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In top-down enumeration for program synthesis, abstraction-based pruning uses an abstract domain to
approximate the set of possible values that a partial program, when completed, can output on a given input. If
the set does not contain the desired output, the partial program and all its possible completions can be pruned.
In its general form, abstraction-based pruning requires manually designed, domain-specific abstract domains
and semantics, and thus has only been used in domain-specific synthesizers.

This paper provides sufficient conditions under which a form of abstraction-based pruning can be automated
for arbitrary synthesis problems in the general-purpose Semantics-Guided Synthesis (SemGuS) framework
without requiring manually-defined abstract domains. We show that if the semantics of the language for which
we are synthesizing programs exhibits some monotonicity properties, one can obtain an abstract interval-based
semantics for free from the concrete semantics of the programming language, and use such semantics to
effectively prune the search space. We also identify a condition that ensures such abstract semantics can be
used to compute a precise abstraction of the set of values that a program derivable from a given hole in a
partial program can produce. These precise abstractions make abstraction-based pruning more effective.

We implement our approach in a tool, Morto, which can tackle synthesis problems defined in the SemGuS
framework. MoITo can automate interval-based pruning without any a-priori knowledge of the problem do-
main, and solve synthesis problems that previously required domain-specific, abstraction-based synthesizers—
e.g., synthesis of regular expressions, CSV file schema, and imperative programs from examples.
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1 Introduction

The goal of program synthesis is to find a program that satisfies a given specification, typically
given as a logical formula or a set of input-output examples. A simple synthesis technique is
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top-down enumeration, where one enumerates programs derivable from a regular-tree grammar—
i.e., the search space of the synthesis problem—by iteratively expanding partial programs—i.e.,
syntax trees that contain one or more hole symbols to be filled by as-yet undetermined sub-trees—
using productions in the grammar. Top-down enumeration is effective in practice when one can
aggressively prune the search space of enumerated programs. Pruning is done by discarding partial
programs that cannot be completed to yield a program that satisfies the given specification.

Domain-Specific Pruning Strategies. Clever pruning strategies have resulted in top-down enumer-
ation approaches that can quickly synthesize imperative programs [So and Oh 2017], regular
expressions [Lee et al. 2016], SQL queries [Wang et al. 2017a], and Datalog programs [Si et al.
2018]. However, coming up with the domain-specific insights to allow enumeration to scale is a
challenging task, to the extent that such insights are the main contribution of many papers.

Consider the problem of synthesizing a regular expression that accepts the (positive) example
string 11. During enumeration, a partial regular expression 0 - Og can be pruned because no matter
what regular expression we replace Og with, the string 11 will never be accepted. This simple
technique was the main contribution that allowed the tool AlphaRegex [Lee et al. 2016] to synthesize
regular expressions of non-trivial size.

Similarly, consider the problem of synthesizing an imperative program that is consistent with
a set of input-output examples, and suppose that we have the partial program x :=0; y :=0Og,
where Of can be replaced with an expression over the variables x, y and integer constants. This
program can be discarded if the synthesis goal requires mapping the input x = 5 to output x = 7:
any instantiation of the assignment to y still results in the input x = 5 being mapped to x = 0.

Despite the time and care that went into developing these techniques, they cannot be automati-
cally tailored to potentially similar tasks outside of their rigid predefined domains.

Automating Pruning. In this paper, we show that the aforementioned pruning strategies can be
“rationally reconstructed” as instances of a common automated domain-agnostic framework
for pruning partial programs. Given a partial program with holes P, our framework uses abstract
interpretation to abstract the semantics of all the possible program completions on a specific input,
and obtain, in the form of an interval [/, u], a superset of the possible values that a completed
program might compute. When the value we want the synthesized program to compute is not in
the interval [I, u], the program P can be pruned. For example, the set of possible regular expressions
that 0 - Og can take on can be overapproximated by the interval [(,0 - (0 | 1)*], where a regular
expression r is inside this interval if and only if ® € L(r) € L(0- (0 | 1)*). However, the positive
example 11 is not accepted by any regular expression in this interval, because 11 ¢ L(0- (0 | 1)%),
meaning we can prune out 0 - Og. Similarly, for the imperative-program pruning example, the
output value of x produced by x :=0; y:=0Of on input x = 5 can be expressed as (and hence
“overapproximated by”) the interval [0, 0]. Because the desired output 7 is not in this interval, we
can prune this partial program.

