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Problem Overview (1)

Given n arms with mean rewards p; > u, = ... = u, where u; =
Hi € [0;1]; Ai = U1 — Ui fori = 2) ey N

Fixed confidence: Given confidence 6, find the best arm with probability at least 1 — §.

Algorithm satisfies sup,, ., P(i#1i.) <6

Fixed budget: Given budget T, do not exceed sample budget and identify best arm with
as highest probability possible.

Paper focuses on fixed confidence setting.

Summarizes three main strategies: action elimination (AE), upper confidence bound
(UCB), lower UCB (LUCB).

Uses similar framework to prove sample complexity of each.

Showcases experimental behavior.
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Problem Overview (2)

* Given n arms with mean rewards uy; > u, = ... = u, where y;, =

u; €10,1], A;=py —y;fori=2,..,n

* X;¢isasample fromarm i at time step t. E[Xl-,t] = U;

*a<Xj <bwith(b—a) <1.(X;—u;) is a sub-Guassian with ¢ < 0.5
 T;(t) denotes the number of samples/pulls from arm i at time t.

° Uir;t) is empirical mean of arm i at time ¢.

* Define: hy = argmax;c(,) iryr) e = ArgMaX )\ p, Ha,1;(t) T Ci1(2)

* C;r,) derived from tail bond, depends on t, T;(t),n, 6
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Definitions and Lemmas (1)

1. SubGaussian RV:

if X is a subGaussian RV with scale parameter g, then
- E[X]=0
. E[et¥] < exp(

o%t?
2

),VteR

2

« P(|X|>1t) < Zexp(—t—),‘v’te R

202

If a < X < bthentakeo =

(b;“) VtER

_ 242
via Hoeffding’s: E[et*] < exp ((b C;) d )
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Definitions and Lemmas (2)

2. Finite LIL Bound Lemma: sce 10

Let X1, X,, ... bei.i.d subGaus(c?). Forany € € (0,1) and § € (0,
VvVt = 1:

log(1+e)) then
e

: i  (log((1+2)t) 2e (5 \'"°
P(;XSS(H\/E)\/? 2<1+s>t1g( - ))21— L (log(1+€))
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Definitions and Lemmas (3)

3. Restated Finite LIL Bound Lemma:

For arm i with mean y;, let X4, X5, ... be i.i.d draws from arm i. We assumed
that (X — y;) is subGaus(o?) with 0 < 0.5. Forany € € (0,1) and § €
lOg(He)) then Vt > 1:

e

(0,

P(’% Zizl Xs — MZ' < U(t7 5)) > 1 - 2e_/|_2e (log((i—l—e))l—l_6

1+€ 10 108((1+€)t)
U(t,8) = (1 + /)y Crlos 5720,
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Definitions and Lemmas (4)

4. Apply Lemma:
POy iz o) — sl < U(Ti(0),6/n)) > S0 P(.) —n+ 1

>n(1_2—|—e( 6/n )1+6)—?’L—|—1

e/2 \log(1l+e€)
2+4¢ 1 1+e €
=1- e—/|_2 (log(l—l—e)) 5(5/7?/)
2-+¢€ 1 I+e
> 1 - e—/|_2 (log(l—l—e)) 0
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Definitions and Lemmas (4)

5. Useful Inequality: see (1) in [10]

Fort>1,e € (0,1),¢>0,0< 9 < 1:

. %log (10g((15+ e)t)) e %bg (QIOg((l—I(;e)/(C(S)))

(1)
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Definitions and Lemmas (4)
6. Useful Inequality: see (2) in [10]

Fort>1,s>3,e € (0,1),ce (0,1],0 <6 < 1:

%log (log((l + E)t)> > glog (log((l + 6)8))

0 0

e flog (210g (c%) /5)

T c log (1/6) (2)
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Algorithms

General Strategy Algorithm Sample Complexity Year
Action Elimination | Successive O s, A7 % log(nA™?)) 2002 [4]
(AE) elimination ,

