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Abstract

A CNF formula F is k-satisfiable if each k clauses of F can be satisfied
simultaneously. Define r; to be the supremum of all real number r
so that every weighted k-satisfiable CNF formula has an assignment
that satisfies at least r-fraction of the weight. Define s; analogously for
unweighted CNF formulas.

We survey the results of the bound of 7 and sy, i.e., under which condi-
tions imposed on a CNF fomula which fraction of the clauses or weight
is guaranteed to be simultaneously satisfied by some assignment, and
consider whether such an assignment can be found algorithmically.

Furthermore, we discuss the problem of finding a assignment for k-
satisfiable CNF formula satisfying at least given r-fraction of the total
weight where r > ry.
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Chapter 1

Introduction

Satisfiability (SAT) is the problem of deciding whether a boolean formula in
propositional logic has an assignment that evaluates to true. SAT occurs as a
problem and is a tool in applications, e.g., Artificial Intelligence and circuits,
and it is considered a fundamental problem in theory. A partial satisfaction
problem is to consider how much fraction of a not-satisfiable formula can
be satisfied. In this thesis, we discuss the satisfiability problem base a local
satisfiability condition and we can see that how local satisfiability implies
fractional global satisfiability.

In Boolean logic, a formula is in conjunctive normal form (CNF) if it is a
conjunction of clauses , where a clause is a disjunction of literals. We use
the simplified notation that

e a literal / is either a variable x € V or its negation x;
e a clause C is a set of literals [;

e a CNF formula F over a finite variables set V. = {xy,...,x,} is a set
{C, ...,Cy} of disjunctive clauses.

We say that a clause is “m-clause” if it contains exactly m literals. We require
that no clause contains a variable and its negation simultaneously because
such clause is always satisfied and meaningless.

We define a vocabulary function as follow: if [ is a literal, then vbl(l) is its
variable, i.e., vbl(x)=vbl(X) = x for x € V. In a formula F, switching a
variable x means replacing each occurrence of x in F by X and vice versa.

For V a set of boolean variables, an assignment « on V is a mapping « :
V — {0,1},ie. &« € {0,1}". We say that an assignment « satisfies a literal ]
if either | = x for x € V with a(x) = 1 or I = X¥ with a(x) = 0, an assignment
o satisfies a clause C if there exists a literal I € C such that « satisfies [, an
assignment « satisfies a CNF formula F if « satisfies all clauses of F.
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Sometime the considered formula can not be globally satisfied. So we want
the considered formula weighted such that we can evaluate how much of it
can be satisfied at the same time. The idea of weighted formulas is to assign
a real number (weight) to each clause such that for an assignment «, we can
see how much weight of the formula can be satisfied by this assignment.
Here is a formal definition: for a CNF formula F on a variable set V, we
define a clause weight function y : F — R™, and the function u extends to
subsets G C Fby 1(G) = Yce #(C). Given a truth assignment a, let u[*! (F)
denote u({C € F | a satisfies C}). Finally, let #*(F) := max, ul*(F). Note
that an unweighted formula can be seen as a weighted formula in which
each clause has same weight.

Instead of global satisfiable formulas, in this thesis we mainly discuss the
formulas which are ”locally satisfiable” in the sense that small subsets of the
clauses are simultaneously, i.e., we deal with the notion of k-satisfiable CNF
formula introduced and studied by Lieberherr and Specker [1].

Definition 1.1 A CNF formula is k-satisfiable if any k clauses of it can be simulta-
neously satisfied.

If a CNF formula is not satisfiable, it is sometimes desired to at least satisfy
as much weight as possible. Here we use two ratios to investigate how much
is the fraction of the weight and the clauses that can be always satisfied,
given certain local satisfiable preconditions on the formulas.

Definition 1.2 Define ry as follow:

7y := inf { };((FF)) | F is k-satisfiable, u : F — ]R*},

and for formulas with unit clause weights, we define

Sk 1= inf{;;((FF)) | F is k-satisfiable, y : F — R", u(C) =1VC € F}.