Our work also identifies sufficient conditions on the semantics of the programs appearing in the
search space that allow one to generate the operations needed to compute such abstractions auto-
matically. If the semantics of the programs in the search space satisfies monotonicity conditions
(that often can be automatically checked), our framework provides for free a precise interval-based
abstraction. The key insight is that given a monotonically increasing function f and an interval of
possible inputs [I, u], the tightest interval that encloses the result of evaluating f on values in [/, u]
is [f(]), f(u)], which can be computed automatically by simply evaluating f.

For the regular-expression pruning strategy presented earlier, because concatenation is mono-
tonic (in a sense described later in the paper) given the partial program 0 - Og, and intervals [0, 0]
and [0, (0 | 1)*], representing sets of possible completions of the (partial) regular expressions 0
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and O, the set of completions of 0 - Og can be exactly captured by the interval [0-0,0- (0 | 1)*]
=[0,0- (0| 1)*]—i.e., what AlphaRegex would compute using a specialized algorithm.

A similar argument explains the pruning technique for x :=0; y := Og—i.e., the semantics of
assignments is also monotonic with respect to its argument (in a sense described later).

Phrasing the pruning approaches as interval-based abstract interpretation unlocks a new op-
portunity for pruning that had not been identified in prior work. Existing approaches assume that
holes can produce arbitrary programs that yield arbitrary values in the interval T—i.e., the interval
that describes every possible value. Instead, we show how the order under which the semantics is
monotonic can be used to automatically compute tighter bounds on the values of such intervals.
For example, if a hole can only be completed with numbers in the grammar N — 0 | 1+ N, our
approach can prove that any term derived from nonterminal N must be non-negative.

The SemGuS Framework. In practice, it is challenging to build a domain-agnostic synthesizer that
can accommodate the diversity of synthesis tasks described above. To achieve such generality,
we target problems in the SemGuS format [Kim et al. 2021], a unifying domain-agnostic and
solver-agnostic framework for specifying arbitrary synthesis problems. SemGusS is expressive
enough to specify synthesis problems involving regular expressions, CSV schemas, bitvectors,
and imperative programs. However, to the best of our knowledge, prior SemGusS solvers cannot
tackle such synthesis problems with reasonable efficiency because of the challenges of generalizing
domain-agnostic synthesis techniques beyond naive enumeration.

Contributions. Our work makes the following contributions.

e We unify a number of domain-specific pruning approaches into a general framework for
interval-based pruning (Sections 2 and 3).

e We define a theory of semantic monotonicity that provides sufficient conditions under which
it is possible to automate precise interval-based pruning (Section 4).

e We combine our abstraction framework with a technique called grammar-flow analy-
sis [Moncke and Wilhelm 1991] to obtain precise hole abstractions that can be used to further
prune the explored search space (Section 5).

e We provide a technique for automatically synthesizing orders under which a semantics is
monotonic, thus enabling interval-based pruning (Section 6).

e We implemented our framework in the tool Morro, which supports synthesis problems
expressed in SemGusS, a domain-agnostic framework for specifying synthesis problems.
MorTo can automatically discover interval-based pruning approaches that were hard-coded
in existing domain-specific solvers, and use them to outperform a vanilla enumeration on
several SemGuS benchmarks (Section 7).

2 Overview
This section illustrates how our framework unifies the pruning techniques used in AlphaRegex [Lee
et al. 2016] (for regular expressions) and SIMPL [So and Oh 2017] (for imperative programs). We will
further discuss in Section 8 how our framework also unifies some prior approaches for synthesizing
SQL queries [Wang et al. 2017a], Datalog programs [Si et al. 2018], and data-processing tasks [Mell
et al. 2024].

The tool AlphaRegex synthesizes regular expressions in the following fixed grammar G:

R:i=c|e|l0|(R|R) | (R-R)| R

Examples are given as pairs of strings and Boolean values, denoting whether a string should be
accepted or rejected by the regular expression to be synthesized. For example, given the examples
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Sf’ = {(1, true), (10, true), (111, true), (0, false), (00, false), (100, false) }, AlphaRegex might synthe-
size the regular expression (1- (0| 1))* - 1, which accepts all non-empty bitstrings where every
odd position contains the digit 1.

The tool SIMPL synthesizes imperative programs. For illustrative purposes, we do not consider
programs containing loops, and assume that SIMPL targets programs in the following fixed grammar
G where the only two variables are x and y:

Su=x=E|y=E|S;S E=z=0|1|x|y|E+E|E-E

Examples are given as pairs of input and output states, where a state is an assignment of values to x
and y. For example, given the examples 8{ ={({(x=4y=2),(x=2,y=4)),({(x=3,y=3),(x =
3,y = 3))}, SIMPL might synthesize the imperative program x :=x-y; y :=x+y; X :=y-X;, which
swaps the values of variables x and y.

