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CS 540 Introduction to Artificial Intelligence
Neural Networks I

niversity of Wisconsin-Madison
Spring 2026 Sections 1 & 2



Announcements

. Homework:

- HWS5 due Friday Oct 16 at 11:59 PM
- No homework next week due to midterm.
. Midterm course evaluations due tomorrow

- Class roadmap: NS

Neural Networks Il

Deep Learning |

|
suluiea

auIyoe N




Midterm Information

. Time: Oct 23rd 5:45-7:15 PM

. Location: Humanities Building Room 2340
. Format: MCQ

. Cheat sheet: a handwritten single piece of paper, front and back

. Calculator: optional, if it doesn’t have an Internet connection
. Bring: your WISC ID, pencil (No 2 or softer), your 1-sheet notes.



Today’s outline

* Multi-layer Perceptron
* Single output
* Multiple output

* Calculus Review

* How to train neural networks
* Gradient descent

* Backpropagation



Review: The Perceptron

Given input x, weight w, and bias b, the perceptron outputs:
1 if x>0 activation

37 — U((W, X) T b) O-(x) — {_1 otherwise function

X1

|
Cats vs. dogs? W1 '
X2 W» D

Input /X Output




Learning OR function using perceptron

The perceptron can learn an OR function

Wq
> Output O'(x1W1 + Xo W) + b)
W> 1 ifx >0
o(x) = {O otherwise

AN

W1 = 1,W2 — 1,b = —0.5




Learning NOT function using perceptron

The perceptron can learn NOT function (single input)

W1

X Output 0(xwy + b)

1 ifx>0
0 otherwise

0(x) = {

Wi = _1,b — 05



The limited power of a single neuron
XOR problem

If one can represent AND, OR, NOT, one can
represent any logic circuit (including XOR),
by connecting them

XOR(x1,x2 )=(xIA—x2)V(—x1AXx2)



Learning XOR

This motivates using multi-layer perceptrons.



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
3 heurons
Input
=1

X € R% (1)
Wi

X2



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input 3 heurons
(1)
X1
i W PN RN )
h, = a(.z XiW,:” + by ")

(1) =

22

X2



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

3 neurons
Input



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input Mm=3 nheurons
1 1
h =O'(ZXW() bi ))
X1 q
X € Rd hZ — O'( Z (1) 4+ b(l))
i=1
X2

d
hs = o xws + biP)

=1



Multi-layer perceptron: Example

Standard way to connect Perceptrons
Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer
Input m=3 neurons
hi = o( Z X; W(l) bil) -
Xq ) \‘XOutput
X € R? hy = o (3 xwy; + AQNUEAN
X2

d (2)
hs = a( Y xws + by Y

=1



Multi-layer perceptron: Example

-Standard way to connect Perceptrons
‘Example: 1 hidden layer, 1 output layer, depth = 2

Hidden layer

Input Mm=3 neurons Siamoid

IgMmoil
_ 1) 4 p® dvatior

hl—a(ZxW + b, () activatio

2
& (2 )
d 1 1 m
X €R hz—a<2xw()+b<9—2—) y =a(Y hw +

/ 1=1 l
X9

d (2)

1 1

hy = o( 3 xwl) +bPY Vs

=1



Multi-layer perceptron: Matrix Notation

» Input: x € R4
+ Hidden W € Rm*xd p(1) ¢ R™

* Intermediate output Input |
h=o(Wx -+ b) P rer
h e R™



Multi-layer perceptron: Matrix Notation
» Input: x € R
+ Hidden WD € Rm*d p(1) ¢ ™
* Intermediate output nput
h = o(W®Px +b®) D) mnewrons
* Final output
9 = o(WwPh + b?®)

Output



Multi-layer perceptron

Input
Hidden layer

M Neurons

Why do we need a

nonlinear activatione

Output
h=w®x4+pD
f=(w?)h+p®
S5 f = (w®) Wk + (w®) ' p® + p®@

> f=w'x+b



Neural network for K-way classification

K outputs in the final layer

e.g., multi-class classification (e.g.,

Hidden layer
mM=3 neurons

Input
h, = o( 2 xiw? + bi

ImageNet with K=1000)

No activation
applied (yet) in
the output layer



Softmax

Turns outputs f'into probabilities (sum up to 1 across K classes)