Thus the ratio si is the supremum of the set of reals such that in any k-
satisfiable formula with m clauses, at least sym clauses can be simultaneously
satisfied. Similarly, the ratio 74 is the supremum of the set of reals such that
in any weighted k-satisfiable formula, at least fraction 7, of the total weight
can be simultaneously satisfied.



Chapter 2

Previous Results

In [4], Képpeli and Scheder introduced a proof idea of r3 < 2 but they did
not provide a complete proof. In this part, we first present a complete con-
struction of a 3-satisfiable formula SAT;(n). Then we show that the bound
2 of r3 is asymptotically tight.

The formula SAT3(n) for n even is defined as follows: it has n variables
xi, 1 <1 < n, and 2" variables y;;y where UV is one of 2" partitions on
X :={x1,.., x4}, 1.e., X = UW V. The clauses of the formula SAT3(n) are
the following:

e n clauses {x;} for 1 <i < n each of weight %

o 2" sets of clauses Gyy := {{#,yuv}|lu € U} U{{9,y,y}|v € V}. Each
of these n2" clauses has the weight equal to 2/(n2"), i.e., the sum of
their weights is equal to 2.

Note that the total weight of SAT;(n) is equal to 3. Now We state two
lemmas on formulas SAT3(n). We first show that it is always 3-satisfiable
such that we can use it to bound r3.

Lemma 2.1 The formula SATz(n) is 3-satisfiable for all n even.

Proof Let W be a minimal subformula of a formula SAT3(n), which cannot
be simultaneously satisfied. By the minimality of W, any variable either
does not appear in the clauses of W at all or it has both a positive and
a negative occurrence in the clauses of W, if not, i.e., a variable just have
positive literals in W, then we let W1l be a smaller subset in which all
clauses cannot be simultaneously satisfied, which is a contradiction to the
precondition that the size of W is minimum. We can use this fact to prove
that the size of W should be greater than 3.



2. Previous REsULTS

Assume for the sake of contradiction that |[W| < 3. Since W cannot be satis-
fied, it contain at least one 1-clause {x;} for some 1 < k < n. Therefore W
should also have a clause containing the negation of xy, i.e., clause {Xx, yuv }
(or clause {X, ¥;, }) for some UV. Then W should have a clause containing
the negation of yv, ie., clause {7,y }. Because a variable appear in one
partition just once, we know that x; # x;. At last, the variable x; appear in
W just with its negative occurrence, which is contradiction to the minimality
of W. O

Then we show that every assignment satisfy almost same fraction of the
weight in the formula SATz(n).

Lemma 2.2 The maximum weight of the satisfied clauses of a formula SATs(n) is
equal to 2+ O(n™ ).
Proof Consider a fixed assignment which set k of the variables x;, 1 <i <n
to true. We deal with each type of clause contained in SAT;(n) separately
and see the satisfied probability:
o {xj}for1<i<m
There are exactly k clauses satisfied. Hence the weight of the satisfied
clauses of this type is exactly %, note that the total weight of this type
is 1.
e Clauses in all Gy,

Choose a random partition UV such that for each x; € X, variable x;
is in the part U with probability 3. Let T be the number of variables
of U which are set to be true by the considered assignment. Note that
T is a random variable and it follows a binomial distribution with the
expected value equal to %

To satisfy a maximum number of clauses in Gy, we set yv to 1if T >
% and 0 otherwise. For the random partition UV, let Eyyy [unsatis fied|
be the expected value of the number of unsatisfied clauses in Gyy.
Then for 0 < § < 1 we have

k
Euv(unsatisfied) = Y Pr[T =t/ min(t,k —t)
t=0
> Y Pr[T = t]min(tk—t)
[t—k|<ok

> (195 ¥ mr=
t—K|<ok
Chernoff bounds can be used to bound the probability
Y, Pr[T=f=Pr|T- A< 5k} AR
uv 2

2
|t—k|<ok



We set § = k=173 and observe that
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Therefore the weight of the satisfied clauses of this type is

2 o k 1
o (n — Eyv (unsatisfied)) < 2 — E(l —k é)Z.

n

Now the total weight of the satisfied clauses in SAT;(n) is

wi= Ko Kq i
n n

Suppose that k < ni, it is easy to see that the total weight w = 2 + O(n*%).

