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CS 540 Introduction to Artificial Intelligence
Neural Networks I: Perceptron

University of Wisconsin-Madison
Fall 2026 Sections 1 & 2



Announcements

Homework: HW5 due on Friday Oct 16 at 11:59 PM

Midterm course evaluations are this week.

Midterm exam: Oct 23 (next Friday) at 5.45 pm
Humanities Building Room 2340

—

Machine Learning: Neural
Networks Il

Machine Learning: Neural
Networks Il

suluJeal g)as!/uadng




Outline

* Single-layer Neural Network

* Activation Functions

* Multi-layer Neural Network
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Single-layer Neural Network



Inspiration from neuroscience

- Inspirations from human brains
- Networks of simple and homogenous units

Terminal buttons
(form junctions

——r with other cells)
o 1y 2 » Cell body Dendrites
N o [ . L & (soma) (receive messages )
o <@ & o " from other cells) Dendrites
® 2@ o (from another
4 neuron)
. % %
A . .. : @ . & o
® » [ /\
i\ @9
@ # e \° © . @t ° Axon
o s & o | (passes messages away
® & > @ bat from the cell body to
- [ ® 8 o & other neurons, muscles,
] " or glands
C— Qawm T e @ & g )
X . ' o @ »
- _, o———u L e
® »
? @ Y I ® ® & @ " ¥ —e ®
. & L . i . \XK>":"‘\=<—.~<_(_» — \7/,
& w . & el A
. & o ® & SeSmm—
@ a1 © Action potential
® \ @® v ® (electrical signal
@ “ = | — traveling down Myelin sheath
® LY v the axon) (covers the axon of some
-0 neurons and helps speed
. neural impulses)

(wikipedia)



Starting point: The Perceptron

Cats vs. dogs?




Starting point: The Perceptron

Given input x, weight w, and bias b, the perceptron outputs:
1 if x>0 activation

37 — U((W, X) T b) O-(x) — {_1 otherwise function

X1

|
Cats vs. dogs? W1 '
X2 W» D

Input /X Output




Starting point: The Perceptron

Goal: learn parameters W = {w;, W,, ..., W4} and b to
minimize the classification error

X1

Cats vs. dogs? W1




Training the Perceptron

e An iterative stochastic Perceptron Learning Algorithm

: Input: dataset (X, y)
aIgOrlthm to decrease number of steps T, step size n

loss on training data 1. Initialize wy, b,
_ Start with initial 2.Fort =1,2,..,1

_ 3 Pick random (x;, y;)
weights wy, by 4 Predict §; « o({w¢_1,x;) + bs_1)
— Randomly pick next >. Ity # yi: R
training example °. Wi < Wi + 10 = Yi)%;
/ by < bi_1 + i — Vi)
— When perceptron 8. Return wy

misclassifies a point,
update the weights



Perceptron

(1, 3)

(-2, 2) ™M
Take n = 1
@ ake 7

Input: dataset (X, y)
(3, 1) number of steps T, step size 1

@ Perceptron Learning Algorithm

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)
@ 4 Predict y; « a({W¢_q1,x;) + bs_1)
(_3’ _1) 5 Iffl * V.-
6. Wy « w1 + 0y — Vi)x;
7 by « be_q + Ny — Vi)
8. Return wr

Training set. Each point is marked with its label y.
Goal: find w with (w, x) > 0 exactly wheny = 1.



Perceptron

Taken =1

Perceptron Learning Algorithm

Input: dataset (X,y)
number of steps T, step size n

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)

4.  Predicty; « a((We_q1,x;) + br_q)
5 |f fi * V.-

6. We < Weg + 1y — V)X,

7/ by « be_q + Ny — Vi)

8. Return wy

Initialize wy = (-1, 2). The boundary (wg, xX) =0
IS perpendicular to wy. Shaded regionisy = 1.



Perceptron

Taken =1

Perceptron Learning Algorithm

Input: dataset (X,y)
number of steps T, step size n

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)

4.  Predicty; « a((We_q1,x;) + br_q)
5 |f fi * V.-

6. We < Weg + 1y — V)X,

7/ by « be_q + Ny — Vi)

8. Return wy

t=1.pickx=(3,1),y=1.
y=0(-3+2)=0#Yy, so this is a mistake.



Perceptron

(1, 3)
-2, 2) (D ws
@ ix Taken =1
+ X
Wo Perceptron Learning Algorithm
@ Input: dataset (X,y)
(3, 1) number of steps T, step size n

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)
@ 4 Predict y; « a({W¢_q1,x;) + bs_1)
(_3’ _1) 5 Iffl * V.-
6. Wy « w1 + 0y — Vi)x;
7 by « be_q + Ny — Vi)
8. Return wr

Wi —Wo + Ny - y)x=(-1,2)+(3, 1)=(2, 3)
The boundary rotates; (3, 1) is now correct.



