Split data into training and tuning (i.e validation) sets
Classify tuning set with different k
Pick k that produces least tuning-set error

Report error on the test set

(Shuffle whole dataset first)

(X1, Y1) - (X V) - (Xp» YN
Training set Tuning set Test set



k-Nearest Neighbors: Regression

Training/learning: given

[z yW) (22 y@D) o (2™ )]

Prediction: for &, find k most similar training points and return
k
.1 -
=12 v
i=1

*j.e. output the mean label of the closest k points



Instance-Based Learning: Strengths & Weaknesses

Strengths

* Easy to explain predictions

* Simple to implement and conceptualize.
* No training!

* Often good in practice

Weaknesses

* Sensitive to irrelevant + correlated features (next slide)
* Prediction stage can be expensive

* No “model” to interpret



Irrelevant Features

One relevant feature x; : Effect of an irrelevant feature x,
on distances and nearest
1-NN rule classifies each neighbors
instance correctly
______________________________ o
O
o ©
2%
O
O
o000 0 0 0 0 o
X1
® O




Big picture: discriminative vs. generative

So far, all supervised learning approaches we have studied have been
discriminative: the model f4: X — Y directly predicts the label or its probability
given the features.

« examples: linear models, nearest neighbors

» strengths: (usually) easier-to-train, targets exact performance measure

The generative approach tells a story of how the label was generated: the
parameter 8 models p(y|x) indirectly via a model of p(x|y), p(y), and Bayes’ Rule

» examples: Nalve Bayes, Gaussian Mixture Models

» strengths: interpretability and handling of missing data



Application: Parody Detection

Goal: given a text document of featurized as a binary bag-of-
words vector of vocabulary size K, model the probability that it

IS @ parody document:

La paralizacion

Spain may be heading for its
third election in a year

All latest updates

Stubborn Socialists are blocking Mariano Rajoy from forming a centre-right government

@) Timekeeper (PR Bl

Sep 5th 2016 | MADRID | Europe

/

"f’

BACK in June, after Spain’s second indecisive election in six months, the general
expectation was that Mariano Rajoy, the prime minister, would swiftly form a new
government. Although his conservative People’s Party (PP) did not win back the absolute
majority it had lost in December, it remained easily the largest party, with 137 of the 350

mmmbdon tem bl ONnwdbnom Tonmalinmnnnd mmed csrmem dlnn mwmlis minm b tmmmn o (b mlnmwn o dlnm v ombn

* ELECTION 2016 »

MORE ELECTION COVERAGE »

Tim Kaine Found Riding Conveyor
Belt During Factory Campaign Stop

NEWS IN BRIEF
August 23, 2016
VOL 52 ISSUE 33

Politics - Politicians -
Election 2016 - Tim Kaine

“'. - e

PR .

AIKEN, SC—Noting that he disappeared for over an hour during a campaign stop meet-
and-greet with workers at a Bridgestone tire manufacturing plant, sources confirmed
Tuesday that Democratic vice presidential candidate Tim Kaine was finally discovered
riding on one of the factory’s conveyor belts. “Shortly after we arrived, Tim managed to
get out of our sight, but after an extensive search of the facilities, one of our interns
found him moving down the assembly line between several radial tires,” said senior

campaign advisor Mike Henry, adding that Kaine could be seen smiling and laughing as
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A Generative Model

Generative story:
1. Flip a weighted coin Y
2. If heads, sample a document X from the parody distribution

3. If tails, sample a document X from the regular distribution

P(X,Y) = P(X|Y)P(Y)



A Generative Model (cont’d)

Generative story (in more detail):

1. Flip a weighted coin (Y)

2. If heads, roll a die with 2X sides to generate a document vector X from the
parody distribution

3. If tails, roll a different die with 2X sides to generate a document vector X from
the reqgular distribution

P(X17'°°7XK7Y) :P(X177XK|Y)P(Y)

However, this requires modeling 2 * 2% probabilities!



Naive Bayes: Core Assumption

How do we fix this problem?

* Conditional independence of features:

P(X1,...,Xg,Y)

P(X1,...,Xg|Y)P(Y)

[ P(XklY) | P(Y)

* What do we gain? With binary features, get one entry per feature per label

* So, number of probabilities goes from 2 * 2% - 2 x K



Naive Bayes: Training

Maximum likelihood says to just use counts to obtain probabilities:

P(X, = i|Y) = times X =iinclassY ¢
e = M examples of classY N

But what if C; = 07
* Then P(Xy =i|Y) = 0.
* This makes the probability P(Y) [, P(Xx = i|Y) of the document zero

* Solution: smooth! C: + O < smoothing
P(X.|Y) = l parameter
N + aK

34



Naive Bayes: Predicting

* With conditional probabilities, how to predict?

y = argmax p(y|x) (posterior)

Yy
— argmax - (x]y)p(y) (by Bayes’ rule)
Y p(ai‘)

= argmax p(x|y)p(y)
Yy

35



Suggested Readings

* Textbook: Artificial Intelligence: A Modern Approach (4th edition). Stuart
Russell and Peter Norvig. Pearson, 2020.