2.1 Top-Down Enumeration and Pruning in AlphaRegex and Simpl

Given a synthesis problem, top-down enumeration exhaustively searches over the space of programs
in the grammar G, expanding partial programs according to the productions of the grammar. A
partial program is a tree that can contain hole symbols—i.e., unexpanded nonterminals—to be
filled by as-yet-undetermined sub-trees. For example, 0 - Or and (Og | Or)™ are partial programs
(regular expressions) that could be further expanded using grammar G, and x : = x+0g and X : = Og;
y :=0O are partial (imperative) programs that could be further expanded using grammar Gj.
Blindly enumerating all possible programs is impractical, but through clever pruning strategies,
one can mitigate the combinatorial nature of exhaustive enumeration and reach more complex
programs deeper in the search space. Given a partial program P, if one can prove that there exists
no way to turn P into a complete program (i.e., that contains no holes) that is consistent with the
given examples &, the partial program P can be pruned. When a partial program P is pruned, none
of the potentially infinitely many completions of P will ever be considered by the enumeration!

Pruning in AlphaRegex. Given the examples Sf = {(1, true), (10, true), (111, true), (0, false),
(00, false),(100, false)}, AlphaRegex eventually enumerates the partial program 0 - Og. The key
observation presented in the AlphaRegex paper is that no matter what program is used to fill O,
the resulting overall program will only accept strings that start with 0, and thus will never accept
the string 1—in particular, the program will be inconsistent with the example (1, true). AlphaRegex
automates this check by observing that the semantics of regular expressions is such that when
we replace Og with the regular expression (0 | 1)*, we obtain the “most permissive” possible
regular expression—i.e., if 0 - (0 | 1)* does not accept all the positive examples, no completion of
0 - Og will. A similar check is performed for negative examples—i.e., if 0 - @ does not reject all the
negative examples, no completion of 0 - Og will. Therefore, when either of these two checks fails,
the corresponding candidate partial program can be pruned away.

Pruning in SIMPL. Given the examples 8{ = {({(x =4y =2),(x = 2,y = 4),(x =3,y =
3), (x = 3,y = 3))}, SIMPL eventually enumerates the partial program x :=0; y :=0g. The key
idea in SIMPL is that no matter what sub-tree is used to replace O, the resulting program is
incorrect because it must produce a final state in which x = 0. SIMPL automates this check
using interval-based abstract interpretation to overapproximate the set of values any program
constructed from Of could return. Intuitively, by applying appropriate interval semantics to the
program X :=0; y :=[—00,00], we know that the output state can be overapproximated by the
abstract state (x € [0,0],y € [—o0,0]) = [0,0] X [—00, 0]. Because none of the desired output
states—e.g., (x = 2,y = 4)—fall in this set, this partial program can be pruned. For the interval-based
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static analysis used in SIMPL, a manually-defined interval abstract transformer was created for
every construct in Gj.

2.2 A Unifying Framework for Interval-Based Pruning

The pruning approaches adopted by AlphaRegex and SIMPL are both extremely effective, but require
domain-specific insights or manually-designed static analyses to compute precise abstractions.
While the methods for pruning in these two examples appear to be very different, once we describe
their semantics in a logical format (in our case, as Constrained Horn Clauses in the SemGuS
framework), it becomes possible to handle these pruning approaches in a unified way. Specifically,
both pruning approaches can be explained and generalized as instances of interval-based abstract
interpretation. Most importantly, we demonstrate that the semantics ascribed to the two grammars
G, and Gy enjoy special properties that allow the appropriate abstract interval-transformers to be
created automatically from the user-provided logical semantics.