QO iz, A7) 2004 [5]
PRISM O(S s, A7 loglog(Y . A72) or O(F,,, A7 2log(A;2)) | 2013 [8]
*Exp-gap 5 L 2013 [9]
elimination O(2ii. A “loglog(A;))
Upper confidence | *Lil’ UCB O . A;Q log log(Ai_Q)) Late 2013 [10]
bounds (UCB i
ounds (UCB) (S 1z, A7 2 loglog(A;))
Lower UCB (LUCB) | LUCB B B 2012 [7]
O izi, A7 108D 2. AT7)) m-best arms
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Action Elimination Strategy

1. Let Q, =[1,2,..,n], t=1
2. While |Q,] > 1:

3. Sample from each arm i € Q;, 1, times

Compute reference arm a = argmaxiem Lir, ) + Cit;0)

Update Quyq = {i € Qeidigr, ) — Carye) < Wit 6) T Ci,Ti(t)}
\ )

A
5
_ |
6. t=t+1 Arm eliminated when UCB <= reference arm’s LCB
7. Return last i€
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PRISM — Jamieson et. al (2013) https://arxiv.org/abs/1306.3917

Input §. Let A; ={0,1,... ,n}, ny= (2% and £, = lﬁggﬁ %)
For each phase / = 1,2,...,

(1) Let iy be the output of Median Elimination [10] run on A, with accuracy (EE: 5£).
(2) For each arm i € Ay, sample n, times arm 7 and let i;(¢) be the corresponding average.

(3) Let
Appr ={i € Ap: 1;(0) > i, — 2e¢} .

Stop when A/ contains a unique element 7 and output i

Figure 2: PRISM algorithm for the best arm identification problem.

0 (log(l /6) [H log(log(1/6)) + 3 A2 1og2(A;2)D Conservative PRISM: O (H log (loggH) ))

=1
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https://arxiv.org/abs/1306.3917

AE Termination (1)

1.

2.

4.
5.
6.

n ~ € 1+e
Pz 1,7ty — il S U(Ti(1),0/n)) > 1= T (i) 0

U(t,6) = (1+ \/E)\/(l-I-E) log(zl:g((l%)t))
Let ., =1 for k=1,2,... SoT;i(k) =k for i€ (.

Let C;, = 2U(k, %) and a = argmaxieq, Qi)

. At epoch k, if i, € Q; then:

fat — i, k= (fak — tha) + (Wi, — i, k) — Ag
SU(Tu(k),0/n) +U(T;,(k),d/n) —
U(k,0/n) — A, <2U(k,6/n) = Cqar + Ci, k
Thus i, € Qgyq Since Qi ={i € Y far — Tip <Cqr + Cix}

Induction Vk = 1,i, € Q,.
If AE terminates then last arm is i,(with prob. at least ..)
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n ~ € 1+e
Pz 1,7ty — il S U(Ti(1),0/n)) > 1= T (i) 0

€) log(lea((lte)t)
U(t6) = (1 -+ oy (L os )

AE Sample Bound (1)

Lo Q1 ={i € Qe fgpe— i < Cqi + Cix}

2. At epoch k, for arm i€ (;:
Lo — ik = i,k — ik + Di — Ay
> —2U(k,6/n) + A,
3. Arm i € Qpyq I fgx — ik = Car + Cix = 2U(k,6/n)
4. Arm i guaranteed to be thrown out when LB in (2) exceeds UB in condition.
—2U(k,0/n)+ A; > 2U(k,d6/n)
5. I.e worst case: arm i in play as long as: A;/4 < U(k,d/n)
6. Solve for k:

(14 ¢)log (log(fgl/?)k))
2k

Ai/4 < (1+ \/E)\
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n ~ € 1+e
Pz 1,7ty — il S U(Ti(1),0/n)) > 1= T (i) 0

AE Sample Bound (2) e
U(1,8) = (14 Yy LFL )

L4 o) log (los(+0)k)
A/4<(1+\f)¢( o g( )

— —< log(log ((L+ ek ) where 7 = 8((1 + €)*(1 +¢))

ke —log 2log(vA;? 1—|—e)(n/(5))) )

