EM algorithm
1 Normal-normal model, with group-specific variances as fixed-effects
1.1 The model

The model is:
1. Zg ~m.
2. M, 7 ~ Normal(uo, 75).
3. Xigil{Ze = j.My j .7 = U j 7} ~ Normal(lg ; 7, T;jﬂ)'
4. Sig =Yl Po.iXigs
Si ¢ is observed. The parameters 6 = (pe 1, 7}, Ti g, 7, To, Mo)-
Let
L. Sig7 =XYicr PoiiXig:-
2. ps,7 =Yie7 Poy-

2 2 2 2
3. varg g j = (Zﬂeﬁl‘j Pg,y)fo +Z§e1rj(2te,7 pO',I)TgJ,ﬁ'
Note that:

L. Sig7HZg=j, My j 7 =l j 7} ~Nommal(pe, 7l j 7, (X7 P%;,-,z)f(;j,y) due to Fact NLC.
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3. Sig.7{Z; = j} ~ Normal(ps, 7o, P%;,-,y B+ (Lier p%,ht)’czyj’y), due to fact NCP and the above.

g
4. S;i¢|{Z, = j} ~ Normal (g, varg, ¢ ;), due to Fact NLC and the above.

Thus we can rewrite the model as:
1. Z,~m.
2. Sigl{Z, = j} ~ Normal(ug,vare, g ;).

1.2 Likelihood

The likelihood is
L(6) = fo(s) = E[fo(sZ)]
G J
= H Z P(Zg = j)f(sg‘zg =J)
g=1j=1
G J n
= H Z n'jHfNormal(uO?vargi_g:_,‘)(Sl}g)
e=1j=1 =1
The loglikelihood is
G ; n
E(e) = log fo (S) = Z logsumexpj:1 (10g(7rj) + Zlongormal(uOAvargiAg_j)(Siyg))
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1.3 EM algorithm

Note
J(6]6) : Zfe (z]s)
G J
=Y Y failse)logfo(j.sg) (EMN 40)
g=1j=1
where
ils.) = %
L f(J15e) = 577 stsy) EMN 39, 40).
2. f(Sg|]) = ?:lf(si-,é"]) = i:lfNormal(uo,varol,.g,j)(S,',g).
3. f(j) =m;.

4. 10gf(j>sg) Ing( )+10gf(sg|]) - 1Og j +Zn llongormal /,to,varo gj)( i,g)'
So
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Zf (Jlsg) [log?‘f, JrZ,longorma\l (1o, varg; g/)(slg):|
i=1
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Ho)
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g=1j=1 Varlg, g j
where
f ( ‘ ) |: ~j H;L] fNormal (fig,varg, gj)(si,g) :|
= (jlse) =
0 8 J, - T ’Hz 1fNormal (i, Vma g,j’)(siag)
The Lagrangian
B J Y
AO)=J(018) +2(1- Y. 7))~ ¥ Aol - me
j=1 o=1 =

The EM algorithm is to repeat:

1. Compute f5(jsg)-
2. Maximize A(0).

1.4 Maximization of A(0)

First, note that
oA g folilsd)

871] . T

=1- Z ﬂ'j
i
so the maximizer is 7; such that
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Next, note that

aVarcr«g-,j 2 :
Topey  PPo7UnT F2PoiTy 7 (i)
dvarg g 2
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= Y Y falilse) 200763 + 200
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It is not obvious how to solve the above analytically, so instead we use a numerical method.