Interval-Based Pruning in AlphaRegex. Given the partial program 0 - Og, our first observation is
that one can think of AlphaRegex as computing a precise interval-based abstraction of the partial
program 0 - Og by interpreting O as the interval [0, (0 | 1)*]—i.e., with the range of all possible
strings that a regular expression that fills Og could produce. To reformulate this computation in
abstract terms: AlphaRegex is computing an abstract semantics as [0 - DR]]ﬂ(DR =1[0,(0]1)*]) =
[0,0] - [0, (0 | 1)*], where -# is the interval abstract transformer for concatenation. The second key
observation is that the abstract value [0,0] -¥ [0, (0 | 1)*] can be computed as [0-0,0- (0 | 1)*]—i.e.,
the abstract transformer -# over an interval of regular expressions can be computed by applying
the concrete operation - to the left and right bounds of its interval arguments. This last step is
actually true for all regular-expression operators! Our final key observation is that this trivial
computation of an interval-abstract transformer can always be performed as long as the semantics
of the operator under consideration is monotonic with respect to the order over which intervals
are defined. In this case, because intervals are ordered by language inclusion, we have that if
L(ry) € L(r}) and L(ry) € L(r;) then L(ry - rz) C L(r] - r)—i.e., the semantics of concatenation
is monotonically increasing in its arguments. Consequently, the abstract transformer for -# is
[r,ra] # [r], o] = [r1- 7,7y r;]. The same argument applies to other regular-expression operators.

The above argument gives us a systematic way to explain how AlphaRegex merely computes an
interval abstraction of all possible strings that can be produced by some completion of a partial
regular expression. Thus, if we can determine that the operations in the user-defined semantics in
the SemGusS format exhibit the monotonicity property above, we automatically get abstract interval
transformers for these operations for free.

Interval-Based Pruning for Imperative Programs. It is now easy to see how AlphaRegex and SIMPL are
similar. In SIMPL, the abstract semantics of O for a specific input example (let’s say (x = 4,y = 2))
is expressed as the interval [—co, co], which intuitively states that on the given input, if we were to
run any of the programs with which one can replace O on the input example, we would get an
output in the interval [—oo, co]. The key point is that although SIMPL provided manually crafted
abstract transformers to evaluate the semantics of the partial program for this interval domain, in
many cases, such a semantics can be computed automatically, like we did above! In particular, all the
operators appearing in the partial program x := 0;y := O are monotonic (in a sense that we will
formalize later in the paper), and therefore [x := 0;y = I:IE]]ﬁ(x =4,y = 2,0 = [—00,0]) can be
computed as [[x := 0;y := Op](x =4,y = 2,0 = —), [x = 0;y := Og](x =4,y =2,0p = )].
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2.3 Computing Precise Hole Abstractions via Grammar Flow Analysis

We now illustrate how the interval-based framework unlocks another pruning opportunity. Consider
the task of synthesizing a regular expression in the following grammar G¢gy, which defines regular
expressions for describing the format of rows in a CSV file—i.e., comma-separated entries that (for
the sake of this example) can contain either alphabetic or numerical characters.

Row ::= Alpha | Num | Alpha -, - Row | Num -, - Row
Alphaz=a|--- |z | (Alpha- Alpha) | (Alpha | Alpha) | (Alpha)”
Num:==0]|---|9| (Num-Num) | (Num | Num) | (Num)*

Suppose we are given the set of examples Ecsy = {("303, name", true)} and eventually enumer-
ate the partial program Oajpha * » - ORow- If one tries to prune this partial program by replacing Oapha
and Og,,, with the “default” overapproximation [0, .*] (where . denotes any character), we would
get the following interval to represent the set of possible solutions: [0, (.* -, -.*)], and conclude that
the partial program Oagphg * » - ORow cannot be pruned. A careful analysis of the nonterminal Alpha
shows that any program derived from O4j,p, can only match alphabetic strings. Thus, the interval
[0,(a ]| --- | 2)*] would provide a better abstraction of the semantics of all programs derivable
from Alpha and allow us to prune the partial program Oagphg - , - Orow (because no completion can
start with “303)

Our interval-based framework opens up a simple way to compute these more precise abstractions
automatically. In particular, once we have a concrete representation of the interval ordering relation,
we can use a technique called Grammar Flow Analysis (GFA) [Moncke and Wilhelm 1991].

Specifically, for every nonterminal N we can construct a system of constraints based on the
provided grammar and computed abstract semantics, for which the least solution is the tightest
interval that overapproximates the semantics of the programs derivable from N. For instance, for
the nonterminal Alpha, the constraints contain as free variables the interval bounds [/, u] we are
looking for (in this case, denoted by regular expressions themselves) and take the following form:

Yo.(azv=a V- Vz=zo=z V (I-D=o=(u-u) v (I | D=o=(u | u) vV (1) <0=(u)" = I<o=u) (1)

Assuming that < denotes language inclusion, the assignment/ =@ andu = (a | --- | z)* is a valid
solution to Equation (1). We will show in Section 5 how we solve such equations.