§/n Using (1) with t = k,0 =6/n,c = %

since v > 8 and ¥ log (%) < ’g—j

& 52 /2

log

(
(22 log(yA; 2 —l—e))2)
(

21og(yA;?(1 +€))
d/n )
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n ~ € 1+e
Pz 1,7ty — il S U(Ti(1),0/n)) > 1= T (i) 0

AE Sample Bound (3) o
U(1,6) = (1+ V) Lrlee s

1. Sum over suboptimal arm bounds:

2 2log(yA; (1 + e
Zki<ZAﬁ2/log( g(76/n( )))

i, iti, ¢

—2
2. Account for optimal arm: g, < max =L 2y log (2log(7Ai (1+€))>

i A2 o/n
2y 2log(yA; *(1 +¢))
< ; A2 log ( 5/m

3. Complexity: O( D it A7 %log (nlog(A;Q)))

4. Can’t remove log(n) term due to choice of reference arm. PRISM and exp-
gap use median elimination, but pays for it in constants.
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UCB Strategy

1. Let h=argmaxieqm fir, (0 and ¢, = argmax;epnpn, Air,; @ T Cir,0)

2. Sample from each arm i € (), 1 time. t=n+l

3. while fn,r, &) = Chprp 6 < Reyre,0) T Copry ()

4. Sample from argmaxiem diT,t) + Cir. ()

5. t=t+1

6. output h;

7. Stop when 3i € [n]:T;(¢t) > a X;,; T;j(t) output argmax; T;(t)

8. Intuition of stop condition 2: There is an arm that was
sampled relatively more than the other arms. This means
that this arm had consistently highest UCB.
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Lil'UCB — Jamieson et. al (2013) http://proceedings.mlr.press/v35/jamieson14.pdf

lil’ UCB
input: confidence 6 > 0, algorithm parameters ¢, A\, S > 0

initialize: sample each of the n arms once, set T;(¢) = 1 for all 7 and set t = n
while 7;(t) < 1+ X)_,,; T;(t) for all 2

sample arm

’

A
202(1 +¢) log (log((H;)Ti(t)))
I, = i . 1 1
t argmax 4 i ,() + (1 + B)( +\/5)\ 0

\ Y,

Figure 1: The lil’ UCB algorithm.

og 10 2
Hi=Y 4y and Hy= ) 28RS L/A) ciHj log(1/0) + ¢3Hj
i£i*  ° i£i* )
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http://proceedings.mlr.press/v35/jamieson14.pdf

1+ lg( ((+)))

o U(t,0) = (14 Vo G
UCB Termination (1) Stop condition: 3i € [n] : Ty(t) > a ¥, Ty (1)

1. Let iy = (14 B)U(Ti(t),/n)

o) oo (( 222y,
2 Leta= (32) (14 2500 )

3. At time t, if arm i# i, is sampled: i = argmax;c(, its,1;(r) + (1 + B)U(Ti(t),d/n)

i (2‘|‘B) ( ()5/n)>ﬂzT(t)+(1+B) ( ()5/n)>uz*T (t)‘l'(l_"/B) ( ()?5/”’)
> pi, + BU(T,(1),0/n)

= (2+ B)U(T;(1),6/n) = BU(T;.(t),6/n) since p;, > p;
2 10 O n(2+5) n . 2
— Ti(1) STz’*(t)(2+B) 1 g(21 g( 5—52 )/(5/ )) using (2) t:Ti(t),szTi*(t),(S:5/71,@: (2_?_—5)2
iz log (1/3)
= aT;, (1)

JFi

19
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log(log((1(5+é)t))

U(t,3) = (1+ Ay L
UCB TermiﬂatiOn (2) Stop condition: i € [n] : T5(t) > a ), Tj(t)

— Ti(t) < @ZTj(t)
JF#i

1. From stop condition, UCB won’t terminate on suboptimal arm (with
probability at least ..).

2. Note: if we sample i, at time t, then only T; (t) increases and the above
holds for the remaining suboptimal arms.
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lo g((H—E)t))
]

