
1 The model

The model is:

• Zg ∼ π g ∈ [G].

• Mg, j,T |{Zg = j} ∼ Normal(µ0,τ
2
0 ) g ∈ [G],T ∈ T j.

• Xi,g,t |{Zg = j,Mg, j,T = µg, j,T } ∼ Normal(µg, j,T ,τ2) i ∈ [n],g ∈ [G],T ∈ T j, t ∈T .

• Si,g = ∑
T
t=1 pσi,tXi,g,t i ∈ [n],g ∈ [G].

Si,g is observed. The parameters θ = (pσ ,t ,π j,τ,τ0,µ0). We require that σ 7→ pσ ,t is monotone.

1.1 The distribution of Sg|{Zg = j}.

Claim 1. Let Sg = (S1,g,S2,g, . . . ,Sn,g). Then Sg|{Zg = j} ∼ Normal(µ01,cov j) where, letting pσ ,T = ∑t∈T pσ ,t ,

cov j = τ
2


∑

T
t=1 p2

σ1,t 0 · · · 0
0 ∑

T
t=1 p2

σ2,t · · · 0
. . .

0 · · · 0 ∑
T
t=1 p2

σn,t

+ τ
2
0


∑T ∈T j p2

σ1,T
∑T ∈T j pσ1,T pσ2,T · · · ∑T ∈T j pσ1,T pσn,T

∑T ∈T j pσ2,T pσ1,T ∑T ∈T j p2
σ2,T

· · · ∑T ∈T j pσ2,T pσn,T

. . .
∑T ∈T j pσn,T pσ1,T ∑T ∈T j pσn,T pσ2,T · · · ∑T ∈T j p2

σn,T

 .

Proof. Step 1. Note that

Sg = (
T

∑
t=1

pσi,tXi,g,t : i = 1, . . . ,n)′

=


pσ1,1 pσ1,2 pσ1,T 0 0 0 · · · 0 0 0

0 0 0 pσ2,1 pσ2,2 pσ2,T · · · 0 0 0
· · ·
0 0 0 0 0 0 · · · pσn,1 pσn,2 pσn,T





X1,g,1
X1,g,2
X1,g,T
X2,g,1
X2,g,2
X2,g,T

...
Xn,g,1
Xn,g,2
Xn,g,T


= QYg,

where, letting t(k) = ((k−1) mod T )+1,

Q = (qi,k)
n
i=1

nT
k=1, qi,k =

{
pσi,t(k) if (i−1)T < k ≤ iT
0 otherwise

Yg = (Yg,k)
nT
k=1, Yg,k = Xg,t(k).

Step 2. Let Fg, j = {ω : Zg(ω) = j,Mg, j(ω) = µg, j}. Let T ( j, t) be the element of T j that contains t. Note

Yg|Fg, j =



X1,g,1
X1,g,2
X1,g,T

...
Xn,g,1
Xn,g,2
Xn,g,T


|Fg, j ∼ Normal(



µg, j,T ( j,1)
µg, j,T ( j,2)
µg, j,T ( j,T )

...
µg, j,T ( j,1)
µg, j,T ( j,2)
µg, j,T ( j,T )


,τ2I) = Normal(νg, j,τ

2I)
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where νg, j = (νg, j,k)
nT
k=1,νg, j,k = µg, j,T ( j,t(k)). This holds because, for fixed g, the Xi,g,t are conditionally independent

given Fg, j.

Note that Fg, j = {ω : Zg(ω) = j,Ng, j(ω) = νg, j}.

Step 3. Next,

Ng, j =



Mg, j,T ( j,1)
Mg, j,T ( j,2)
Mg, j,T ( j,T )

...
Mg, j,T ( j,1)
Mg, j,T ( j,2)
Mg, j,T ( j,T )


=


∆ j




Mg, j,T j,1

Mg, j,T j,2
...

Mg, j,T j,|T j |

= ∆ jMg, j

where

∆ j = (δ j,k,l)
nT
k=1
|T j |
l=1 , δ j,k,l =

{
1 if T ( j, t(k)) = T j,l

0 otherwise

and T j,1,T j,2, . . . ,T j,|T j | is an enumeration of T j. Note that each row of ∆ j has exactly one nonzero element.

Step 4. Altogether, we have:

• Sg = QYg.

• Yg|Fg, j ∼ Normal(νg, j,τ
2I).

• Ng, j = ∆ jMg, j.

• Mg, j|{Zg = j} ∼ Normal(µ01,τ
2
0 I).