3 Top-Down Enumeration and Abstraction-Based Pruning

In this section, we formulate the synthesis problems that we tackle (Section 3.1), formalize a top-
down enumeration algorithm (Section 3.2), and show how interval-based abstractions can be used
to prune the set of programs enumerated via top-down enumeration (Section 3.3). We illustrate all
our techniques using a simple imperative programming language (Figure 1). The extended version
of the paper [Johnson et al. 2024a] contains another example for a language of regular expressions.

3.1 Synthesis Problem
In this section, we introduce the terminology used throughout the rest of the paper, and define the
scope of our example-based synthesis problem.

Definition 3.1 (Regular tree grammar). A regular tree grammar (RTG) is a tuple G = (N, %, S, §),
where N denotes a finite set of non-terminal symbols; X is a ranked alphabet; S € N is the start
nonterminal; and § is a finite set of productions Ny — p(Ny, ..., Ny).

For each nonterminal N, we use Oy to denote a node variable—i.e., a hole—associated with
nonterminal N. We define a partial program P to be a tree that may contain holes. Given a partial
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program P with a leftmost hole occurrence Oy, we say that a program P’ can be derived in one
step from P if there exists a production N — p(Nj, ..., N,) such that replacing the leftmost hole
occurrence Oy with p(Oy,, ..., 0On,) results in P’—denoted by P +— P’. We say that a partial
program P’ is derived from another partial program P in zero or more steps, denoted by P —* P,
if it is in the reflexive and transitive closure of the one-step derivation relation.

Given an RTG G, we say that a partial program P is generated by a nonterminal N if it can be
generated from Oy—i.e., Oy —"* P’. Finally, program P is complete if it does not contain holes. We
use L(N) to denote the set of complete programs that can be generated by a nonterminal N. We
use L(G) = L(S) to denote the set of complete programs accepted by the grammar G.

Example 3.2 (Imperative Grammar). Consider the imperative language defined by grammar G;
in Figure 1a. From the partial program x :=0; y :=0Og we can derive in one step the complete
program x :=0; y :=x and the partial program x :=0; y :=(Og + Og).

The following definition shows how to associate a semantics to programs defined by a grammar.

Definition 3.3 (Semantics). Let G = (N, %,S,5) be a regular-tree grammar with set of non-
terminals N' = {Ny,...Ni}. A semantics for G is a pair ({[-]n,,. -, [-]n.}, o). such that each
[t : t € L(N;) — IN, — O, is a function symbol for which the interpretation is given by
o, a function that maps each production My — p(M, ..., M,) to a set of well-typed first-order
implication formulas—i.e., the rules that define the function [¢] s, —of the following form:

[[tlﬂMl(xl) =l thﬂMn(xn) =Un (p=(xsxls--~>xmy1""’y") /\y:f(x’yl’“.,yn)
[p(ty,....t)](x) =y

(2
In the formulas, all variables t;, x;, y; are universally quantified. ¢- is a conjunction of equalities
over the variables x, x;, and y;; and f is a function.
The interpretation of the semantic function symbols {[-]n;, - - -, [-]~, } is then the least fixed-point
solution of the set of first-order formulas J,cs5 o (p).

These first-order formulas used to define the semantics are a restricted form of Constrained Horn
Clauses (CHCs) [Komuravelli et al. 2014] and we will refer to formulas of the above form as CHCs.
The above definition of semantics is a restricted fragment of the SemGuS framework, which instead
supports CHCs with arbitrary predicates. Our restricted format cannot capture nondeterminism,
but allows us to model executable semantics for deterministic programs, which are the focus of
our work. In the rest of the paper, to avoid clutter we drop the nonterminal subscripts (unless
noted otherwise) and simply write [-] to denote all semantic relations. When writing [-], we also
implicitly assume the corresponding mapping o is given to us, so we drop it from most definitions.

Example 3.4 (Imperative Semantics). Figure 1d presents an (operational) semantics for programs
in the grammar Gy (Figure 1a). The semantics associated with nonterminal E, i.e., [-]g, has type
Int X Int — Int, i.e., the programs derived from E map pairs of integer variable values to integers.
The semantics []s has type Int X Int — Int X Int, i.e., a program derived from S maps a pair of
values—one for each variable—to a pair of values. In each rule, instead of explicitly presenting
the formula ¢- (as in Eqn. (2)), we introduce unique names to denote all variables that are equal
according to ¢-. In the rule Sub, the function appearing in the premise of the CHC would be

fMinus((X, y), 01,02) = 01 — Vy.