Otherwise, i.e., k > n%, the total weight of the satisfied clauses

w:2+§—§+0(k*%):2+0(n’%).

These two lemmas lead us to show that the bound of r3 is tight.

Theorem 2.3 For each ¢ > 0, there exists a 3-satisfiable formula F with weight
function y such that u*(F) < 2u(F) +e.

Proof From the Lemma 2.5 and the Lemma 2.6, we can choose the formula
F := SAT3(n) for a sufficiently large number n such that the error term
O(n~'/%) from the Lemma 2.6 is smaller than the considered e. Therefore,
the maximum total weight of satisfied clauses of SAT3(n) is greater than
2u(F) +e a

Note that Theorem 2.7 indicate that the bound r3 > 2/3 is tight.






Chapter 3

The Hardness of > r; Problem.

In this section, we discuss the hardness of a sequence of > r; problems.
The > ry problem is to determinate for a k-satisfiable formula if there exists
an assignment satisfying more than r fraction of weight where r > (. In
[1], Lieberherr first raised a conjecture about the unweighted version of this
problem and gave a proof idea for the 2-satisfiable case. In the following part,
we will formally definite a weighted version of the conjecture and show that
this conjecture is hold for k = 2,3.

Conjecture 3.1 Ifr = ry+¢for e > 0, the set of pairs (F, i) ,where p is the weight
function on the k-satisfiable CNF formula F which have an assignment satisfying
at least ry(F) weight, is NP-complete.

First we state a lemma as the reduce basis.

Lemma 3.2 For k constant, the set of k-satisfiable CNF formula which is globally
satisfiable is NP-complete.

Proof Here we describe a reduction from the well-known NP-complete prob-
lem 3SAT to k-satisfiable and satisfiable CNF problem. That is, given a
3-CNF formula F, we can construct a k-satisfiable CNF formula F’ in polyno-
mial time such that F is satisfiable iff F’ is satisfiable. Assume that the size
of the given 3-CNF formula should greater than k to make the problem well
defined.

In fact, we just need to check whether F is k-satisfiable. If F is k-satisfiable,
we just let F’ := F, otherwise let F/ be an arbitrary unsatisfiable k-satisfiable
CNF formula.

There are (‘i‘) number of subformulas of F with size k, and for each of
these subformulas there are at most 2% possible assignments. So we can
check whether F is k-satisfiable in (“I:‘)23k time, which is polynomial since k

is constant. O
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Now we prove a lemma give us a process which can produced a 2-satisfiable
CNF formula with a known maximum satisfied weight fraction ' < r. The
idea is to construct a sequence of 2-satisfiable CNF formulas whose max-
imum satisfied weight fraction can be calculated from the size n and that
fraction converge to r,. Then we can choose a proper n such that the frac-
tion 1’ is less than the given r.

Lemma 3.3 For r = ry 4 € where ¢ > 0, we can construct a 2-satisfiable CNF
formula F with the weight function u and return «' in time O(e~2), such that
u*(F) = v'u(F) for some v <r.

Proof We choose some variables set V with |V| = n and construct 2-satisfiable
formula

- Vv
Fim {{x} | x € VIU (R | (o) € (5 )
and the weight function u assigns v = *l%‘/gn = ®n to every 1-clause and
1 to every 2-clause of F. Note that the overall weight is nv + (7).

If we set k of variables in V to 1, then we can satisfy weight

ﬂk)ﬁ:kv+—(z>—-<§>,

which attains its maximum for k = v + 3 because s(k) is a quadratic function.
Therefore no more than

v v n
D)= —+~
max(s(v),s(v+1)) 5 + 5 + <2)
weight of F can be satisfied. That is,
;ﬁ@)_vl+v+nM—1)_¢ﬂ+1+9#}>¢1+1_
uw(F) — 2no4n(n—1)  204+1-1 72041