Step 5. In general, if X ∼ Normal(µ,Σ) and Y = AX +b, then Y ∼ Normal(Aµ +b,AΣA′).

In our case, Mg|{Zg = j} ∼ Normal(µ01,τ
2
0 I) and Ng, j = ∆ jMg, j, so

Ng, j|{Zg = j} ∼ Normal(∆ jµ01,∆ jτ
2
0 I∆

′
j)

= Normal(µ01,τ
2
0 ∆ j∆

′
j).

The equality holds because each row of ∆ j has exactly one nonzero element, equal to 1, so ∆ j1= 1.

Next, Yg|Fg, j ∼ Normal(νg, j,τ
2I) and Sg = QYg, so

Sg|Fg, j ∼ Normal(Qνg, j,Qτ
2IQ′)

= Normal(Qνg, j,τ
2QQ′)

Step 6. In general, if X ∼ Normal(µ,Σ) and Y |{X = x} ∼ Normal(AX +b,S), then Y ∼ Normal(Aµ +b,S+AΣA′).

In our case, Ng, j|{Zg = j} ∼ Normal(µ01,τ
2
0 ∆ j∆

′
j) and Sg|{Zg = j,Ng, j = νg, j} ∼ Normal(Qνg, j,τ

2QQ′), so

Sg|{Zg = j} ∼ Normal(Qµ01,τ
2QQ′+Qτ

2
0 ∆ j∆

′
jQ
′)

= Normal(µ01,τ
2QQ′+ τ

2
0 Q∆ j∆

′
jQ
′)

The equality holds because each row of Q sums to one, so Q1= 1.
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Note that QQ′ is an n×n matrix with (i, i′) entry

nT

∑
k=1

pσi,t(k)pσi′ ,t(k)
1((i−1)T < k ≤ iT )1((i′−1)T < k < i′T )︸ ︷︷ ︸

(∗)

=
nT

∑
k=1

p2
σi,t(k)1((i−1)T < k ≤ iT )1(i = i′) since (*) is nonzero only if i = i′

= 1(i = i′)
T

∑
t=1

p2
σi,t

Note that Q∆ j is an n×|T j| matrix with (i, l) entry

nT

∑
k=1

qi,kδ j,k,l =
nT

∑
k=1

pσi,t(k)1((i−1)T < k ≤ iT )1(T ( j, t(k)) = T j,l)

=
nT

∑
k=1

pσi,t(k)1((i−1)T < k ≤ iT )1(t(k) ∈T j,l)

= ∑
t∈Tl

pσi,t

Note that Q∆ j∆
′
jQ
′ = (Q∆ j)(Q∆ j)

′ is an n×n matrix with (i, i′) entry

|T j |

∑
l=1

(Q∆ j)i,l(Q∆ j)i′,l

=
|T j |

∑
l=1

(
∑

t∈Tl

pσi,t

)(
∑

t∈Tl

pσi′ ,t

)
= ∑

T ∈T j

(
∑

t∈T
pσi,t

)(
∑

t∈T
pσi′ ,t

)

Thus,

Sg|{Zg = j} ∼ Normal(µ01,cov j)

where, letting pσ ,T = ∑t∈T pσ ,t ,

cov j = τ
2QQ′+ τ

2
0 Q∆ j∆

′
jQ
′

= τ
2


∑

T
t=1 p2

σ1,t 0 · · · 0
0 ∑

T
t=1 p2

σ2,t · · · 0
. . .

0 · · · 0 ∑
T
t=1 p2

σn,t

+ τ
2
0


∑T ∈T j p2

σ1,T
∑T ∈T j pσ1,T pσ2,T · · · ∑T ∈T j pσ1,T pσn,T

∑T ∈T j pσ2,T pσ1,T ∑T ∈T j p2
σ2,T

· · · ∑T ∈T j pσ2,T pσn,T

. . .
∑T ∈T j pσn,T pσ1,T ∑T ∈T j pσn,T pσ2,T · · · ∑T ∈T j p2

σn,T

 .
as claimed. �
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1.2 Block Cholesky decomposition

For each k ∈ [Σ], g ∈ [G], let

• mk = |{i : σi = k}|.
• S̃k,g = (Si,g : σi = k), a block column vector with mk entries.

• S̃g = (S̃k,g : k ∈ [Σ]), a block column vector with n entries.

• σ̃i the stage of the tissue sample (S̃g)i; in other words, σ̃i = σ f (i) where f is such that (S̃g)i = S f (i),g.

