1 The model

The model is:
® Zg~m g €[G].
o My ;7|{Z; = j} ~ Normal(t, 75) gc[Gl, T €T,
© Xioi|{Ze=j.M, 7 =gj7}~Normal(,; 7,72) i€n,g€[G,7 eT;teT.
* Sig =Y/ 1 PoiXigs i €[n],g €[G].

Si ¢ is observed. The parameters 6 = (pes s, Tj, T, T, Ho). We require that 6 — pg ; is monotone.
1.1 The distribution of S,|{Z, = j}.

Claim 1. Let Sy = (S1,4,82,¢,---,8n¢). Then Sg|{Z, = j} ~ Normal(uo1,cov;) where, letting ps 7 =Y 1c 7 Po s>
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Proof. Step 1. Note that

T
Se= (Y. poiXigi:i=1,...,n)
=1
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where, letting #(k) = ((k—1) mod T) +1,

Do, t(k) if (i— 1)T <k<iT
0 otherwise

0= (qix)i-1ils, qik = {

Step 2. Let Fy j = {0 : Zy(@) = j,M, j(®) = Uy ;}. Let 7 (j,1) be the element of T that contains 7. Note

[ X101 [ Mg j.7(1) ]
X152 He.j.7(j.2)
Xig1 Mg j.7(j.T)
Yo|Zej= 1 t ||F,;j~ Normal( : ,7I) = Normal(v, j, 7°1)
Xn,g,l .ug,j,ﬁ(j,l)
Xng2 Mg j.7(j2)
[ X ] M., 7 (j.T).




where Vg j = (Vg i)l |, Ve, jk = Mg j, 7(j1(k))- This holds because, for fixed g, the X; ¢, are conditionally independent
given .Z, ;.

Note that F, j = {0 : Z,(w) = j,Ng j(®) =V, j}.

Step 3. Next,
[(My.j.7(1) ] [ ]
ng,f(ﬂ) M, j 7,
87J~,='7(J~,T) Mg 7,
Mgﬁay(‘]l) Mglle\
Mg ;.72 "
My j.7(j1)] L -
where
T,| 1 if T(j,tk) =T,
A= (80 )T |_J’ Sivs— Js
j = (Bjat)i=r1-1 Tkl 0 otherwise
and J;1,J2,..., ‘%,\Tﬂ is an enumeration of T;. Note that each row of A; has exactly one nonzero element.

Step 4. Altogether, we have:
o S, =0Y,.
o Y| Z, ; ~ Normal(v, j,7%I).
o Ny i =AM, ;.
o M, |{Z, = j} ~ Normal(uoL,3I).
Step 5. In general, if X ~ Normal(i,X) and Y = AX + b, then Y ~ Normal(Ap + b,AXA").

In our case, M,|{Z, = j} ~ Normal(uo1,t31) and Ny ; = A;M, ;, so
Ng.jl{Zs = j} ~ Normal(A;o1, A5 IA))
= Normal (uo1, 5A;A}).
The equality holds because each row of A; has exactly one nonzero element, equal to 1, so A;1 = 1.
Next, Yy|-Z, ; ~ Normal(V, j,7%I) and S, = QY,, so
Sg|-F.; ~ Normal(Qv, ;, 07*1Q)
= Normal(Qv, ;, 72QQ)
Step 6. In general, if X ~ Normal(i,X) and Y|{X = x} ~ Normal(AX + b,S), then Y ~ Normal(A +b,S +AXA").
In our case, N j|{Z; = j} ~ Normal(to1, 75A;A’) and Sg[{Z, = j,Ng j = Vg ;j} ~ Normal(Qv, ;, 720Q'), so
Sel{Zy = j} ~Normal(Quo1,7°QQ' + Q75A;A,Q')
= Normal (o1, 7°QQ’ + rgQAjA’jQ’)

The equality holds because each row of Q sums to one, so Q1 = 1.