Hidden layer
mM=3 neurons
Input Output
N p(yIx) = softmax(f)
1
eRE exp(f, (x))

L O X exp(fie ()



Softmax

Turns outputs finto probabilities (sum up to 1 across K classes)

Output Softmax
layer activation function

1.3
5.1
2.2
0.7
1.1




Softmax

Turns outputs finto probabilities (sum up to 1 across K classes)

Output Softmax -
layer activation function Probabilities
13 0.02

0.90
w1 0.05

0.01
0.02

5.1
2.2
0.7
1.1

Normalized




Writing in matrix form

. Input x € R Pi>Pas ---» Px = softmax(fi, />, ..., Ix)
e Hidden W/ e r™d p) e R™
Output layer (fl | 1B i

f = WPh + b'@ Hidden layer o e\ @

p = softmax(f) ~§§v Qﬂf%«‘

h = o(Whx + b)) /Q,‘.V@\:>
—



More complicated neural networks: multiple hidden layers

Output layer f .. . f'2

h, = s(Wx + b))

Hidden layer é _. o
h, = s(W®h, + b") 2N
()

h3 p— G(W(B)hz —I— b(B)) Hidden layer 0"‘-'

NS
SEEXK ]
f=W,+b™ P2 S\
p = softmax(f) o oﬁ?&q@y&?f’ O

Input layer o///“é',‘\‘é# §°



How to train a neural network?

Input
Hidden layer

M Neurons

Classify cats vs. dogs

Output




Recall loss for logistic regression (derived from MLE)

+ Conditional log likelihood: ¢(6; X, ¥) = log Py(X, ¥) = log [ | pa(ui|=:
1=1
» MLE is:  max{(6; X,Y) = main—;logpe(yi\wi)

e | et us write this as

mmz (1](yZ = 1) logpe(y; = 1|z;) + 1(y; = 0) log pe(y; = 0\:131))

n

.1 . .
— malng Z ( Z “(yi — J) logpe(yi — .733@))

1=1 7€{0,1}



Cross entropy loss: K-way classification
1

Loss function:

—— 2. (X, yi)

D]
Hidden layer
Represent y;’'s as one-hot vectors. Input m heurons
Loss on sample / when softmax

outputs p; :
K

{(X,y) = ), —Y;;jlogp;

|

Also known as cross-entropy loss
or softmax loss

Output




Cross-Entropy Loss

softmax
(model prediction)

0.8 " Leg =2 —yjlog(p))

= —]og(0.8)

True label

Y Goal: push p and Y to be identical

P



How to train a neural network?

Update the weights W to minimize the loss function

Input
1 P Hidden layer

Z ’E(X, y) M Neurons

L[ =—
|D| (X,Y)ED

Output
Use gradient descent!



Detour: H
Multivariate Calculus

https://machinelearningmastery.com/a-gentle-introduction-to-multivariate-calculus/



Derivatives of functions of single variables

* Given function f (x), we would like to find the slope of
the tangent line at any point x.

N
* Why? Tells us how fast f (x) is increasing / O
decreasing at X.
o M _ iy [EFA)—F(X)
adx Ax—0 AXx

https://www.storyofmathematics.com/derivative-calculus/



Derivatives of functions of single variables

* For many functions f (x) we have simple rules to find the derivative.

ar _

e If f(x) = cx* then — = = 2CX
p af _ pyP-1
* Or more generally, if f(x) = cx? then — = CDpX
. — 4 1
If f(x) = logx then — =
d
o If f(x) = cthen L =0

dx

https://www.storyofmathematics.com/derivative-calculus/



More Complex Functions

* Derivation rules can be applied hierarchically to find derivatives of more complex
functions.

. _ df _dh , 49
Sumrule: If f(x) = h(x) + g(x) then — = + & dx

* Productrule: If f(x) = h(x) - g(x) then d h(x) + g(x)%

. df _ dhdg
Chain rule: If f (x) = h(g(x)) then = —= =~

* More complex chain rule: if f (x) = f1(f2(-** f,(x) -+ )) then Zﬁ B
dhdfz . An
dfz dfs  dx

https://www.storyofmathematics.com/derivative-calculus/



Derivatives of functions of multiple
variables

* Generalize derivative to functions of form f (x4, X5,...,Xy).
0
* The partial derivative % tells us how fast f increases / decreases as we
1

increase the value of x.