- Sections 19.7.1, 20.1, 20.2.1-20.2.4



TRGA . 2 < AU i = B ,.
. i Thia - et RS F PN —~,4', o e
g - . . . ) :
= ; ~ a . 2 ) oy Ve S "3 e % -
P . \ - ~ - - - . - - —Tly
- .~ v K - 4 ° - = ~ .- % . o — B T~ S - Y -
?"'{‘ e B e S B A e B N~ ql_-’ !
- L .. ‘.-4 b | - g 2. - -‘ - > e )
BIE BN A 1‘;“ :‘_’51— L e oo Y. “.__l_é,.',‘k‘-f 2 s o

SRR T

Y R - _ ) rge R = ol : ot 5 : \ o D R | [
ml‘ at) : ' } | : - .




	Slide 1: CS 540 Introduction to Artificial Intelligence Classification – Nearest Neighbors & Naïve Bayes
	Slide 2: Announcements
	Slide 3: Outline
	Slide 4: Review: Linear Regression
	Slide 5: Review: Linear Regression
	Slide 6: Polynomial Regression
	Slide 7: Review: Linear Regression
	Slide 8: Review: Logistic regression
	Slide 9
	Slide 10: Example 1: Predict if a user likes a song or not
	Slide 11: Example 1: Predict if a user likes a song or not
	Slide 12
	Slide 13
	Slide 14: K-nearest neighbors for classification
	Slide 15: 1NN: Decision Regions
	Slide 16: k-Nearest Neighbors: Distances
	Slide 17: k-Nearest Neighbors: Distances (cont’d)
	Slide 18: k-Nearest Neighbors: Standardization
	Slide 19: How to pick k, the number of neighbors
	Slide 20: k-Nearest Neighbors: Regression
	Slide 21: Instance-Based Learning: Strengths & Weaknesses
	Slide 22: Irrelevant Features
	Slide 29: Big picture: discriminative vs. generative
	Slide 30: Application: Parody Detection
	Slide 31: A Generative Model
	Slide 32: A Generative Model (cont’d)
	Slide 33: Naïve Bayes: Core Assumption
	Slide 34: Naïve Bayes: Training
	Slide 35: Naïve Bayes: Predicting
	Slide 53: Suggested Readings
	Slide 54


  x


   f   (  a , b )  ( x ) = a x + b


  x


  f  ( x ) =  𝜃 0 +  𝜃 1  x 1 +  𝜃 2  x 2 + ⋯ +  𝜃 d  x d =    𝜃 0 + x T 𝜃


  x


  x =  [     1    x 1    x 2   ⋮    x d ]


  x =  [      x 1    x 2   ⋮    x d ]


  f  ( x ) =  [     1   x 1   x 2  ⋯   x d ]  [      𝜃 0    𝜃 1    𝜃 2   ⋮    x d ]


   ⟨  x , 𝜃 ⟩ = x T 𝜃


  X =  [       x 1 T    …     x n T ]


  y =  [       y 1    …     y n ]


   1 n    ‖  X 𝜃 − y ‖ 2


  f ( x ) =  𝜃 0 +  𝜃 1 x +  𝜃 2  x 2 + … +  𝜃 n  x n


  x


   f   (  a , b )  ( x ) = a x + b


  x


  f  ( x ) =  𝜃 0 +  𝜃 1  x 1 +  𝜃 2  x 2 + ⋯ +  𝜃 d  x d =    𝜃 0 + x T 𝜃


  x


  x =  [     1    x 1    x 2   ⋮    x d ]


  x =  [      x 1    x 2   ⋮    x d ]


  f  ( x ) =  [     1   x 1   x 2  ⋯   x d ]  [      𝜃 0    𝜃 1    𝜃 2   ⋮    x d ]


   ⟨  x , 𝜃 ⟩ = x T 𝜃


   f 𝜃 : X ↦ Y


  (  𝐱 1 ,  y 1 ) , (  𝐱 2 ,  y 2 ) , . . . , (  𝐱 n ,  y n )
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  2 ∗  2 K → 2 ∗ K


  P  (   X k = i | Y ) =   # times    X k = i   in   class   Y  # examples   of   class   Y =    c i N


   c i = 0


  P  (   X k = i | Y ) = 0


  P ( Y )  ∏ k  P  (   X k = i | Y )
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