12,

to make this fraction less than r, we choose

r+o—1

= 1
"= e o1 T

note that this # is from the inequality pu*(f)/u(F) < r. Since r, = P, we

rewrite

V5—2+e 1
44%§44+1_og)
r+®-1 J +1

At last, we get the formula F over the variables set |V| = | 55 25—

and the weight function p such that u*(F) = r'u(F) for the ratio r' :=
2 o1
%. Because the size of the formula is O(n + n%) = O(e2), this con-

struction can finish in time O(e~?2).

n=1




Now we prove the 2-satisfiable case of the conjecture using the lemma. The
idea of the deduction is mixing two formulas with different maximum satis-
tied weight fraction to get a new formula with the maximum satisfied weight
fraction exactly r.

Theorem 3.4 Forr = ry + ¢, the set of pairs (F, u) ,where y is the weight function
on the 2-satisfiable CNF formula F which have an assignment satisfying at least
ru(F) weight, is NP-complete if O(e~2) = poly(l) where | is the total length of
string (F, u).

Proof Deduce from the Lemma 4.2, we just need to give a polynomial trans-
formation T which transforms a 2-satisfiable CNF F’ to a pair T(F) = (F, )
where F is 2-satisfiable CNF formula and p is the weight function on F, such
that F’ is satisfiable iff F has an assignment satisfying at least the fraction r
of the total weight (F).

According to the Lemma 4.3, we can construct a 2-satisfiable CNF formula F
and the weight function g on it in polynomial time since O(¢~2) = poly(I),
such that uj(Fy) = 'puo(Fy) for ' < r.

Then let F contain Fy concatenated with F’ and p extend pg to formula F’
such that j1(C) = po(C) for all C € Fy and pu(F') = %yo(Fg).

At last, the formula F’ is satisfiable iff we can satisfy the fraction

W (F) _ p(F) +p(Ro) _ 5mo(Ro) +r'po(Ro) _

u(F) u(F) = uo(Fy) + po(Fo)
of the total weight of F. O

In general, we can prove the k-satisfiable case of the conjecture 4.1 if we have
two conditions:

e the set of k-satisfiable CNF formulas which is satisfiable is NP-complete;

e we can construct a k-satisfiable formula F with weight function y and
return the fraction ' "efficiently”, such that y*(F)/u(F) =r for v’ < r.

Then, similar to the Lemma 4.3, we construct a 3-satisfiable CNF formula
using the same idea.

Lemma 3.5 For r = r3 + ¢, we can construct a 3-satisfiable CNF formula F with

the weight function u and return the fraction v' in time O(e*2¢"), such that
w*(F) = r'u(F) for some v’ <r.

Proof Let F := SAT3(n) which is introduced in the proof of theorem, and
we just need to chose proper n such that u*(F) = r'u(F) for some r' < r.
We have shown that at least r3 + cn~1/# fraction of weight can be satisfied
in SAT;(n) where c is constant. So we can choose a large n = O(1/¢*) such
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that u*(F) < ru(F). So the only problem is to calculate r' = P;;(—(FF)) for that n.

Since r is constant, the size 7 is also constant. Assume that k of variables x;
are set to 1 in SAT3(n), the ratio

k
k\ 1
= = — min(t,k—t),
r' = max ml?xtg(:) <t> oF min( )

where «(k) is an assignment which set exactly k of x; to true. To get this r’ we
need to calculate 1 terms of Y, (’:)Zik min(t,k — t) and find the maximum
one, which need no more than O(n?) time. Note that the size of SAT3(n)
is equal to n(1+42") = O(n2"). So at last, we construct a formula F and
weight function y such that u*(F) = #/u(F) in time O(n2") = O(e~42¢ ")
and calculate 7’ in time

O

Theorem 3.6 Forr = r3 + ¢, the set of pairs (F, i) ,where y is the weight function
on the 3-satisfiable CNF formula F having an assignment which satisfies at least
riu(F) weight, is NP-complete if O(e~*2¢ ") = poly(1) where [ is the total length of
the string (F, u).

Proof Use the same method in the proof of Theorem 4.4 and deduce from
Lemma 4.2 and Lemma 4.5, this theorem follows. O
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