U(t,8) = (1 + /oy Lrlost
UCB BOUﬂd (1) Stop condition: Ji € [n] : T;(¢ >ozzﬁ,éz (t)

pi+ 2+ BU(Ti(t),0/n) = pi, + BU(T5.(t),0/n)
— (24 B)U(Ti(t),0/n) — BU(T:,(t),0/n) = (i, — pa) = A
— (2+ B)U(Ti(t),0/n) = A,

2

— Ti(t) <1+ 27 1 (ZIOg(W(;/ZE)A;Q))uSing (1) with t = T;(t),0 = §/n,c = % Y= 24821+ Ve (L +¢)/2

1. Gives UB on suboptimal pulls. Algorithm stops when:

T, =t =2, Tit) >a ), Ti(t) = t> (1 +a)) ., Ti(t)

21 1+e)A;?
2. From before:(l*—a)ijﬁ*TKf)S(i—Fa)Ezwﬁ*(14‘271 g( S )))

3. In other words: tg()(i}iqu[?bg(£E§§il))

4.  Authorremark: f = 1.66 optimizes bound, but smaller works in practice.
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LUCB Strategy

1. Let hy=argmaxipm) fir,(r) and ¢, = argmaxienpn, Ai1,t) + Cit,(0)
2. Sample from each arm i€ (Q, 1 time. t=n+l
3. while ‘L/ihtrTht(t) — Cht,Tht(t) < 'Lift;T{)t(t) + Cft,T{)t(t)

4 Sample from ht and ft Remark: Better exploration than UCB,
e.g. 2-arms case.
5. t=t+1
6

. output h;
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14-€) 1o log((l—l—e)f)
o U(t,6) = (1 + oy (LEos )
LUCB Termination (1) Stop condition: fin, 1, (1) — Chetn (6 = fitsts ) + Cooty, (5

ht = arg maxie[n] ﬂi,Ti(t)

1. Let Cip = U(Ti(t),6/n) by = argmaXep\p, Ai,1(t) + Ciu(r)
2. At time t, if h, =1 # i, then:
fii = U(T3(t),0/n) < i < i, < fii, + U(T5.(8),6/n) < fre+ U(Te(t),6/n)

3. From stop condition, LUCB won’t terminate on suboptimal arm
(with probability at least ..).
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U(t,0) = (1 € (H—e)loﬁzw)
LUCB Bound (1) 0.8) = (14 ey, /T

1
2
3.
4

Stop condition: fip, 1y, (1) = Chy1, (t) = Bee, 10, (8) T Cop 1y, (1)
Define: c¢= (u1 + p2)/2
Define event: i.is BAD if f;, 1, ) — U1, (t),0/n) <c.
Define event: i# i, is BAD if fi; 1,y + U(Ti(t),6/n) > c.
Claim for all t>1:
m{ﬁht,Tht ) = Chy1n, (1) < ooy, 8) + Cop 1, )y = {htis BAD}U{l; is BAD}
Proof by contradiction in appendix. -(p = ¢ =@®A -9
If LUCB hasn’t terminated yet, then either h; or ¢; is BAD.

By contraposition, if both h; and ¢; are NOT BAD, then LUCB
has terminated. So when does this happen?
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Stop condition: fin, 1, (t) = Ch, 10, () = fe,, 10, () T Cou 1, (1)

LUCB Bound (2) i # i, is BAD if i 7,1y + U(Ti(1),6/n) > c.
ix 18 BAD if ﬂi*,Ti*(t) —U(T;, (t),6/n) < c.
1. Define 7 =min{k:U(k,6/n) < A,;/4} for i # i, c=(p1 + p2)/2

2. For i #1i, and s = 1;:
fiis + U(s,8/n) < g +2U (s, 8/n)
=c+2U(s,0/n) — BB 4 HizH2

2 2
§c—|—2U(3,5/n)—% using fio = i = fb; — p2 <0
<c using U (s,d0/n) < A;/4 for s > 7,