By Claim 1, S̃g|{Zg = j} ∼ Normal(µ01,cov j), where cov j is as given in the claim.

We call the n×n identity matrix In and the n×m all-ones matrix Jn,m.

Claim 2. For each j ∈ [J], the covariance matrix C = cov j has the block Cholesky decomposition C = LDL′, where

• L =


Im1 0 0 0 · · · 0
L2,1 Im2 0 0 · · · 0
L3,1 L3,2 Im2 0 · · · 0
· · ·

LΣ,1 LΣ,2 LΣ,3 · · · LΣ,Σ−1 ImΣ

, Lk,l = λk,lJmk,ml k ∈ [Σ], l < k.

• D =


D1

D2
D3

. . .
DΣ

, Dk = αkImk +δk,kJmk,mk k ∈ [Σ].

• αk = τ2
∑

T
t=1 p2

k,t k ∈ [Σ].

• βk,l = τ2
0 ∑T ∈T j(∑t∈T pk,t)(∑t∈T pl,t) k ∈ [Σ], l ≤ k.

• γk = αk +mkδk,k k ∈ [Σ].

• δk,l = βk,l−∑h<l δk,hδl,hmh/γh k ∈ [Σ], l ≤ k.

• λk,l = δk,l/γl k ∈ [Σ], l ≤ k.

Claim 3. Let y = L−1x where C = LDL′. Partition x and y into Σ blocks xk = (xk,i) ∈ Rmk and yk = (yk,i) ∈ Rmk ,
k ∈ [Σ]. Then for all k ∈ [Σ],

yk = xk−∑
l<k

λk,l

( ml

∑
i=1

yl,i

)
1mk .

Claim 4. Let D be such that C = LDL′. Then

D−1 =


D−1

1,1
D−1

2,2
. . .

D−1
Σ,Σ


where

D−1
k,k =

1
αk

Imk −
δk,k

αkγk
Jmk,mk
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Claim 5. Let y = L−1x where C = LDL′. Partition x and y into Σ blocks xk = (xk,i) ∈ Rmk and yk = (yk,i) ∈ Rmk ,
k ∈ [Σ]. Then

y′D−1y =
Σ

∑
k=1

y′kyk

αk
−

δk,k

αkγk

( mk

∑
i=1

yk,i

)2

=
Σ

∑
k=1

y′kyk

αk
−

λk,k(1
′yk)

2

αk
.

Claim 6. Let y = L−1x and ỹ = L−1x̃, where C = LDL′. Partition x, y, and ỹ into Σ blocks xk = (xk,i) ∈ Rmk , yk =
(yk,i) ∈ Rmk , and ỹk = (ỹk,i) ∈ Rmk , k ∈ [Σ]. Then

ỹ′D−1y =
Σ

∑
k=1

ỹ′kyk

αk
−

δk,k

αkγk

( mk

∑
i=1

ỹk,i

)( mk

∑
i=1

yk,i

)
=

Σ

∑
k=1

ỹ′kyk

αk
−

λk,k(1
′ỹk)(1

′yk)

αk
.

Claim 7. Let y = L−11̃, where C = LDL′. Partition y into Σ blocks yk = (yk,i) ∈ Rmk , k ∈ [Σ]. Then

yk = υk1mk where υk = 1−∑
l<k

λk,lυlml

Proof. We use the definition of L−1x from Claim 3. First, y1 = x1 = 1m1 . For induction, assume that the claim holds
for all l < k. Then

yk = 1mk −∑
l<k

λk,l(1
′
ml

yl)1mk

= 1mk −∑
l<k

λk,l(1
′
ml
(υl1ml ))1mk

= 1mk −∑
l<k

λk,lυlml1mk

= (1−∑
l<k

λk,lυlml)1mk

= υk1mk

as claimed. �

Claim 8. Let y = L−1x and ỹ = L−11, where C = LDL′. Partition x, y, and ỹ into Σ blocks xk = (xk,i) ∈ Rmk ,
yk = (yk,i) ∈ Rmk , and ỹk = (ỹk,i) ∈ Rmk , k ∈ [Σ]. Then

y′D−1ỹ =
Σ

∑
k=1

υk

αk
(1−mkλk,k)(1

′yk)

where υk is from Claim 7.