. . . . O
* For each variable X; we have a partial derivative %.
i

* The gradient is the vector of all of these partial derivatives.

df of Of of
o =L ]

dx 0x, 0x, — 0xp

https://www.storyofmathematics.com/derivative-calculus/



Computing Partial Derivatives

* Rules from single-variable calculus directly extend to multivariate calculus
with one small change.

of

* When computing P treat all other variables as constants.
l
* Examples:
of 1
* If f(xq1,x2) = logx; + logx, then — = —
5‘x1 X1
oaf
° |ff(x1, XZ) — Xl(xl + xZ) then — Py — X1
2

https://www.storyofmathematics.com/derivative-calculus/



Gradient Descent

* Choose a learningraten > 0 @
* Initialize the model parameters w
* Fort=1,2,...

* Update parameters:

D can be very
oL large. Expensive

OW¢_1

1 > 04 (X,y)

D | (X,y)ED OW¢_q

W = Wi 1 — 1

per iteration

— W1 — 7]

* Repeat until convergence



Minibatch Stochastic Gradient Descent

* Choose a learning rate n > 0 @
* Initialize the model parameters w
* Fort=1,2,...

* Randomly sample a subset (mini-batch) B C D
* Update parameters:

1
W = Wi g — 1757

* Repeat until convergence



Computing
gradients
In a neural
network

0.5 -

0.4 <

0.3 <

0.2 <

-0.2 <

Single Model /m\
)

Standard LR Schedule [}

[Gao and Li et al., 2018]



Calculate Gradient (on one data point)

04(X,y)
ow11

* Data point: ((xl,xz);Y)

* Want to compute



Calculate Gradient (on one data point)

: 9
Wi2
o —y log(y)
11X1 + sigmoid function —(1—-y)log(1-79)
—_— 7 — . (X
Wi12X1 ( | y)

Use chain rule!



Calculate Gradient (on one data point)

& [
i‘*ﬁ}

Wi2
—y log(y)
W11X1 sigmoid function —(1—-y)log(1-79)
+— . ——
Wi2X1

ol 9l 3y oz
aW11 - 0? 0z aW11

* By chain rule:




Calculate Gradient (on one data point)

W11 ~
: )

W12 ~
—ylog(y)
W11X1 sigmoid function —(1—-y)log(1-79)
+— . ——
Wi12X1

0y 1—-y
| al (1—Y_Z)a_? 9z
o By chain rule: W11 T 1—9 y/ 0z 0wq1q




Calculate Gradient (on one data point)

& [
i‘*ﬁ}

—y log(¥)
W11X1 sigmoid function —(1—-y)log(1-79)
Wi12X1 ( | y)

oy .,
= =0'(2) = o(2)(1 - 0(2)

. al 1-y y ~~ 0z
* By chain rule: =( A—:) 1 —
y s w11 1-y Y ( y)



Calculate Gradient (on one data point)

W11 )
.;,,_-1 9
:

o —y log(y) .
' | -1 —-y)log(1—9
W11X1 sigmoid function ) (1-—y {(X’ y)
+— L
Wi12X1 07 .
6W11
- "= (2= -9x
* By chain rule: Wi 5 3



Calculate Gradient (on one data point)

& [
i‘*ﬁ}

W12
o —y log(y)
11X1 sigmoid function —(1—-y)log(1-79)
o, 3 {(X,y)
Wi2X1 07
= X
8W11 !
al ~
* Bychainrule: —— = (¥ —y)x;

6w11



Calculate Gradient (on one data point)

2) —y log(y)
W11 d11 + sigmoid function —(1 —=y)log(1—-79)
—_—z — . %
(2) > txy)

ol _ dl 9y oz (2)

* By chain rule: — — 7 — () —
aall aj\f 0z aa11 (y y)wll




Calculate Gradient (on one data point)

2) —y log(y)
W11 d11 + sigmoid function —(1 —=y)log(1—-79)
—_—z — . %
(2) > txy)

ol _ dl 9y oz (2)

* By chain rule: — — 7 — () —
aa12 aj\f 0z 6a12 (y y)W12




Calculate Gradient (on one data point)

(1) 11

[(x,y)
ol

daq,

~ 2
= {}’ o y)wj{_:]_}

ol ol aall aZ11 R
= —y)w;;a11(1 —aqq)

awgll)  daqq 9z1q awgll) B

* By chain rule:

ow

(2) 0711

11



Calculate Gradient (on one data point)