In the remainder of the paper, we consider synthesis problems in which the program is only
required to be correct on a finite set of examples. We are now ready to define the synthesis problems
we consider in this paper. Our definition is an instance of the Semantics-Guided Synthesis (SemGuS)
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Su=x=E|y=E|S;S {(x=4y=2),(x=2y=4)),
Ex=0|1[x|y|E+E|E-E (x=3,y=3)(x=3y=3))} X:I=X-y; Y :i=xXHy; X:iTy-x;
(a) Grammar Gy (b) Examples 8{ (c) Solution to 8{
[L,U] = [(—00, —00), (00,0) ] # [Lu] = [0, 0] o
[os1% (Lo, Uo 1) = [L,U] s oelf (Lo, Uol) = [Lul — ©
[e] (x, y) = oe (0x,0y) = (0e, ) N [el¥([Lo. Up)) = [le. e ] [L,U] = [(le, Lo (v)), (ue, Up(y))] 4
[x := el (x, y) = (0x,0y) ssnex [x = e]]ﬁ([Lo, Ul = [LU] Assn-x
[e](x y) =oe (0x, 04) = (x,0¢) [e]* ([Lo, Vo)) = [le, ue] [LU] = [(Lo(x).le ), (Up (x). ue)]
Assn-y Assn-yﬁ
Iy =ellx y) = (ox.04) [y = el (Lo, Uo)) = [L.U]
# _
[s1](x y) = (x1. y1) B [s:11%([Lo, Uo]) = [L1, U1 ] [LU] = [Ly, Us]
Il (i) = o) 000 = 08 el ([0, U )) = 12, Us] R
Seq Seq
[s13 521 (x, y) = (0, 04) It s21# ([Lo, Uo 1) = [L,U]
v=0 v=1 [L,u] = [0,0] [Lu] =[1,1]
———— - Zero —————— One ——————————— Zerof - . .
[0l(x.y) =v [1xy) =o 1% ([L, U]) = [Lu] [* (LU = [Lu]
=X & 7Yy [Lul = [l ux] [Lu] = [ly,uy]
[x](x,y) = Ly) = # #
e oG = BT (), o)D) = [l (gl ([l L), () ]) = [
ey =o [elxy=e ozutn o [qF(LU]) = [hu] (el (LUD = hu] [Lu]=[h+bu+u] o
farelty =0 er + e2]*([L. U] = [Lu] .
[ea](x,y) =01 [e](xy) =02 v=01 -0, b ledd*(ILUD = [lur]  [e2l*([LUY) = [zuz]  [Lul = [ — upouy — o] 4
ler - ezl (y) = fer - el (L.U] = [Lul o
(d) Semantics (e) Interval abstract semantics

Fig. 1. An example-based SemGuS problem for imperative programs (Figures 1a, 1b and 1d), and a sound
abstract semantics for the grammar Gy (Figure 1e). We use lowercase I, u variables to denote integers and
uppercase variables L, U to denote pairs of integers, where L(x) and U(x) correspond to the first element of
the pair, and L(y), U(y) the second element.

framework for describing synthesis problem, where semantics are provided using CHCs; thus, we
use the same name.

Definition 3.5 (Example-based SemGusS Problem). An example-based SemGusS problem is a triple
(G, ['], &) where G is a regular-tree grammar specifying the search space, [-] is a semantics
that uses CHCs to ascribe meaning to the trees/programs generated by the grammar, and & =
{(i1,01), ..., (in,0n)} is a set of input-output examples.

A program P in the language £(G) described by the grammar G is a solution to the synthesis
problem if it is consistent with all the examples, i.e., for every 1 < j < n, we have [P](i i) = 0j,
which we denote by P +- &.

The grammar Gy, its semantics, and the set of examples &' shown in Figure 1 form an example-
based SemGusS problem.

3.2 Top-Down Enumeration

In this section, we describe the standard top-down enumeration approach to synthesis that we
will apply to example-based SemGuS problems. To find a solution to an example-based synthesis
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problem (G, [-], &), top-down enumeration enumerates trees t € £(G) to find one that is consistent
with all the examples, i.e., t F E.