Note that QQ’ is an n X n matrix with (i,i’) entry

Z Pontk)Poy ) 1((i = 1)T <k <iT)1((/' = 1)T <k <iT)
(*)

=Y p%ww 1((i—1)T <k <iT)l(i=1i) since (*)is nonzero only if i = i’
k=1

T
= l/) Z p20',',l
=1
Note that QA; is an n x |T ;| matrix with (7,1) entry
nT nT
Y 4ixbixi = Z Poaiy L= DT <k <iT)1(F(j,t(k)) = Tj,)
k=1

—Zpa, Wi =DT <k <iT)1(t(k) € Zj))

= Z Poit

teg;

Note that QA;A}Q" = (QA;)(QA;)" is an n x n matrix with (i,i') entry
Tl

Y (0A)ii(QA))i,

=1

( Y ri)( X pos)

I
™~z

e teg;
Z ( Z Poi,t) ( Z Po‘,-/,t)
TeT; teT teT

Thus,
S¢|{Z, = j} ~ Normal(uo1,cov;)
where, letting ps 7 = Y;c 7 Po st

cov; = 7200 + 15 0A;A Q'

2
Ztrzll’%yht 0 0 Y. 7eT; P77 29611‘,- PGI,AZPGZ,.?
T
2 0 Z;:1P%72,z 0 276'11' Po,,7Po,,7 Zﬂeﬂl‘j Po,.7
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as claimed.
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1.2 Block Cholesky decomposition

For each k € [¥], g € [G], let
o my=|{i:0; =k}
° §k7g = (8i¢ : 0; = k), a block column vector with m entries.
e S = (Skg: k € [X]), ablock column vector with 7 entries.
e §; the stage of the tissue sample (S,);; in other words, &; = Oy(j) where f is such that (Se)i = Sty

By Claim 1, $,|{Z, = j} ~ Normal(to1,cov;), where cov; is as given in the claim.
We call the n x n identity matrix , and the n x m all-ones matrix J,, ,.

Claim 2. For each j € |J], the covariance matrix C = cov has the block Cholesky decomposition C = LDL', where

Iy 0O 0 0 - 0

Ly In, 0 0 e 0
o L= L371 L3,2 Im2 0 s 01, Lk,l = )“k,ljmk.,ml ke [Z],l <k

Ly1 Lyp Ly3 -+ Lyyx1 Img

D

D,
e D— D; ,» Dy = ol + Sk,kJmk.,mk ke [Z]
Dy

o =1, p3, ke [x].
L4 Bk,l = T(% Zye’ﬂ‘j (Zte.7 Pk,t)(Zteﬂ Pl,z) ke [E]al <k
® Y= O + M0y ke [Z].
® Oi = Bri— X<t ScnOrnmn/ Vi ke [X],l <k
o hi=08/" ke Xl <k

Claim 3. Let y = L™'x where C = LDL'. Partition x and y into ¥ blocks x; = (xki) € R™ and yr = (yi;) € R™,
k € [Z]. Then for all k € [X],

Yk = Xp — Z A ( %yu) Ly,

1<k i=1

Claim 4. Let D be such that C = LDL'. Then

—1
D1,1 |
Dl D2,2
—1
D):,z
where
1 o)
-1 _ k k
Dy = —1Im — Ty my
Ol O Yie



Claim 5. Let y = L™'x where C = LDL'. Partition x and y into ¥ blocks x; = (xk,i) € R™ and y; = (yr;) € R™,
k € [Z]. Then

Z Yk Ok

'y—1
yD y=
= % %Yk

2
(Zykl)
DI
v Aa(Uy)?
B g’ 072 o

Claim 6. Let y =L 'x and § = L™'% where C = LDL'. Partition x, y, and § into £ blocks x; = (x;;) € R™, y, =
(yk,,‘) € R"™, and y, = ()7/(",') eR™, ke [E] Then

r o S
y/qu: Z YiYk Ok
k=1 O O Yic

() ()

_ = ok Ak (150 (1)

=1 %k Ok

Claim 7. Lety=L~'1, where C = LDL'. Partition y into ¥. blocks y; = (vk,i) € R™, k € [X]. Then

Yk = vk]lmk where vy =1— Z lk,lvlml
i<k

Proof. We use the definition of L~ 'x from Claim 3. First, y1 = x1 = 1,,,. For induction, assume that the claim holds
for all [ < k. Then

Yk = ]lmk - Z /’Lk,l(]l:nlyl)]lmk

1<k

=1y — Z lk,l(ﬂm (Ul]lmt))]lmk
<k

me = 3, Mg Oy Ly

1<k

= (1= Agom) L,

I<k
= Ukﬂmk
as claimed. |

Claim 8. Let y = L™ 'x and § = L1, where C = LDL'. Partition x, y, and § into ¥ blocks x; = (xi;) € R™,
Yk = (ki) € R™, and 5 = (Fi,;) € R™, k € [E]. Then

(1= my Ay ge) (1)

y~=i

sz\c

where Vi is from Claim 7.