Proof. Note that, from Claim 7,

y′kỹk = y′k(υk1) = υk(1
′yk)

1′ỹk = 1′(υk1) = mkυk
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Plugging into Claim 6,

ỹ′D−1y =
Σ

∑
k=1

ỹ′kyk

αk
−

λk,k(1
′ỹk)(1

′yk)

αk

=
Σ

∑
k=1

υk(1
′yk)

αk
−

λk,kmkυk(1
′yk)

αk

=
Σ

∑
k=1

υk

αk
(1−mkλk,k)(1

′yk)

as claimed �

Claim 9. The determinant of C = LDL′ is

det C =
Σ

∏
k=1

α
mk−1
k (αk +mkδk,k)

=
Σ

∏
k=1

α
mk−1
k γk

and

logdet C =
Σ

∑
k=1

(mk−1) log(αk)+ log(αk +mkδk,k)

Corollary 10. The multivariate normal density Normal(x|µ01n,C) can be evaluated as follows:

• Compute αk, βk,l , γk, δk,l , and λk,l for all k and l via Claim 2.

• Compute y = L−1(x−µ01n) via Claim 3.

• Compute y′D−1y via Claim 5.

• Compute logdet C via Claim 9.

• Compute logNormal(x|µ01n,C) =− 1
2 (n log(2π)+ logdet C+ y′D−1y).

Claim 11. (1′xk)
Σ
k=1 and (x′kxk)

Σ
k=1 are sufficient statistics for Normal(x|µ01,C).

1.3 Gradient and Hessian

We want the gradient and Hessian of the log likelihood

`(θ) = ∑
g∈[G]

logsumexp j∈[J](logπ j + logNormal(sg|µ01,C j))

= ∑
g∈[G]

log ∑
j∈[J]

π jNormal(sg|µ01,C j)

Note that
∂`

∂π j0
= ∑

g∈[G]

∂

∂π j0
log ∑

j∈[J]
π jNormal(sg|µ01,C j)

= ∑
g∈[G]

1
∑ j∈[J] π jNormal(sg|µ01,C j)

∂

∂π j0
∑
j∈[J]

π jNormal(sg|µ01,C j)

= ∑
g∈[G]

Normal(sg|µ01,C j0)

∑ j∈[J] π jNormal(sg|µ01,C j)

6



For any other parameter η ∈ {pk,t ,µ0,τ
2
0 ,τ

2},

∂`

∂η
= ∑

g∈[G]

∂

∂η
log ∑

j∈[J]
π jNormal(sg|µ01,C j)

= ∑
g∈[G]

1
∑ j∈[J] π jNormal(sg|µ01,C j)

∑
j∈[J]

π j
∂

∂η
Normal(sg|µ01,C j)

The gradient of the normal is as follows, letting x̃g = xg−µ01:

∂Normal(sg|µ01,C j)

∂η
= (2π)−n/2

[(
∂

∂η
|C j|−1/2

)
exp
(
− 1

2
x̃′gC−1

j x̃g

)
+ |C j|−1/2 ∂

∂η
exp
(
− 1

2
x̃′gC−1

j x̃g

)]
= (2π)−n/2

[(
− 1

2
|C j|−3/2 ∂

∂η
|C j|
)

exp
(
− 1

2
x̃′gC−1

j x̃g

)
+ |C j|−1/2 exp

(
− 1

2
x̃′gC−1

j x̃g

)(
− 1

2

)
∂

∂η

(
x̃′gC−1

j x̃g

)]
= (2π)−n/2|C j|−1/2 exp

(
− 1

2
x̃′gC−1

j x̃g

)[
− 1

2
|C j|−1 ∂

∂η
|C j|−

1
2

∂

∂η

(
x̃′gC−1

j x̃g

)]
=−1

2

[
|C j|−1 ∂ |C j|

∂η
+

∂

∂η

(
x̃′gC−1

j x̃g

)]
Normal(sg|µ01,C j)

The gradient of the normal is as follows, letting 〈xg,xg〉 j = (xg−µ01)
′C−1

j (xg−µ01):

∂Normal(sg|µ01,C j)

∂η
= (2π)−n/2

[(
∂

∂η
|C j|−1/2

)
exp
(
− 1

2
〈xg,xg〉 j

)
+ |C j|−1/2 ∂

∂η
exp
(
− 1

2
〈xg,xg〉 j

)]
= (2π)−n/2

[(
− 1

2
|C j|−3/2 ∂

∂η
|C j|
)

exp
(
− 1

2
〈xg,xg〉 j

)
+ |C j|−1/2 exp

(
− 1

2
〈xg,xg〉 j

)(
− 1

2

)
∂

∂η

(
〈xg,xg〉 j

)]
= (2π)−n/2|C j|−1/2 exp

(
− 1

2
〈xg,xg〉 j

)[
− 1

2
|C j|−1 ∂

∂η
|C j|−

1
2

∂

∂η
〈xg,xg〉 j

]
=−1

2

(
|C j|−1 ∂ |C j|

∂η
+

∂ 〈xg,xg〉 j

∂η

)
Normal(sg|µ01,C j)