3. So, if T;(t) =t; then i+ i, is NOT BAD.
4. Fori,, set 1;, =750 i, s —U(s,0/n) > p;, —2U(s,6/n) =c—2U(s,6/n) + 22

> c using U(s,d6/n) < Asg/4 for s > 79

5. So, if T; (t) =71, then i, is NOT BAD.
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Stop condition: ﬂht,Th (t) — Cht,Tht(t) > [y, T,, (t) + Cﬂt,Tet (t)

LUCB Bound (3) min{k : Ai/4 > U(k,6/n)} < %k 1o g (2loslllroA )y

6/n

v=02+8)* 1+ Ve (l+e)/2
1. We want both h; and #; NOT BAD for termination.

2. Guaranteed when all i #i, are NOT BAD (T;(t) = 1;).
Trounds = Y goq 1{ht is BAD or ¢; is BAD} <> 2 > "  1{{ht =i or &y =i} N{iis BAD}}

<Y i H{ =ior bty =i} N{T;(t) < 7i}}
27 1o (210g(7(1+€)A;2))

T; times until T;(t) > 7; foreachi <Y " 7, < Sy AZ 57n

3. Note we sample 2 per round. Sample complexity:

O (s, A7 tog (=522

4. Author remarks: not clear how to remove log(n) term with this approach.

2/15/2019 ECE 901 26




Recap of Analysis

1. Three strategies have similar sample complexities: log(n) term can be
negligible if n is small (becomes close to optimal complexity).

2. Using LiL Lemma gave simple proofs and similar complexities.

3. LUCB complexity improves on result of [7].
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Algorithms

General Strategy Algorithm Sample Complexity Year
Action Elimination | Successive O s, A7 % log(nA™?)) 2002 [4]
(AE) elimination ,

QO iz, A7) 2004 [5]
PRISM O(S s, A7 loglog(Y . A72) or O(F,,, A7 2log(A;2)) | 2013 [8]
*Exp-gap 5 L 2013 [9]
elimination O(2ii. A “loglog(A;))
Upper confidence | *Lil’ UCB O . A;Q log log(Ai_Q)) Late 2013 [10]
bounds (UCB i
ounds (UCB) (S 1z, A7 2 loglog(A;))
Lower UCB (LUCB) | LUCB B B 2012 [7]
O izi, A7 108D 2. AT7)) m-best arms
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Experimental: Qualitative Behavior (1)
1. Setup:n =6 arms, means = {1,0.8,0.6,0.4,0.2,0}, X; s ~ N (1;,0.25),6 = 0.1,¢ = 0.01

oof [ H1= 1
pe = 0.8
08 [——pu3 = 0.6
a7l == 0.4
— 5 = 0.2
7w 06 He = 0
Il
o 05
Q‘ 041
0.3
0.2
01f
0 i} 1 L 1
0 10 20 30 40 50 60 70

Number of pulls (units of H1)

(a) Action Elimination Sampling

AE: drops arms from the running
over time in increasing order.

2/15/2019

1

<109

108

_0'7._

106

- 05

1041

7103

?ZKNQ—\\::; )

0 I - —

0 10 30 40 0 60 70

20
Number of pulls (units of H1)
(b) UCB Sampling

N L L
10 20 30 40 50 60 70

Number of pulls (units of H1)
(c) LUCB Sampling

UCB/LUCB identify best arm early on.
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Experimental: Stopping Time Behavior (1)

1. Define LIL Stopping (LS) Criteria: ﬁmjhgﬂ-—Cﬁbﬁ%@)>>ﬁ%1%094—6ﬁﬂ@4® where
Cir, )y = U(T;(£),6/n). Apply to any algorithm, then outputs best arm with

probability >1- 2 (1)

2. Algorithms:
Nonadaptive+LS: randomly permute the arms, then sample in order until LS met.
*Exp-Gap Elimination (+LS): AE that uses median elimination.
Successive Elimination: AE with C;x = /log(n2/3nk2/5)/k
Lil’successive Elimination: AE algorithm in section 2.

Ve 1/(1+¢€)
5(2+e))

Hr W N B

U1

where v is confidence.