Proof. Note that, from Claim 7,

Vidk = Vi (0eL) = v (1'yx)
]1/5’k = ]ll(l)k]l) = my Uy



Plugging into Claim 6,

i Ik Ar(L'50) (1'ye)
k=1 Gk e

yDly =

Oe(L'yr)  Aigemi V(1)
= % O

™

HE

L= mdir) (1)

»
Il

as claimed

Claim 9. The determinant of C = LDL' is

detC = H o™ 1 (xk—i—mk&(,k)

= 1
= [T
k=1
and
logdet C = Z my — 1) log( oy ) +log( oy + my S )

Corollary 10. The multivariate normal density Normal(x|uo1,,C) can be evaluated as follows:
o Compute 04, Bi1, Yoo Ok, and Ay for all k and 1 via Claim 2.
e Compute y =L (x— po1,) via Claim 3.
e Compute y' D~y via Claim 5.
o Compute logdet C via Claim 9.
e Compute logNormal(x|up1l,,C) = — % (nlog(2m) +logdet C+y' D™ ly).

Claim 11. (1'x;)%_, and (xjx;)¥_, are sufficient statistics for Normal(x|po1,C).
1.3 Gradient and Hessian

We want the gradient and Hessian of the log likelihood

0(0) = Z logsumexp ;) (log 7 +log Normal (s, |01, C;))

¢€[G]
= Z log Z 7 Normal(sg|to1,C;)
s€l6]  jel]
Note that
a¢ d
— = Z ——log Z m;Normal(sg|to1,C;)
Iy e6) 9% jely
= Z ! Z 7 Normal(sg|to1,C;)

fere ZJG[J mt;Normal(sg|to1,C;) an,o =1,

Normal(sg|uo1,Cj,)
<€[0] Y jepy) 7rjNormal(sg |0 1, C;)




For any other parameter 0 € {py,, o, T3, T*},

a¢ d
i Y —nlog Z miNormal(sg|to1,C;)
€[G] Jjel]
1

- 7;——Normal(s,|to1,C;
gg(’; Y jepy) ®jNormal(sg| o1, C;) EZ[} Ja (s¢ltol,Cj)

The gradient of the normal is as follows, letting X, = x, — Ho1:

8N0rmaléss|ﬂo]17cj):(27r)"/2[(;17|C/|l/z)exp(—;xgcj )+|Cj|‘/2£7exp(—;ng, )}

:(271')_”/2[(71|Cj|_3/zi|Cj\)exp( zxéCj xg)+|Cj|_1/zexp(f§)Z’ng_

= ) "RIC e (- 35,65 ) [~ 510 i - 5 e (55

[|C| 18|§:’| 819 ("’C )}Normal(sg\uoll,cj)

The gradient of the normal is as follows, letting (x,,x,); = (x; — to1)’ C;l (xg — to1):

8N0rmaléss|ﬂoﬂvcj) :(Zn)*”/ZK ICjI™ l/z)exp( 5 (g Xg)j )+|C| l/zi]e"p( 1<x§’x5’>1)}

5)(-

)

9
an

()Z’ c!