(1) 11

dl
daq,

=@ - y)w,?

ol ol aall aZ11

* By chain rule: — — 1
aWg11) dass 9211 awlD = — YIwPagq(

[(x,y)

— a411)%4



Auto
Differentiation




Auto Differentiation (AD)

* |n practice, back-propagation is handled by automatic
differentiation

* AD evaluates gradients of a function specified by a program
at given values

 AD iIs distinct from

_ _ o n[1]: D[4:{3+:{2+3,:{]
» Symbolic differentiation

Out[1]= 2 X + 12 %

 Numerical differentiation T _ limf(x th) — 1)
0x h—0 h




What we’ve learned today...

* Multi-layer Perceptron
* Single output
* Multiple output

* Calculus Review

* How to train neural networks
* Gradient descent

* Backpropagation



Suggested reading

» Textbook: Artificial Intelligence: A Modern Approach (4th
edition). Stuart Russell and Peter Norvig. Pearson, 2020.
— Sections 21 Introduction, 21.1, 21.2, 21.4 ,21.5



	Slide 1: CS 540 Introduction to Artificial Intelligence Neural Networks II
	Slide 2: Announcements
	Slide 3: Midterm Information
	Slide 4: Today’s outline
	Slide 5: Review: The Perceptron
	Slide 6: Learning OR function using perceptron
	Slide 7: Learning NOT function using perceptron
	Slide 8: The limited power of a single neuron
	Slide 9: Learning XOR 
	Slide 10: Multi-layer perceptron: Example
	Slide 11: Multi-layer perceptron: Example
	Slide 12: Multi-layer perceptron: Example
	Slide 13: Multi-layer perceptron: Example
	Slide 14: Multi-layer perceptron: Example
	Slide 15: Multi-layer perceptron: Example
	Slide 16: Multi-layer perceptron: Matrix Notation
	Slide 17: Multi-layer perceptron: Matrix Notation
	Slide 18: Multi-layer perceptron
	Slide 19: Neural network for K-way classification
	Slide 20: Softmax
	Slide 21: Softmax
	Slide 22: Softmax
	Slide 23
	Slide 24
	Slide 31: How to train a neural network?
	Slide 32: Recall loss for logistic regression (derived from MLE)
	Slide 35: Cross entropy loss: K-way classification
	Slide 36: Cross-Entropy Loss
	Slide 37: How to train a neural network?
	Slide 38: Detour:  Multivariate Calculus
	Slide 39: Derivatives of functions of single variables
	Slide 40: Derivatives of functions of single variables
	Slide 41: More Complex Functions
	Slide 42: Derivatives of functions of multiple variables
	Slide 43: Computing Partial Derivatives
	Slide 50: Gradient Descent
	Slide 51: Minibatch Stochastic Gradient Descent
	Slide 52: Computing gradients in a neural network
	Slide 53: Calculate Gradient (on one data point)
	Slide 54: Calculate Gradient (on one data point)
	Slide 55: Calculate Gradient (on one data point)
	Slide 56: Calculate Gradient (on one data point)
	Slide 57: Calculate Gradient (on one data point)
	Slide 58: Calculate Gradient (on one data point)
	Slide 59: Calculate Gradient (on one data point)
	Slide 60: Calculate Gradient (on one data point)
	Slide 61: Calculate Gradient (on one data point)
	Slide 62: Calculate Gradient (on one data point)
	Slide 63: Calculate Gradient (on one data point)
	Slide 68: Auto  Differentiation
	Slide 69: Auto Differentiation (AD)
	Slide 70: What we’ve learned today…
	Slide 71: Suggested reading


  𝐱


  𝐰 ,


  b


   y ^ = 𝜎  (  ⟨ 𝐰 , 𝐱 ⟩ + b )


  𝜎 ( x ) = {    1  if   x > 0   − 1  otherwise


   w 1


   w 2


   w d


   x 1


   x 2


   x d


  b


  1


   w 2


   w 1


  𝜎 (  x 1  w 1 +  x 2  w 2 + b )


  𝜎 ( x ) = {    1  if  x > 0   0  otherwise


   w 1 = 1 ,  w 2 = 1 , b = − 0 . 5


   w 1


  𝜎 ( x  w 1 + b )