Perceptron

Taken =1

Perceptron Learning Algorithm

Input: dataset (X,y)
number of steps T, step size n

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)

4.  Predicty; « a((We_q1,x;) + br_q)
5 |f fi * V.-

6. We < Weg + 1y — V)X,

7/ by « be_q + Ny — Vi)

8. Return wy

t=2:pickx=(-2,2),y=0.
y = o(-4 + 6) =1 # vy, another mistake.



Perceptron

Taken =1

Perceptron Learning Algorithm

Input: dataset (X,y)
number of steps T, step size n

1. Initialize wy, b,
2.Fort=1,2,..,T

3 Pick random (x;, y;)

4 Predict J; « o({W¢—1,x;) + bp_1)
5 |f fi * V.-

6. We < Weg + 1y — V)X,

7/ by « be_q + Ny — Vi)

8. Return wy

Wz — Wy + Ny - yY)x=(2,3)-(-2,2)=(4,1)
All four points correct, so no update fires.



Learning AND function using perceptron

The perceptron can learn an AND function

x1=1x,=1,y=1
x1=1,x,=0,y =0
x1=0,x,=1,y=0
x1=0,x=0,y=0




Learning AND function using perceptron

The perceptron can learn an AND function




Learning AND function using perceptron

The perceptron can learn an AND function

W1

\
/

W2 o) ={

Output o(x;w; + x,w, + b)

1 ifx>0
0 otherwise




Learning AND function using perceptron

The perceptron can learn an AND function

W1

\
/

W2 o) ={

Output o(x;w; + x,w, + b)

1 ifx>0
0 otherwise

w, =1,w, =1,b=—1.5




Learning OR function using perceptron

The perceptron can learn an OR function

x1=1,x,=1,y=1
x1=1,x,=0,y=1
x1=0x,=1,y=1
x1=0,x=0,y=0




Learning OR function using perceptron

The perceptron can learn an OR function

AN




Learning OR function using perceptron

The perceptron can learn an OR function

Wq
> Output O'(x1W1 + Xo W) + b)
W> 1 ifx >0
o(x) = {O otherwise

AN




Learning OR function using perceptron

The perceptron can learn an OR function

Wq
> Output O'(x1W1 + Xo W) + b)
W> 1 ifx >0
o(x) = {O otherwise

AN

W1 = 1,W2 — 1,b = —0.5




Learning NOT function using perceptron

The perceptron can learn NOT function (single input)

W1

X Output 0(xwy + b)

1 ifx>0
0 otherwise

0(x) = {

Wi = _1,b — 05



XOR function (Minsky & Papert, 1969)

The perceptron cannot learn an XOR function
(it can only generate linear separators)




The limited power of a single neuron
XOR problem

If one can represent AND, OR, NOT, one can
represent any logic circuit (including XOR),
by connecting them

XOR(x1,x2 )=(xIA—x2)V(—x1AXx2)



Learning XOR

This motivates using multi-layer perceptrons.
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Activation Functions



Activation functions

What is an activation function?

* nonlinearity applied after taking the weighted sum

* inspired by neurons firing after exceeding a threshold

* In multi-layer networks (coming soon), they are applied elementwise
Examples:

» step functions

» sigmoid (logistic)

* tanh

e RelLU



Step Function activation (used in perceptron)

S | | 0(x)={1 if x>0
Step function is discontinuous, which 0 otherwise

cannot be used for gradient descent

1

0.5

|
-2 -1.o -1 -0.5 0.0 1 15 2




Sigmoid/Logistic Activation

1 ifz>0

Map input into [0, 1], a soft version of 0(2) =1, . "

1

O'(Z) — Slngld(Z) — “—eX—I)(—Z)




Tanh Activation

Map inputs into (-1, 1)

o(z) = tanh(z) =

tanh(z) = 2sigmoid(2z) — 1

1 —exp(—22z)
1+ exp(—22z)
o =

/o
e




RelLU Activation

RelLU: rectified linear unit (commonly used in modern

neural networks)
ReLU(x) = max(x, 0)




Multilayer

Perceptron



The perceptron has one layer of weights

Each input node receives one

scalar feature (e.g., one pixel)

Cats vs. dogs?

\ Output




Beyond one layer

Big Idea: take our inputs from other perceptrons!