%)

:<2n>*"/2[(—§|c,~|*3/za—|c,-\)exp( ;<xg,xg>)+|C| Veexp (= 3 teote)s) (= 5) 30 (e5)]

\ 1 10
= (2m) Iy exp (— Shrene)s) [ 5lCl n'Cf' 3 5 )]
|, e )
_ - -1 8278/J
2(|C,\ an on >Normal(sé|/.L0]l Cy)
Forn:yo,a%o\Cj\:Oand
d (4 1.\ _ 0 B
%(xfng xg) :Tm«xg_uoﬂ)/cj (xg_“O]l))
B
= om (wC; g — 2001°C5 x4 3111

= 2(uol'C; M 1 —1'Cy ' xy)

For n € {px,, Tg, 72}, we use the block LDL’ decomposition as follows. First, by Claim 9

a|C‘]| a = mkfl
= = (04
an ankI;]1: k Ye
= my— do, 8yk
_ (X,k/ lyk, (m 1)O£mk -2 k,}/+ my—1
L (JTet ) (ome et 5imral 150

Next, by Corollary 10, )E’ng_lig =y'D~'y, where y= L%, and C; = LDL' is the block LDL’ decomposition. Plugging



in the formula for yD~!y from Claim 5, we get

I(%,C;'%)  a(yD1y)

an an
_ 9 ( i Yk /lk,k(]I/Yk)z)
8” k=1 Ol Ol
Z 9 d(1/0y)
_ _ o 1.,\2 k
= . {5 (o= Aue(@0?) | (/) + (oo = Aea89e7) =50
A aA o1’ vk — M (1'y)? day
YiYk kk (o1 N2 ’ Vi YiYk — Mg\ 1L Yk k
- - ]lyk _2A«k‘k ]lyk 1 ak —_— s =
,§1<an Tt () = 2 )52 (1) o 3
Next, the inner products involving y; have partial derivatives as follows. From Eq. (2),
8]l’yk 8 ’ ’
= — (1'%, — - 1
an an ( X — my o l;{mklk,l YI)
d
==Y m=— A1’y
== Loy (hat'n)
8/1“ (9]1/)/[
=—) m + Axs
lg;{ ( an )
and from Eq. (3) and the discussion around it
Iy 0
ik —2(Vz) Y Aag (1'yy) +my, Ay (L',
Sy = an @ L (Lrm))
= _ai(z(]l/zk) Zlk,z(ﬂ/yz)) + aa (mk(zflkl (1'y) )2))
n i<k n I<k
= —Za;l/zk (Zlk,l(]l/yl ) 2(1'z%) an (Zlkz 1y, >+2mk(zlk1(]1 i) );(Z)Lkl (1'y, )
n l<k i<k i<k i<k
2]
—2(1'%) Aag(U'yr) ) +2mg (Y Mea(Uyr) ) 5= () A (1'ys
o (T A0) +2m( LA 52 (B A1)
< 2(V'z) +2mi Y Aea (1, )7(22%,1(]1/)’1))
I<k l<k
:( 2(1'z) +2mk2/1kz]lw)2( yl+lk,18]1/yl)
i<k i<k an
a1’y
2 ]l Zk *2 /’LkJ(]l/yl
( 1;{ ) 811
where we have used the fact that z; := x; — to1 has partials 9;;;" = agl;fk =0.
Next, we find the partial derivatives of ¥, &, and A4 ; from the LDL’ decomposition:
o %( _ 981# +m 95kk ke [x].
a4 d _
g ﬁ“ Zh<z( i SLpmn Yy, A 811 Ly 5k,h51,hmh7h2%’) kelX],l<k
. 8%,1:8;;1%_1 Sy 2oL kex],l<k.



Finally, the quantities o and fB;; have partial derivatives with respect to 17 as follows:

oy _ T 2
b TT%{ —thlpk,t'
ooy _
° atg =0.
aO!k _
apk,t -

Ja, .
. apkl’“t :01fk7ék’.

2T2pk7[ .

and
Py 0.

212
P
31.3 = Zﬂe’ﬂ‘j (Ztey Pk,z)(Zzeﬂ Pl,z)~

o el _ itk 4K andl £ K.

Iy,
a . .
. af:" = Tg Ye7 piy Where J is the element of T that contains .
S B
J . .
. ag’;" =13 Yyc 7 Pry Where 7 is the element of T; that contains 7.
t ’

1.3.1 Note on the slope constraints
We want to reformulate the slope constraints
Ple<p2s<--<py;
as a set of constraints
lower; < cons;(p) < upper;
Indeed, note that py; < pyi1, iff priq; — prs > 0, so Eq. (1) is equivalent to

0< D2y —Plg <
0< P3¢ — P2t <oo

0<psi—ps 1<

as desired.