2 Normal-normal model, with shared variance as fixed-effect
2.1 The model

The model is:
1. Zy ~m.
2. M, ; 7 ~ Normal(Lio, 73).
3. Xigil{Ze = j.My ;.7 = lg .7} ~ Normal(l, ; 7,7°).
4. 8;,= Zthl Do Xigit-

Si ¢ is observed. The parameters 6 = (pg , T}, T, To, Ho)-

Let
L. Sng.y =Yier PG,-.tXi,g,z-
2. P67 = Y4cT Poy-

3. varg j = (ZJE’]I‘ po y) (Zr 1p6t) 7.
Note that:
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L. Sig7{Zg=j,Myj 7 =l j 7} ~ Normal(pg, 7l ;. 7,(Yse 7 Pg,,)T>) due to Fact NLC.
2. po,7M, j 71{Zg = j} ~ Normal(pg,, yyo,pa 910) due to Fact NSC.
3. Sig7{Zs=j} ~ Normal(pchguo,paiﬂro (Y17 Pa.,)T), due to fact NCP and the above.
4. S;ig|{Z, = j} ~ Normal(uo, vare, ;), due to Fact NLC and the above.
Thus we can rewrite the model as:
1. Z, ~m.
2. Sigl{Z, = j} ~ Normal(uy, varg, ;).

2.2 Likelihood

The likelihood is

n

G J
H Z j HfNormal (Ho,varg; J)(St,g)

g:l]:] i=1

and the loglikelihood is

E( ) Ingg Z logsumexp] 1 (log nj + Z 1ngNormal (Ho,varg, J)( i,g))
8=

2.3 EM algorithm

Note
G J
1(616) =) ¥ f5(Jlse)log fo(J.se)
g=1j=1
G J n
= Z Z o (]‘Sg) [logﬂj + Zlongormal(uO,varUi,j)(Si,g)
g=1j=1 i=1
) (51— 10)’
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g=1j=1 Varg;, j
where
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falilse) = |5 ]
j= 177:’1_1 1fNorma] /.Lo,var ./)(Si,g)
The Lagrangian
J )
A(®) (6]6)+4 liz”j Z 1*21%”)
j=1 o=1

The EM algorithm is to repeat:
1. Compute f5(j|sq)-
2. Maximize A(6).



2.4 Maximization of A(6)

First, note that
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so the maximizer is 7; such that
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Next, note that
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It is not obvious how to solve the above analytically, so instead we use a numerical method.

3 Appendix: Facts

Fact NSC: If X ~ Normal(y,7?), & > 0, then ¥ := aX ~ Normal(apt, *7?).



Y qu)?
Proof: If ¢ (y) = y/ct then f(y) = £(9(y))9'(y) o< exp(— L) = exp(— L545). u
Fact NSUM: If X; ~ Normal(y;, Tiz), the X; are independent, and Y := Y} | X;, then ¥ ~ Normal(}}; w;, Y7, ’L’lz)
Fact NLC: If X; ~ Normal(y;, 77), the X; are independent, and Y := Y, o X;, then Y ~ Normal(Y"; o; 1, Y7 02 T7).

Fact NCP: If M ~ Normal (o, 73) and X|{M = u} ~ Normal(u, 7?), then X ~ Normal(uo, 75 + 72).

2

)2 )2 —
Proof: f(x) = [ f(x|)f (1) dpt o< [ exp(~ T — UTHE) dpt o< exp(— 575K ). m

TMP1:

(compute loglikelihood)=
{
int i, sig, g, t, 3J;
list_t =xcalT;

// compute sd
mat_t *sd = gsl_matrix_calloc(Sigma, J);
\for (sig \in [Sigmal]) {
double sos = \sum_{t \in [T]} pow2 (theta->pl[sig,t]);
\for (Jj \in [J]) {
double sos_0 =
\sum_{calT \in bbT[]j]}
pow2 ( \sum_{t \in calT} theta->pl[sig,t] );
sd[sig, j] = sqgrt (pow2 (theta->tau_0) * sos_0
+ pow2 (theta->tau) * sos);

}

// compute log likelihood
double loglik =
\sum_{g \in [G]}
\logsumexp_{3j \in [J]} (
theta->pi[j] + \sum_{i \in [n]}
gaussian_log_pdf(s[i,g], theta->mu_0, sdl[sigmali]l, j1));

gsl_matrix_free(sd);