*Li1’°UCB (+LS): UCB with f=1, a=09, § = (

LUCB1: LUCB with C;r ) as in ref [12].
7. Lil’LUCB: LUCB algorithm in section 2.

3. Complexity order: Exp-Gap=1il°UCB < 1il’SE=1il’LUCB < LUCB1 < SE
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Experimental: Stopping Time Behavior (2)

1. Three problems:
1. 1-sparse with u; =0.25 and u; = 0. H; = 4n hardness.
2. a=0.3 scenario with yg=1 and y; =1-(i/n)*. H; = 1.5n hardness.
3. a=0.6 scenario with uy=1 and u; =1-(i/n)*. H,; =~ 6n'? hardness. (superlinear)

2. Run each algorithm 50 times on each problem with increasing n.
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Experimental: Stopping Time Behavior (2)

10*

——nonadaptive+LS

—o—expGap+LS

—— succElimination

—+— |ilISuccElimination

——[ilUCB+LS
LUCB1 10°F

——[iILUCB

-
o
™

-
< '
1

»

%

|
\

Number of pulls (units of H1)

2
3 - . * ¥
* *
f&\
2 P —
e —— R A

'\*\“\“ Br——————— X

10' 10° 10° 10’ 10° 10° 10' 102 10°
Number of arms n Number of arms n Number of arms n

(a) 1-sparse, Hy = 4n (b) a=0.3, Hy = 3n (©) a = 0.6, H; ~ 6n'?

Exp-Gap similar to Non-Adap. due to constants in sample complexity. See ref[9].
Vanilla vs. LiL versions (SE and LUCB): LiL versions better than vanilla.

LilUCB+LS good for large sparse problems. But lilLUCB best overall.

n needs to be large enough to justify lil’"UCB+LS.
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Main Takeaways

* Sampling strategies: AE, UCB, LUCB.
* Using LiL Lemma gave simple proofs and similar complexities.

* In practice, need to account for constants in algorithms.
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2. Finite LIL Bound Lemma: sce 10

Let X;,X,, ... bei.i.d subGaus(c?). Forany € € (0,1) and § € (0, log(:+e)) then
vVt = 1:

: ) . (log((1+2)1) 2te (5 Yt
P(;XSS(H—\/E)\/? 2<1+e>t1g( : ))21— t (1og(1+g>)

Lemma: Let X;, Xs,... be i.i.d zero-mean sub-Gaussian RVs with scale

parameter o > 0 and let § € (0,1). Then with probability at least 1 — 4%, for
all t > 1:

Zt: X, < 4o+/tlog(logy(2t)/6)

2/15/2019
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Proof: Assume ¢ = 1 and let S; = 22:1 Xs. Recall sub-Gaussian tail
bound:

> ) = P(max S, > z) < e~ 2% /m
P(tL_Jlst_:c) P(uiax S, > x) < e 2

Now we want to show Lemma holds for all ¢ > 1. So consider t = 2F for k > 0:

J Sar 2 4y/2¢ log(log, (2541)/5) | < 3 em2leationa(2"4)/9)
k>0 k>0

__EE:(

Oq

k>0
< 9242
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Now we look at the gaps:

ok+1 ok
P U Sy — Sor > 44/tlog(log,(2t)/8) | < P U St > 4\/2‘1c log(log, (2K+1) /§)
t=2k+1 t=1

=1

2k:
=P ( nax Sy > 4\/2’~C 10g(10g2(2k+1)/5)>

< o—2log(log, (2571)/5)

52
~ (k+1)?
ok+1 52
= > P U 8- 8> 4v/tlogllog,(20)/) | <3 o
k>0 t=2k 41 ’“20( +1)

< 267
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Adding both:

P (U Sy > 44/t log(logQ(Qt)/(S)) <P (U Sor > 4\/2k 10g(log2(2k+l)/5)) +

t>1 k>0

ZP ( U Sy — Sor > 44/t log(log2(2t)/5))

k>0 t=2kF 41
< 282 +26% = 462
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