(D



1.4 Proofs from Section 1.2

Proof of Claim 2. From Claim 1, one can see that the covariance matrix C has the following form:

T 2 2
Yi=1P5,, 0 o 0 Y7e1; P57  LTeT, P61,7P6,,T
’ T 2
5 0 YiPs 0 , |X7er; P6,7P61.7  LgerPs 7
C=r1 . +7
T 2
0 o 0 Yio1ps,, Y. 7¢T,P6,,7P61,7 LTeT, P6,,7 P67
-a51 0 T 0 [3(71751 [351752 T ﬁffl-,(fn
0 a, -+ O Bs6: Bsrs, - Bsyn
= . + .
L0 - 0 o, Bs.er Boune: - Beusn
_allml 0 te 0 Bl,ljml,ml BI,ZJml,mz Tt ﬁl,ZJml,m);
0 aZImz T 0 ﬁZ,lanz,ml ﬁZ,Zsz,mz Tt ﬁ2,2~]m2,mg
= -
L 0 cee 0 az[m): ﬁZ_lJm):,ml ﬁZ,ZJm):,mz T ﬁZ,):]m):,mz

Claim 2 now follows from Lemmas 12 and 13 below.

Y.7er, 61,7 P67
Y.7er, P6,,7 P67

2
2,7611‘j Ps,.7

Lemma 12. The block off-diagonal entries of LDL' equal the corresponding block off-diagonal entries of C. In other

words, for all k > K,

(LDL/)k,k’ = ﬁk,k"lmk,mk/

10



b b
(LDL") k= Z Ly Z Dyp(L) nk  (matrix multiplication by blocks)

( Z Otl/lk lkk' my+ 6 17Lk l)vk’ Zml) + (ak’lk,k’ + 6k’,k’lk.k’mk’>}-]mk,mkz

1<K
(since Jy mdm,p = mdy p and Jy udin pdp g = mp, 4)

Z Ak, llk/ lml((xl +6 lml)) + (Ak,k/ (o + 5k’,k/mk’))]‘]mk7mk/ (factor)

1<k

Y 88 im0y + 8 4my) /72) (5k w (0 + 8 k””'”c’)/}’k’)} memy  (subs. dfn. of A1)
1<k

Z k1 Ok ,ml/}/l) + & k/] memy  (simplify via dfn. of %)
1<K

Y 5k,15k',1m1/}’1) + (ﬁk,k' — Y b, zml/%” memy  (subs. dfn. of & x)

1<k 1<k

Bk,k’-]mk,mk/ (cancel)

as claimed. |

Lemma 13. The block diagonal entries of LDL' equal the corresponding block diagonal entries of C. In other words,

(LDL/)k,k = aklmk + ﬁk,kjmk,mk

11



Proof.

gl

(LDL' ).

gl
~
Iy

N

as claimed.

Ly Y Dijp(L)py  (matrix multiplication by blocks)

e

~
Il
—_

~
~
~

(L) (since Dy, =0 for all h # 1)

9

~

gl

LiyDyiLy;  (since (L')1x = (Lis1))

~
Il
—_

Lk,IDl.lL;gl +Dk,k (since LkJ =0 forall/ > kand Lk,k = Imk)

A
A

Z(xk,lJmk,ml)(alIml + 6[.1-])111,"11)(/’Lk,l-]ml,mk)) + (Gl + O kImym,)  (subs. dfns)
1<k

- (Z (X;?L,i,m, + 51,1113,1”112) + 5"-4 Imgmy + ey (since Jy i, p = mJy,p and Jymim,pJp.g = mpJp,q)

T I<k

( N Az im0y + 31,1m1)) + 5/(,4 I + Ol (factor)
- Ik

(Z 6]31111[(06[ + 5[3[771[)/}’}) + 6/(_’1(} T my + Ol (subs. dfn. of AkJ)
T Ik

(Z 82my /y/> n 6,(7,(} npme + Ol (simplify via dfn. of .7)
T Ik

( Y 8 m/ Vz) + (ﬁk,k -y &&im /M)}Jmk,m,{ + O4ly,  (subs. dfn. of &)
T Ik 1<k

Br kI my my + Gl (cancel)

Proof of Claim 3. Note that yy is such that (Ly); = x;. In other words, since L is block lower triangular and has identity
matrices on the diagonal,

Liiyr +Lgoyr + -+ L g—1Yk—1 + Yk = Xk

So, substituting the definition Ly ; = Ak 1S m;»

as claimed.