Given a synthesis problem, Algorithm 1 enu-
merates partial programs by exploring their
one-step derivations until a complete program ;‘
is found that is a solution. The algorithm starts =~ . 0 # 0 do
with the smallest partial program, a single P  Dequeue(Q)
hole Os, corresponding to start nonterminal s if IsComplete(P) A P+ & then return P

6
7
8

Algorithm 1 Top-down enumeration w. pruning

function SEArRcH(G, [-], &)
Q < {os}

S (Line 2), and iterates over all partial and to- else
tal programs in the grammar using a priority forall P’ st. P - P’ do
. .. if =PRUNE(P’, &) then Enqueue(Q, P’)
queue Q (Line 3). The priority for the queue
controls the order in which programs are enu- 9: function PRUNE(P’, &)
merated (e.g., by size, by depth, etc.). 10: forall (ig, o) f & do

If the program P considered at a certain it- 1 if o & [P']"(ix) then return True
eration is complete—i.e., it has no holes—the 12: return False
program is evaluated against the synthesis constraint, and returned as the answer if it satisfies all
input-output examples in & (Line 5). If the considered program P is partial—i.e., contains a sequence
of holes—the leftmost hole is successively replaced with each possible production to obtain all the
programs P’ derivable in one step from P (Line 7).

The algorithm then queries a PRUNE function (whose implementation will be explained in
Section 3.3) that determines if we can soundly discard partial program P’, which would prune away
the potentially-infinite set of concrete programs derivable from P’. The following definition states
that a function PRUNE is sound if it only prunes partial programs that cannot derive valid complete
solutions to the synthesis problem.

Definition 3.6. We say that the function PRUNE is sound if for every partial program P’, if
PRUNE(P’, &) = TRUE then there exists no complete program P”’ such that (i) P”’ is derivable from
P’, and (ii) P” is consistent with the examples—i.e., -~3P"”".P’ =" P AP" + &.

If the pruning function is sound and the priority queue returns the smallest program with respect
to a well-founded order over programs, the algorithm (under reasonable conditions) finds a solution
if one exists [Solar-Lezama 2013].

3.3 Pruning using Abstractions

While there are many ways to design pruning functions, in this paper we are only interested in
pruning by considering abstract representations of certain sets of values. For a candidate partial
program P’, we wish to capture the sets of possible outputs of the set of possible completions of P’
when these complete programs are run on input i; from an input-output example (i, ox) in &.

Later, we denote such a value-set by [P’ ]]ﬂ(ik), which represents an overapproximation of the
set of possible states that any program P derived from candidate P’ can produce, given input ix. To
define [[P’]]tt formally, we need to introduce some terminology from abstract interpretation. In this
paper, we focus on interval-based abstractions—i.e., a set of elements from a set Y is abstracted
using a pair/interval [y;, y2] of elements to denote the boundaries of the set.

Definition 3.7 (Interval abstract domain). An interval abstract domain for a set Y is a tuple
(Y XY,<,T, 1), where < is a partial order over the elements of Y. A concrete element y € Y is in
abstract interval [y;, y,] if y; < y < y,. We also define the order Con Y X Y as [y, y2] C [y}, y;]
iff y] < y; and y; < y;. By definition, L C [y;,y.] E T for any [y, y2].
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To define the value computed by [[P’ﬂﬁ, we introduce a notion of abstract semantics that assigns
meanings to both total and partial programs, and lifts the semantics [-] to operate over intervals.

We use Gipy = (N, 2 U {On,,...,ON. LS, 0 U{N; « Oy, | 1 < i < k}) to denote the same
grammar as G but where each nonterminal can derive a hole, with the intention of defining the
semantics over an interval domain. Note that £(Gj,;) contains all the partial programs derivable
from G. (We will show in Section 4.2 how such domains can be provided.)

Definition 3.8 (Interval Abstract Semantics). Let G = (N, %, S, a, §) be a regular-tree grammar with

a set of non-terminals N = {Ny, ... N}, and let ({[-]n;, - - -, [-]ni }» 0) be a semantics as defined in
Definition 3.3.
An interval semantics ({[[]]ﬂ e [[]]?Vk }, %) for Gy, —i.e., the grammar that augments G with

holes, representing the language of partial programs—is a semantics defined over interval types.
Each type of [[]}i, is lifted to the corresponding interval type—i.e., if [-]n;, : Iy, — Ok, then
H?\r N, X In, = On, X On,. We assume that each type T has an associated order <r.

The interval semantics for G;y; is a sound interval abstract semantics for G if every (potentially

partial) program P € £(G;n;) maps an input interval to an output interval that overapproximates
the set of possible outputs that any program P’ derivable from P would produce on the same input:

VP € L(Gine), VL ul, VI < x < u,VP' € L(G),P —~* P’ = [P'[s(x) € [P]A([Lu])

We will discuss in Section 4 how an abstract semantics can be defined inductively in practice.
Again, to avoid notational clutter we typically write [[]]ﬂ to denote an abstract semantics.