For η = µ0, ∂

∂ µ0
|C j|= 0 and

∂

∂ µ0

(
x̃′gC−1

j x̃g

)
=

∂

∂ µ0

(
(xg−µ01)

′C−1
j (xg−µ01)

)
=

∂

∂ µ0

(
x′gC−1

j xg−2µ01
′C−1

j xg +µ
2
01
′C−1

j 1
)

= 2(µ01
′C−1

j 1−1′C−1
j xg)

For η ∈ {pk,t ,τ
2
0 ,τ

2}, we use the block LDL’ decomposition as follows. First, by Claim 9

∂ |C j|
∂η

=
∂

∂η

Σ

∏
k=1

α
mk−1
k γk

=
Σ

∑
k=1

(
∏
k′ 6=k

α
mk′−1
k′ γk′

)(
(mk−1)αmk−2

k
∂αk

∂η
γk +α

mk−1
k

∂γk

∂η

)

Next, by Corollary 10, x̃′gC−1
j x̃g = y′D−1y, where y= L−1x̃g and C j = LDL′ is the block LDL’ decomposition. Plugging
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in the formula for y′D−1y from Claim 5, we get

∂ (x̃′gC−1
j x̃g)

∂η
=

∂ (y′D−1y)
∂η

=
∂

∂η

( Σ

∑
k=1

y′kyk

αk
−

λk,k(1
′yk)

2

αk

)
=

Σ

∑
k=1

[
∂

∂η

(
y′kyk−λk,k(1

′yk)
2
)]

(1/αk)+
(

y′kyk−λk,k(1
′yk)

2
)

∂ (1/αk)

∂η

=
Σ

∑
k=1

(
∂y′kyk

∂η
−

∂λk,k

∂η
(1′yk)

2−2λk,k(1
′yk)

∂1′yk

∂η

)
(1/αk)−

y′kyk−λk,k(1
′yk)

2

α2
k

∂αk

∂η

Next, the inner products involving yk have partial derivatives as follows. From Eq. (2),

∂1′yk

∂η
=

∂

∂η

(
1′xk−mkµ0−∑

l<k
mkλk,l1

′yl

)
=−∑

l<k
mk

∂

∂η

(
λk,l1

′yl

)
=−∑

l<k
mk

(
∂λk,l

∂η
1′yl +λk,l

∂1′yl

∂η

)
and from Eq. (3) and the discussion around it

∂y′kyk

∂η
=

∂

∂η

(
z′kzk−2(1′zk)∑

l<k
λk,l(1

′yl)+mk

(
∑
l<k

λk,l(1
′yl)
)2)

=− ∂

∂η

(
2(1′zk)∑

l<k
λk,l(1

′yl)
)
+

∂

∂η

(
mk

(
∑
l<k

λk,l(1
′yl)
)2))

=−2
∂1′zk

∂η

(
∑
l<k

λk,l(1
′yl)
)
−2(1′zk)

∂

∂η

(
∑
l<k

λk,l(1
′yl)
)
+2mk

(
∑
l<k

λk,l(1
′yl)
)

∂

∂η

(
∑
l<k

λk,l(1
′yl)
)

=−2(1′zk)
∂

∂η

(
∑
l<k

λk,l(1
′yl)
)
+2mk

(
∑
l<k

λk,l(1
′yl)
)

∂

∂η

(
∑
l<k

λk,l(1
′yl)
)

=
(
−2(1′zk)+2mk ∑

l<k
λk,l(1

′yl)
)

∂

∂η

(
∑
l<k

λk,l(1
′yl)
)

=
(
−2(1′zk)+2mk ∑

l<k
λk,l(1

′yl)
)

∑
l<k

(
∂λk,l

∂η
1′yl +λk,l

∂1′yl

∂η

)
=
(

2(1′zk)m−1
k −2 ∑

l<k
λk,l(1

′yl)
)

∂1′yk

∂η

where we have used the fact that zk := xk−µ01 has partials ∂ z′kzk
∂η

= ∂1′zk
∂η

= 0.