  𝜎 ( x ) = {    1  if     x > 0   0  otherwise


   w 1 = − 1 , b = 0 . 5


  x


   x 1


   x 2


  𝐱 ∈  ℝ d


   w  11  ( 1 )


   w  12  ( 1 )


   h 1 = 𝜎 (    ∑  i = 1 d  x i  w  1 i  ( 1 ) +  b 1  ( 1 ) )


   x 1


   x 2


  𝐱 ∈  ℝ d


   w  21  ( 1 )


   w  22  ( 1 )


   h 2 = 𝜎 (    ∑  i = 1 d  x i  w  2 i  ( 1 ) +  b 2  ( 1 ) )


   x 1


   x 2


  𝐱 ∈  ℝ d


   w  31  ( 1 )


   w  32  ( 1 )


   h 3 = 𝜎 (    ∑  i = 1 d  x i  w  3 i  ( 1 ) +  b 3  ( 1 ) )


   x 1


   x 2


  𝐱 ∈  ℝ d


   h 3 = 𝜎 (    ∑  i = 1 d  x i  w  3 i  ( 1 ) +  b 3  ( 1 ) )


   h 2 = 𝜎 (    ∑  i = 1 d  x i  w  2 i  ( 1 ) +  b 2  ( 1 ) )


   h 1 = 𝜎 (    ∑  i = 1 d  x i  w  1 i  ( 1 ) +  b 1  ( 1 ) )


   x 1


   x 2


  𝐱 ∈  ℝ d


   w 1  ( 2 )


   w 3  ( 2 )


   w 2  ( 2 )


   h 3 = 𝜎 (    ∑  i = 1 d  x i  w  3 i  ( 1 ) +  b 3  ( 1 ) )


   h 2 = 𝜎 (    ∑  i = 1 d  x i  w  2 i  ( 1 ) +  b 2  ( 1 ) )


   h 1 = 𝜎 (    ∑  i = 1 d  x i  w  1 i  ( 1 ) +  b 1  ( 1 ) )


   x 1


   x 2


  𝐱 ∈  ℝ d


   h 3 = 𝜎 (    ∑  i = 1 d  x i  w  3 i  ( 1 ) +  b 3  ( 1 ) )


   h 2 = 𝜎 (    ∑  i = 1 d  x i  w  2 i  ( 1 ) +  b 2  ( 1 ) )


   h 1 = 𝜎 (    ∑  i = 1 d  x i  w  1 i  ( 1 ) +  b 1  ( 1 ) )


   w 1  ( 2 )


   y ^   = 𝜎 (    ∑  i = 1 m  h i  w i  ( 2 ) +  b  ( 2 ) )


   w 2  ( 2 )


   w 3  ( 2 )


  𝐱 ∈  ℝ d


   𝐖  ( 1 ) ∈  ℝ  m × d ,    𝐛   ( 1 ) ∈  ℝ m


  𝐡 = 𝜎  (   𝐖   ( 1 ) 𝐱 +  𝐛   ( 1 ) )


  𝐡 ∈  ℝ m


   x 1


   x 2


   x d


  𝐱 ∈  ℝ d


   𝐖  ( 1 ) ∈  ℝ  m × d ,    𝐛   ( 1 ) ∈  ℝ m


  𝐡 = 𝜎  (   𝐖   ( 1 ) 𝐱 +  𝐛   ( 1 ) )


   y ^ = 𝜎 (  𝐰   ( 2 ) 𝐡 +  𝐛   ( 2 ) )


   x 1


   x 2


   x d


  𝐡 =  𝐖  ( 1 ) 𝐱 +  𝐛  ( 1 )


  f =    (   𝐰  ( 2 ) ) ⊤ 𝐡 +  b  ( 2 )


  → f =    (   𝐰  ( 2 ) ) ⊤  𝐖  ( 1 ) 𝐱 +    (   𝐰  ( 2 ) ) ⊤  𝒃  ( 1 ) +  b  ( 2 )