Input

Perceptron A

uuuuuu

/’ —
xd/

Cats vs. dogs? Perceptron B | 7,

\ Output

Perceptron M
s\ |__.

uuuuuu




Multilayer Perceptron with One "Hidden" Layer

nput Hidden |
- idden layer
How to ClaSSIfy X4 m neurons
Cats vs. dogs?
X2

Output




Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
3 neurons
Input
=1

X € R% (1)
Wi

X2



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input 3 heurons
(1)
X1
i W PN RN )
h, = a(.z XiW,:” + by ")

(1) =

22

X2



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input Mm=3 neurons
1 1
h =O'(ZXW() bi ))
X1 q
X € Rd hZ — O'( Z (1) 4+ b(l))
i=1
X2

d
hs = o xws + biP)

=1



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input m=3 neurons
hi = o( Z X; W(l) bil) -
Xq ) \‘XOutput
X € R? hy = o (3 xwy; + AQNUEAN
X2

d (2)
hs = a( Y xws + by Y

=1



Multi-layer perceptron: Example

-Standard way to connect Perceptrons
‘Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

Input Mm=3 neurons Siamoid

IgMmoil
_ 1) 4 p® dvatior

hl—a(ZxW + b, () activatio

2
& (2 )
d 1 1 m
X €R hz—a<2xw()+b<9—2—) y =a(Y hw +

/ 1=1 l
X9

d (2)

1 1

hy = o( 3 xwd) +bPY Vs

=1



Multi-layer perceptron: Matrix Notation

» Input: x € R4
+ Hidden W € Rm*xd p(1) ¢ R™

* Intermediate output Input |
h=o(Wx -+ b) P rer
h e R™



Multi-layer perceptron: Matrix Notation

S
X
Q,

ax1

X € R4



Multi-layer perceptron: Matrix Notation

Key elements: linear operations + Nonlinear activations

mxX1

2

X

=
=
X
—

=l -
O -angw

Element-wise
activation function

o
M
7
L+
|
Q00000000



Multi-layer perceptron: Matrix Notation
» Input: x € R
+ Hidden WD € Rm*d p(1) ¢ ™
* Intermediate output nput
h = o(W®Px +b®) D) mnewrons
* Final output
9 = o(WwPh + b?®)

Output



Multi-layer perceptron: Recap

Input
Hidden layer
X1 100 neurons
Classify cats vs. dogs
X2

Output




Demo: Learning XOR using neural net

Q"

DATA

Which dataset do
you want to use?

W
i O

Ratio of training to
test data: 50%

—

Moise:

Hatch size: 10

—

REGEMERATE

Epoch

000,211

FEATURES

Which properties do
you want to feed in?

Learning rate

0.01

.|__

8 neurons

Activation Regulanzation Hegulanzation rate

o RelLU - L2 - 0.01 -

+ — 2 HIDDEN LAYERS

OUTPUT

Test loss 0.019
[raining loss 0.011

+_

2 neurons

-

* The outputs are
mixed with varying
weights, shown
by the thickness

o, i 'H
# of the lines.

Colors shows
data, neuron and
weight values.

Show test data

https://playground.tensorflow.org/

HFroblem type

Classification -

b
|
=

Liscretize output



https://playground.tensorflow.org/

A Brief History of Al with Deep Learning

First First . Second Second Third
Golden Age Dark Age Golden Age | Dark Age Golden Age

P e r st s eSS > 2 b L T i - e -~

Birth | | AlexNet DeepSeek-R1

of Al Backpropagation SVMs 2012 2025

1956 AROLINE XOR 1986 1995 Transformer o1

Artificial Turing 1959 Problem  Neocognitron 2017 ‘-"‘:f'jj_”fff" 2024

RBM 022
Neuron Test |Perceptron 1969 1980 UAT cny  nitialization GPT-3 § GPT-4V

1943 1950 1957 1989 1oon 2006 2023

1970 1980 2000 2010 2020

ﬁ@‘ir 1

McCulloch-Pitts Rosenblatt Widrow-Hoff

Rumelhart, Hinton et al.  LeCun  Hinton-Ruslan Krizhevsky et al.

Inputs  Weights Not input Activation OR XOR B Bl
funcnion function | \ 5 Caga d@an "
X2 = 1 3 1 " ‘ 1 ’ . x T ' O w1 % Belay gy 1 -yt .. N K N K N i N ]
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https://medium.com/@Impo/a-brief-history-of-ai-with-deep-learning-26f7948bc87b



What we’ve learned today...

* Single-layer Perceptron

O Motivation

O Activation function

O Representing AND, OR, NOT
* Multilayer Perceptron

* Brief history of neural networks



Suggested Readings

* Textbook: Artificial Intelligence: A Modern Approach (4th edition). Stuart
Russell and Peter Norvig. Pearson, 2020.

- Sections 19.6.4, 21.1
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   y ^ = 𝜎 (  𝐰   ( 2 ) 𝐡 +  𝐛   ( 2 ) )
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