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Abstract

Given constantss1, s2, . . . , sG, we consider variablesX =
∑

sg1[g ∈ A]
andY =

∑
sg1[g ∈ B] as random variables with a joint distribution determined by

taking(A,B) as uniformly random among set pairs in whichA has fixed cardinality
m, B has fixed cardinalityn, and the intersectionA ∩ B has fixed sizeq. Argu-
ments about without-replacement sampling give the marginal mean and variance of
X andY separately. Here we extend those calculations and compute the correla-
tion betweenX andY . The joint distribution so determined is helpful in gene set
enrichment analysis.
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1 Problem

The penultimate section in Newton et al. (2006) presents without proof a formula

for the correlation between twoZ scores, these being the standardized enrichment

scores for two possibly overlapping gene sets. Here we show how to derive the

correlation formula.

Start with gene-level scoress1, s2, . . . , sG for G genes. These may be measures

of differential expression, or some related quantity, but the important thing is that

they are treated as fixed [i.e. we condition on them]. WLOG suppose they are

normalized so
∑

g sg/G = 0 and
∑

g s2
g/G = 1.

Unstandardized enrichment scoresX andY are defined

X =
∑
g∈A

sg Y =
∑
g∈B

sg

whereA andB are random subsets of{1, 2, . . . , G} that are constrained so that

#A = m, #B = n, and#(A∩B) = q. These set sizesm,n, andq are considered
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fixed, and we consider the pair(A, B) to arise uniformly at random from the col-

lectionS of all possiblenetworksof set pairs satisfying the size constraints. Note

thatq ≤ m, q ≤ n andm + n − q ≤ G else we do not have legitimate sets. The

problem is to compute the correlation betweenX andY owing to randomness in

the set pair, noting that gene-level scores are fixed.

Claim:

corr(X, Y ) =
Gq −mn√

m(G−m)n(G− n)

=
q√
mn

+ O

(
1

G

)
.

2 Solution

Observe first that the cardinality ofS is

#S =
G!

q! (m− q)! (n− q)! (G−m− n + q)!
. (1)

This follows by making a correspondence between the four components of our two

overlapping sets: i.e.A ∩ B, A ∩ Bc, B ∩ Ac and(A ∪ B)c and fixed sized sub-

sets of{1, 2, . . . G}, as in multinomial sampling. Thus the probability to realize a

particular(A, B) is 1/#S.

The marginal means and variancesX andY are known from without-replacement

sampling (Newtonet al. 2006). With thesg’s centered,E(X) = E(Y ) = 0, and

the variances are

var(X) =
m(G−m)

G− 1
var(Y ) =

n(G− n)

G− 1
. (2)
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It remains, therefore, to computeE(XY ) in order to obtain the correlation. From

the definition,

E(XY ) =
∑

(A,B)∈S

1

#S
∑
g∈A

∑
h∈B

sgsh (3)

=
1

#S

G∑
g=1

G∑
h=1

sgshkg,h

where

kg,h =
∑

(A,B)∈S

1[g ∈ A] 1[h ∈ B] (4)

The simpler situation to consider hasg = h. Thenkg,g =
∑

(A,B)∈S 1[g ∈ A ∩ B].

We are counting set pairs(A, B) that have a fixed geneg in their intersection, which,

as defined, is of a fixed sizeq. Of course ifq = 0 thenkg,g = 0. Otherwise it is

useful again to make the correspondence between a set pair(A, B) and an allocation

of theG genes into four groups of fixed sizes. Presently we are fixing geneg to be

in A ∩ B, so we count ways to allocate the otherG − 1 genes to groups of sizes

q − 1 (the rest ofA ∩ B), m − q (stuff in A ∩ Bc), n − q (stuff in Ac ∩ B) and

G−m− n + q (remainder). Thus,

kg,g =
(G− 1)!

(q − 1)! (m− q)! (n− q)! (G−m− n + q)!
. (5)

Taken against the probability of a set pair,

kg,g

#S
=

q

G
. (6)

Wheng 6= h in (4), it is useful to consider four subsets ofS (relative to the fixed
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g andh), depending on where the two genes land:

S1 = {(A, B) : g, h ∈ A ∩B}

S2 = {(A, B) : g ∈ A ∩Bc , h ∈ A ∩B}

S3 = {(A, B) : g ∈ A ∩B , h ∈ Ac ∩B}

S4 = {(A, B) : g ∈ A ∩Bc , h ∈ Ac ∩B}

These compenents may be empty depending on valuesm, n, andq; for exampleS1

is non-empty only ifq ≥ 2. But importantlykg,h = #S1 + #S2 + #S3 + #S4. By

the same counting approach to derive (5), we get

#S1 =
(G− 2)!

(q − 2)! (m− q)! (n− q)! (G−m− n + q)!
,

#S2 =
(G− 2)!

(q − 1)! (m− q − 1)! (n− q)! (G−m− n + q)!
,

#S3 =
(G− 2)!

(q − 1)! (m− q)! (n− q − 1)! (G−m− n + q)!
,

and

#S3 =
(G− 2)!

q! (m− q − 1)! (n− q − 1)! (G−m− n + q)!
.

Simplifying in relation to the probability of a set pair, we obtain, forg 6= h,

kg,h

#S
=

mn− q

G(G− 1)
. (7)

Reconsidering the expectationE(XY ) from (3), we take advantage of the fact

thatkg,h has one value wheng = h (6) and one other value wheng 6= h (7). We
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combine, using the centering assumption
∑

g sg = 0 and the scaling assumption∑
g s2

g = G, to get

E(XY ) =
Gq −mn

G− 1

which leads to the claimed correlation, noting (2).
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