  → f =  𝐰 ⊤ 𝐱 + b


   x 1


   x 2


  𝐱 ∈  ℝ d


   h 3 = 𝜎 (    ∑  i = 1 d  x i  w  3 i  ( 1 ) +  b 3  ( 1 ) )


   h 2 = 𝜎 (    ∑  i = 1 d  x i  w  2 i  ( 1 ) +  b 2  ( 1 ) )


   h 1 = 𝜎 (    ∑  i = 1 d  x i  w  1 i  ( 1 ) +  b 1  ( 1 ) )


   w  11  ( 2 )


   w  12  ( 2 )


   w  13  ( 2 )


   f 1 =    ∑  i = 1 m  h i  w  1 i  ( 2 ) +  b 1  ( 2 )


   f K =    ∑  i = 1 m  h i  w  k i  ( 2 ) +  b k  ( 2 )


   x 1


   x 2


  𝐱 ∈  ℝ d


   f K


   f 1


  p ( y | 𝐱 ) = softmax ( f )


  =   exp (  f y ( x ) )   ∑  k = 1 K exp (  f k ( x ) )


   1  | D |  ∑ i ℓ (  𝐱 i ,  y i )


  ℓ ( 𝐱 , y ) =    ∑  j = 1 K −  y  i , j log  p j


   y i


   p j  


  p


  Y


   L  C E =  ∑ j −  y j log (  p j )


  = − log ( 0 . 8 )


  L =  1  | D |  ∑  ( 𝐱 , y ) ∈ D ℓ ( 𝐱 , y )


  f ( x )


   x 0


  f ( x )


   x 0


    d f  d x =   l i m  Δ x → 0   f ( x + Δ x ) − f ( x )  Δ x


  f ( x )


  f ( x ) = c  x 2


    d f  d x = 2 c x


  f ( x ) = c  x p


    d f  d x = c p  x  p − 1


  f ( x ) = log x


    d f  d x =  1 x


  f ( x ) = c


    d f  d x = 0


  f ( x ) = h ( x ) + g ( x )


    d f  d x =   d h  d x +   d g  d x


  f ( x ) = h ( x ) ⋅ g ( x )


    d f  d x = h ( x )   d g  d x + g ( x )   d h  d x


  f ( x ) = h ( g ( x ) )


    d f  d x =   d h  d g   d g  d x


  f ( x ) =  f 1 (  f 2 ( ⋯  f n ( x ) ⋯ ) )


    d f  d x =   d  f 1  d  f 2   d  f 2  d  f 3 ⋯   d  f n  d x


  f (  x 1 ,  x 2 , . . . ,  x n )


    𝜕 f  𝜕  x 1


  f


   x 1


   x i


    𝜕 f  𝜕  x i


    d f  d 𝐱 = [   𝜕 f  𝜕  x 1 ,   𝜕 f  𝜕  x 2 , . . . ,   𝜕 f  𝜕  x n , ]


    𝜕 f  𝜕  x i


  f (  x 1 ,  x 2 ) = log  x 1 + log  x 2


    𝜕 f  𝜕  x 1 =  1   x 1


  f (  x 1 ,  x 2 ) =  x 1 (  x 1 +  x 2 )


    𝜕 f  𝜕  x 2 =  x 1


  𝜂 > 0


   w 0


   𝐰 t =  𝐰  t − 1 − 𝜂   𝜕 L  𝜕  𝐰  t − 1


  =  𝐰  t − 1 − 𝜂  1  | D |  ∑  ( 𝐱 , y ) ∈ D   𝜕 ℓ ( 𝐱 , y )  𝜕  𝐰  t − 1


   𝐰 0


   𝐰 1


   𝐰 2


  𝜂 > 0


   w 0


  B ⊂ D


   𝐰 t =  𝐰  t − 1 − 𝜂  1  | B |  ∑  ( 𝐱 , y ) ∈ B   𝜕 ℓ ( 𝐱 , y )  𝜕  𝐰  t − 1


   𝐰 0


   𝐰 1


   𝐰 2


    𝜕 ℓ ( 𝐱 , y )  𝜕  w  11


  ( (  x 1 ,  x 2 ) , y )


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏 =   𝝏 𝒍  𝝏  𝒚 ^


    𝝏  𝒚 ^  𝝏 𝒛   𝝏 𝒛  𝝏  𝒘  𝟏 𝟏


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝜕 ℓ ( 𝐱 , y )  𝜕  y ^ =   1 − y  1 −  y ^ −  y   y ^


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏 =


   (    1 − y  1 −  y ^ −  y   y ^ )   𝝏  𝒚 ^  𝝏 𝒛   𝝏 𝒛  𝝏  𝒘  𝟏 𝟏


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝜕 ℓ ( 𝐱 , y )  𝜕  y ^ =   1 − y  1 −  y ^ −  y   y ^