Yk = Xg — ZLk,m

i<k
=Xk — Z Ak,l-]mk,m[yl
i<k
my
=xc— Y Mk ( yl) L,
i<k i=

Proof of Claim 4. Note that DD~! is a diagonal matrix with blocks Dka’I, where

_1 1 Ok k
Dka = (aklmk + ak,k-]mk,mk> (OTkImk - ﬂjmbmk)

2
(077 O Oy Ok k e 8kk
my 7‘Imk,mk + 7Jmk,mk PV
O Yi Ol O Y

- my.,m
o koMk

12



We just need to check that the coefficients of the last three terms sum to 0. Indeed,

ol S Sy _ Ok (ot midir) O

= 07
O Vi Qg O Yie Ol O Yk
since Y, = O +mk5k’k. |

Proof of Claim 5. Note thaty'D~'y =Y | y/(D™ )i sy since (D~1);; = 0if k # [. Substituting (D~"); 4 from Claim
47

z 1)
/1, ! k,k

vk Sk (Zykl)

= % Yk

since

my

2
mk m Yk = Zykt my, mkyk i= ZYkz Z my, mk)zz/yk i = (Zykt) .

i'=1 i=1

Proof of Claim 9. Note that det C = det(LDL') = (det L)>det D = det D, since L is block lower triangular with identity
matrices on the diagonal. The determinant of a block diagonal matrix is the product of the determinant of the blocks.
In general,

det(al, +bJ,) = a" ' (a + nb),

S0, in our case,

my—1

det Dy = det(aklmk + 5kak‘lmk7mk) o (Otk + mk3k,k)

which gives the claimed formula. |

Proof of Claim 11. To establish the claim, it is sufficient to write y'D~'y, where y = L™ (x — pio1), in terms of the
sufficient statistics. To do this, it is sufficient (according to the formula in Claim 5) to show that 1’y; and y; yi can be
written in terms of the sufficient statistics.

First, we show that (1’ yk)fz1 can be written in terms of the sufficient statistics. Since, according to Claim 3, y; =
x1 — o1, we can write 1'y; = 1/(x; — to1) = 1'x; — my to, which is in terms of the sufficient statistics. For induction,
assume that 1'yy,..., 1y, can be written in terms of the sufficient statistics. Then, again according to Claim 3,

my

Yk =Xk — Hol — ZMI(Z)’[;) me =Xk — Mol — Y Mgy (1'y))1

1<k i= 1<k

SO

Uy = 1 (Xk — ol - Y /lkJ(]l/)’I)]l)

1<k

= Uxi—mtto— Y Aea (1) (1'1)
1<k

= 1xp—mygpo — Z m A1’y @
I<k

13



which can be written in terms of the sufficient statistics using the inductive assumption.

Next, we show that (y;yx)E_; can be written in terms of the sufficient statistics. Note that y|y; = (x; — to1)’(x; —
Pol) =x}x1 — 2oL x; +my u, which is in terms of the sufficient statistics. For induction, assume that y}y1,. .., Y} V-1
can be written in terms of the sufficient statistics. Then, letting z; = x; — to1,

AT (Zk -y lk,z(]llw)ﬂ)/(Zk -y /lk,z(]l/yz)]l)

1<k 1<k
I / / ! /
= L% 2Zk(23~k71(]1 YI)]l) + (ZM.}(IL yl)]l) (Z/Ik,z(]l yl)]l)
1<k 1<k 1<k
2
_ chzk—2(]1'zk)Z?kal(ll/yg)+mk(Z/'Lk7;(]1’y1)> . 3)
1<k 1<k

Note that zjzx = (xx — to1)' (xx — o) = X}, — 201 x5 —|—mku§, and 1z, = 1/ (x; — po1) = 1'x; — my lo. Thus, using
the inductive assumption, y,yx can be written in terms of the sufficient statistics. |
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