Next, we find the partial derivatives of γk, δk,l , and λk,l from the LDL’ decomposition:

• ∂γk
∂η

= ∂αk
∂η

+mk
∂δk,k
∂η

k ∈ [Σ].

• ∂δk,l
∂η

=
∂βk,l
∂η
−∑h<l

( ∂δk,h
∂η

δl,hmhγ
−1
h +δk,h

∂δl,h
∂η

mhγ
−1
h −δk,hδl,hmhγ

−2
h

∂γh
∂η

)
k ∈ [Σ], l ≤ k.

• ∂λk,l
∂η

=
∂δk,l
∂η

γ
−1
l −δk,lγ

−2
l

∂γl
∂η

k ∈ [Σ], l ≤ k.
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Finally, the quantities αk and βk,l have partial derivatives with respect to η as follows:

• ∂αk
∂τ2 = ∑

T
t=1 p2

k,t .

• ∂αk
∂τ2

0
= 0.

• ∂αk
∂ pk,t

= 2τ2 pk,t .

• ∂αk
∂ pk′,t

= 0 if k 6= k′.

and

• ∂βk,l
∂τ2 = 0.

• ∂βk,l
∂τ2

0
= ∑T ∈T j(∑t∈T pk,t)(∑t∈T pl,t).

• ∂βk,l
∂ pk′,t

= 0 if k 6= k′ and l 6= k′.

• ∂βk,l
∂ pk,t

= τ2
0 ∑t ′∈T pl,t ′ where T is the element of T j that contains t.

• ∂βk,l
∂ pl,t

= τ2
0 ∑t ′∈T pk,t ′ where T is the element of T j that contains t.

1.3.1 Note on the slope constraints

We want to reformulate the slope constraints

p1,t ≤ p2,t ≤ ·· · ≤ pΣ,t (1)

as a set of constraints

loweri ≤ consi(p)≤ upperi

Indeed, note that pk,t ≤ pk+1,t iff pk+1,t − pk,t ≥ 0, so Eq. (1) is equivalent to

0≤ p2,t − p1,t ≤ ∞

0≤ p3,t − p2,t ≤ ∞

...
0≤ pΣ,t − pΣ−1,t ≤ ∞

as desired.
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1.4 Proofs from Section 1.2

Proof of Claim 2. From Claim 1, one can see that the covariance matrix C has the following form:

C = τ
2


∑

T
t=1 p2

σ̃1,t
0 · · · 0

0 ∑
T
t=1 p2

σ̃2,t
· · · 0
. . .

0 · · · 0 ∑
T
t=1 p2

σ̃n,t

+ τ
2
0


∑T ∈T j p2

σ̃1,T
∑T ∈T j pσ̃1,T pσ̃2,T · · · ∑T ∈T j pσ̃1,T pσ̃n,T

∑T ∈T j pσ̃2,T pσ̃1,T ∑T ∈T j p2
σ̃2,T

· · · ∑T ∈T j pσ̃2,T pσ̃n,T

. . .
∑T ∈T j pσ̃n,T pσ̃1,T ∑T ∈T j pσ̃n,T pσ̃2,T · · · ∑T ∈T j p2

σ̃n,T



=


ασ̃1 0 · · · 0
0 ασ̃2 · · · 0

. . .
0 · · · 0 ασ̃n

+


βσ̃1,σ̃1 βσ̃1,σ̃2 · · · βσ̃1,σ̃n

βσ̃2,σ̃1 βσ̃2,σ̃2 · · · βσ̃2,σ̃n
. . .

βσ̃n,σ̃1 βσ̃n,σ̃2 · · · βσ̃n,σ̃n



=


α1Im1 0 · · · 0

0 α2Im2 · · · 0
. . .

0 · · · 0 αΣImΣ

+


β1,1Jm1,m1 β1,2Jm1,m2 · · · β1,ΣJm1,mΣ

β2,1Jm2,m1 β2,2Jm2,m2 · · · β2,ΣJm2,mΣ

. . .
βΣ,1JmΣ,m1 βΣ,2JmΣ,m2 · · · βΣ,ΣJmΣ,mΣ


Claim 2 now follows from Lemmas 12 and 13 below. �

Lemma 12. The block off-diagonal entries of LDL′ equal the corresponding block off-diagonal entries of C. In other
words, for all k > k′,

(LDL′)k,k′ = βk,k′Jmk,mk′

10



Proof.