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏 =


   (    1 − y  1 −  y ^ −  y   y ^ ) ( 1 −  y ^ )   𝝏 𝒛  𝝏  𝒘  𝟏 𝟏


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝜕  y ^  𝜕 z =  𝜎 ′ ( z ) = 𝜎 ( z ) ( 1 − 𝜎 ( z ) )


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏 =


   (    1 − y  1 −  y ^ −  y   y ^ )  (  1 −  y ^ )  x 1


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝜕 z  𝜕  w  11 =  x 1


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏 =


  (  y ^ − y )  x 1


   𝒘  𝟏 𝟏


   𝒘  𝟏 𝟐


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  𝒙 𝟏


   𝒘  𝟏 𝟐  𝒙 𝟏


    𝜕 z  𝜕  w  11 =  x 1


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  ( 𝟐 )


   𝒘  𝟏 𝟐  ( 𝟐 )


   𝒘  𝟏 𝟏  ( 𝟐 )  𝒂  𝟏 𝟏


   𝒘  𝟏 𝟐  ( 𝟐 )  𝒂  𝟏 𝟐


    𝝏 𝒍  𝝏  𝒂  𝟏 𝟏 =   𝝏 𝒍  𝝏  𝒚 ^


    𝝏  𝒚 ^  𝝏 𝒛   𝝏 𝒛  𝝏  𝒂  𝟏 𝟏


  = (  y ^ − y )  𝒘  𝟏 𝟏  ( 𝟐 )


  ℓ ( 𝐱 , y )


   𝒘  𝟏 𝟏  ( 𝟐 )


   𝒘  𝟏 𝟐  ( 𝟐 )


   𝒘  𝟏 𝟏  ( 𝟐 )  𝒂  𝟏 𝟏


   𝒘  𝟏 𝟐  ( 𝟐 )  𝒂  𝟏 𝟐


    𝝏 𝒍  𝝏  𝒂  𝟏 𝟐 =   𝝏 𝒍  𝝏  𝒚 ^


    𝝏  𝒚 ^  𝝏 𝒛   𝝏 𝒛  𝝏  𝒂  𝟏 𝟐


  = (  y ^ − y )  𝒘  𝟏 𝟐  ( 𝟐 )


   𝒘  𝟏 𝟏  ( 𝟏 )


   𝒘  𝟏 𝟏  ( 𝟐 )


   𝒘  𝟏 𝟐  ( 𝟐 )


   𝒘  𝟏 𝟏  ( 𝟏 )  𝒙 𝟏


   𝒘  𝟏 𝟐  ( 𝟐 )  𝒙 𝟐


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏  ( 𝟏 ) =   𝝏 𝒍  𝝏  𝒂  𝟏 𝟏


    𝝏  𝒂  𝟏 𝟏  𝝏  𝒛  𝟏 𝟏   𝝏  𝒛  𝟏 𝟏  𝝏  𝒘  𝟏 𝟏  ( 𝟏 )


  = (  y ^ − y )  w  11  ( 2 )  a  11 ( 1 −  a  11 )   𝝏  𝒛  𝟏 𝟏  𝝏  𝒘  𝟏 𝟏  ( 𝟏 )


   𝒘  𝟏 𝟏  ( 𝟏 )


   𝒘  𝟏 𝟏  ( 𝟐 )


   𝒘  𝟏 𝟐  ( 𝟐 )


   𝒘  𝟏 𝟏  ( 𝟏 )  𝒙 𝟏


   𝒘  𝟏 𝟐  ( 𝟐 )  𝒙 𝟐


    𝝏 𝒍  𝝏  𝒘  𝟏 𝟏  ( 𝟏 ) =   𝝏 𝒍  𝝏  𝒂  𝟏 𝟏


    𝝏  𝒂  𝟏 𝟏  𝝏  𝒛  𝟏 𝟏   𝝏  𝒛  𝟏 𝟏  𝝏  𝒘  𝟏 𝟏  ( 𝟏 )


  =  (   y ^ − y )  w  11   ( 2 )  a  11  (  1 −  a  11 )  x 1


    𝜕 f ( x )  𝜕 x =   l i m  h → 0   f ( x + h ) − f ( x ) h