(LDL′)k,k′ =
Σ

∑
l=1

Lk,l

Σ

∑
h=1

Dl,h(L′)h,k′ (matrix multiplication by blocks)

=
Σ

∑
l=1

Lk,lDl,l(L′)l,k′ (since Dl,h = 0 for all h 6= l)

=
Σ

∑
l=1

Lk,lDl,lL′k′,l (since (L′)l,k′ = (Lk′,l)
′)

= ∑
l<k′

Lk,lDl,lL′k′,l +Lk,k′Dk′,k′ (since Lk′,l = 0 for all l > k′ and Lk′,k′ = Imk′ )

=
(

∑
l<k′

(λk,lJmk,ml )(αlIml +δl,lJml ,ml )(λk′,lJml ,m′k
)
)
+(λk,k′Jmk,mk′ )(αk′ Imk′ +δk′,k′Jmk′ ,mk′ ) (subs. dfns)

=
[(

∑
l<k′

αlλk,lλk′,lml +δl,lλk,lλk′,lm
2
l

)
+
(

αk′λk,k′ +δk′,k′λk,k′mk′
)]

Jmk,mk′

(since Jn,mJm,p = mJn,p and Jn,mJm,pJp,q = mpJn,q)

=
[(

∑
l<k′

λk,lλk′,lml(αl +δl,lml)
)
+
(

λk,k′(αk′ +δk′,k′mk′)
)]

Jmk,mk′ (factor)

=
[(

∑
l<k′

δk,lδk′,lml(αl +δl,lml)/γ
2
l

)
+
(

δk,k′(αk′ +δk′,k′mk′)/γk′
)]

Jmk,mk′ (subs. dfn. of λk,l)

=
[(

∑
l<k′

δk,lδk′,lml/γl

)
+δk,k′

]
Jmk,mk′ (simplify via dfn. of γk,l)

=
[(

∑
l<k′

δk,lδk′,lml/γl

)
+
(

βk,k′ − ∑
l<k′

δk,lδk′,lml/γl

)]
Jmk,mk′ (subs. dfn. of δk,k′ )

= βk,k′Jmk,mk′ (cancel)

as claimed. �

Lemma 13. The block diagonal entries of LDL′ equal the corresponding block diagonal entries of C. In other words,

(LDL′)k,k = αkImk +βk,kJmk,mk

11



Proof.

(LDL′)k,k =
Σ

∑
l=1

Lk,l

Σ

∑
h=1

Dl,h(L′)h,k (matrix multiplication by blocks)

=
Σ

∑
l=1

Lk,lDl,l(L′)l,k (since Dl,h = 0 for all h 6= l)

=
Σ

∑
l=1

Lk,lDl,lL′k,l (since (L′)l,k = (Lk,l)
′)

= ∑
l<k

Lk,lDl,lL′k,l +Dk,k (since Lk,l = 0 for all l > k and Lk,k = Imk )

=
(

∑
l<k

(λk,lJmk,ml )(αlIml +δl,lJml ,ml )(λk,lJml ,mk)
)
+(αkImk +δk,kJmk,mk) (subs. dfns)

=
[(

∑
l<k

αlλ
2
k,lml +δl,lλ

2
k,lm

2
l

)
+δk,k

]
Jmk,mk +αkImk (since Jn,mJm,p = mJn,p and Jn,mJm,pJp,q = mpJn,q)

=
[(

∑
l<k

λ
2
k,lml(αl +δl,lml)

)
+δk,k

]
Jmk,mk +αkImk (factor)

=
[(

∑
l<k

δ
2
k,lml(αl +δl,lml)/γ

2
l

)
+δk,k

]
Jmk,mk +αkImk (subs. dfn. of λk,l)

=
[(

∑
l<k

δ
2
k,lml/γl

)
+δk,k

]
Jmk,mk +αkImk (simplify via dfn. of γk,l)

=
[(

∑
l<k

δ
2
k,lml/γl

)
+
(

βk,k−∑
l<k

δ
2
k,lml/γl

)]
Jmk,mk +αkImk (subs. dfn. of δk,k′ )

= βk,kJmk,mk +αkImk (cancel)

as claimed. �

Proof of Claim 3. Note that yk is such that (Ly)k = xk. In other words, since L is block lower triangular and has identity
matrices on the diagonal,

Lk,1y1 +Lk,2y2 + · · ·+Lk,k−1yk−1 + yk = xk.

So, substituting the definition Lk,l = λk,lJmk,ml ,

yk = xk−∑
l<k

Lk,lyl

= xk−∑
l<k

λk,lJmk,ml yl

= xk−∑
l<k

λk,l

( ml

∑
i=1

yl

)
1mk

as claimed. �

Proof of Claim 4. Note that DD−1 is a diagonal matrix with blocks DkD−1
k , where

DkD−1
k =

(
αkImk +δk,kJmk,mk

)( 1
αk

Imk −
δk,k

αkγk
Jmk,mk

)
=

αk

αk
Imk −

αkδk,k

αkγk
Jmk,mk +

δk,k

αk
Jmk,mk −

mkδ 2
kk

αkγk
Jmk,mk
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We just need to check that the coefficients of the last three terms sum to 0. Indeed,

−
αkδk,k

αkγk
+

δk,k

αk
−

mkδ 2
kk

αkγk
=

δk,k

αk
−

(αk +mkδk,k)δkk

αkγk
= 0,

since γk = αk +mkδk,k. �

Proof of Claim 5. Note that y′D−1y=∑
Σ
k=1 y′k(D

−1)k,kyk, since (D−1)k,l = 0 if k 6= l. Substituting (D−1)k,k from Claim
4,

y′D−1y =
Σ

∑
k=1

y′k
( 1

αk
Imk −

δk,k

αkγk
Jmk,mk

)
yk

=
Σ

∑
k=1

y′kyk

αk
−

δk,k

αkγk

( mk

∑
i=1

yk,i

)2

since

y′kJmk,mk yk =
mk

∑
i=1

yk,i(Jmk,mk yk)i =
mk

∑
i=1

yk,i

mk

∑
i′=1

(Jmk,mk)i,i′yk,i′ =
( mk

∑
i=1

yk,i

)2
.

�

Proof of Claim 9. Note that det C = det(LDL′) = (det L)2 det D= det D, since L is block lower triangular with identity
matrices on the diagonal. The determinant of a block diagonal matrix is the product of the determinant of the blocks.
In general,

det(aIn +bJn) = an−1(a+nb),

so, in our case,

det Dk,k = det(αkImk +δk,kJmk,mk) = α
mk−1
k (αk +mkδk,k)

which gives the claimed formula. �

Proof of Claim 11. To establish the claim, it is sufficient to write y′D−1y, where y = L−1(x− µ01), in terms of the
sufficient statistics. To do this, it is sufficient (according to the formula in Claim 5) to show that 1′yk and y′kyk can be
written in terms of the sufficient statistics.

First, we show that (1′yk)
Σ
k=1 can be written in terms of the sufficient statistics. Since, according to Claim 3, y1 =

x1−µ01, we can write 1′y1 = 1′(x1−µ01) = 1′x1−m1µ0, which is in terms of the sufficient statistics. For induction,
assume that 1′y1, . . . ,1

′yk−1 can be written in terms of the sufficient statistics. Then, again according to Claim 3,

yk = xk−µ01−∑
l<k

λk,l

( ml

∑
i=1

yl,i

)
1mk = xk−µ01−∑

l<k
λk,l(1

′yl)1

so

1′yk = 1′
(

xk−µ01−∑
l<k

λk,l(1
′yl)1

)
= 1′xk−mkµ0−∑

l<k
λk,l(1

′yl)(1
′1)

= 1′xk−mkµ0−∑
l<k

mkλk,l1
′yl (2)
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which can be written in terms of the sufficient statistics using the inductive assumption.

Next, we show that (y′kyk)
Σ
k=1 can be written in terms of the sufficient statistics. Note that y′1y1 = (x1− µ01)

′(x1−
µ01)= x′1x1−2µ01

′x1+m1µ2
0 , which is in terms of the sufficient statistics. For induction, assume that y′1y1, . . . ,y′k−1yk−1

can be written in terms of the sufficient statistics. Then, letting zk = xk−µ01,

y′kyk =
(

zk−∑
l<k

λk,l(1
′yl)1

)′(
zk−∑

l<k
λk,l(1

′yl)1
)

= z′kzk−2z′k
(

∑
l<k

λk,l(1
′yl)1

)
+
(

∑
l<k

λk,l(1
′yl)1

)′(
∑
l<k

λk,l(1
′yl)1

)
= z′kzk−2(1′zk)∑

l<k
λk,l(1

′yl)+mk

(
∑
l<k

λk,l(1
′yl)
)2

. (3)

Note that z′kzk = (xk−µ01)
′(xk−µ01) = x′kxk−2µ01

′xk +mkµ2
0 , and 1′zk = 1′(xk−µ01) = 1′xk−mkµ0. Thus, using

the inductive assumption, y′kyk can be written in terms of the sufficient statistics. �
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