Example 3.9. The semantics defined in Figure 1e is a sound interval abstract semantics for G;. The
abstract semantics is defined over intervals of (x, y)-pairs: [ (x7, yr), (xu, yu)]. The abstract semantics
for nonterminal E has type [[]]g : (Int X Int) X (Int X Int) — Int X Int. The abstract semantics for
[[]]2 has type (Int x Int) X (Int X Int) — (Int X Int) X (Int X Int). The partial order on (x, y)-pairs
is the pairwise order (x1,y1) < (x2,y2) iff x; < x; and y; < y,. An interval’s type is a pair of
the types of the interval’s components. The abstract semantics of a hole is the widest possible:
[[I:IS]]ﬂ([L, U]) = [(=0c0, —0), (00, 0)], and [[I:IE]]ﬂ([L, U]) = [—o0, ]. We assume this instantiation
of the abstract semantics of holes for now, but we revisit it in Section 5.

To summarize, for a partial program P, if for any of the examples (i, ox) in &, the output o is not
in [[P]]ﬁ(ik) = [l,, up]—i.e., it is not the case that [, <p ox <o u,—the definition of a sound abstract

semantics tells us that P can be pruned from further consideration: [[P]]n(ik) overapproximates
the outputs of all possible completions of P, and there only needs to be one failure among all the
input-output examples to determine that no completion of P could be a correct answer.

THEOREM 3.10 (SOUND ABSTRACT SEMANTICS AND PRUNING). If [[]]ﬁ is a sound interval abstract
semantics for G, the function PRUNE described in Algorithm 1 (lines 9-12) is sound.

The following example illustrates how the algorithm can prune using interval abstract semantics.

Example 3.11 (Interval-Based Pruning). We now show how to compute the interval abstrac-
tion for [x :=0; y :=E|Eﬂﬂ([(4, 2),(4,2)]) for the input-output example ((x = 4,y = 2),(x =
2,y = 4)) from our abstract semantics in Figure le. We have [[0]]”[(4, 2),(4,2)]) = [0,0] and
[x:= O]]ﬁ([(él, 2)]) = [(0,2), (0,2)], as defined in the Zero# and Ass-x* rules, respectively. The
hole Of has abstract semantics [O E]]ﬁ([(O, 2)]) = [—0, co] (rule Holeg), which allows us to define
[y := DE]]ﬁ([(O, 2)]) = [(0, =), (0, 00)] (rule Ass-y¥). If we combine these results using the Seq®
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rule, we get [x :=0; y := DE]]n([(‘l, 2)]) = [(0, ), (0, —c0)]. Because the expected output (2, 4)
is not in this interval, we can prune this candidate partial program.

4 Automated Construction of Precise Interval Abstractions

To perform pruning in practice, we need to have an abstract semantics in hand to run the abstraction-
based synthesis procedure. Typically, designing precise abstract semantics (even for interval abstract
domains) is the topic of complex research papers, and bugs are often found in tools that use interval
abstract interpretation [Kalita et al. 2022]. In this section, we show our main result: if the concrete
semantics is monotonic (in a sense that we define formally), a corresponding sound (and precise)
interval abstract semantics can be generated automatically from the concrete semantics. For
simplicity, in the rest of this section we assume that every production has only one associated CHC,
and describe the points in which modifications need to be made to accommodate multiple CHCs.

4.1 Abstract Semantics of Monotonic Functions

In our running example in Figure 1, the concrete and abstract semantics looked very similar to
each other. Consider, for example, the concrete and abstract semantics for Union in Figure 5 in
the extended version of the paper [Johnson et al. 2024a]. On the input s, the concrete semantics
computes the two matrices A; = [r1]](s) and Az = [r2](s) for the two subexpressions r; and rs,
and outputs the matrix A = A; + A;. Similarly, the abstract semantics computes two intervals of
matrices [Ly, Uj] and [Ly, U;] for the two subexpressions r; and r;, and outputs the interval of
matrices [L, U] computed as [L; + Lz, U; + Uz].

In this example, the two elements of the interval of matrices can be computed by taking the
pairwise operation that was applied to the concrete semantics—i.e., the sum of the semantics of the
subexpressions. In other words, the left and right bounds for the interval representing the abstract
semantics for this particular production are precisely the concrete semantics applied to the left and
right bounds of the input intervals, respectively. This pattern applies to all the rules except Sub¥
in Figure 1, where one can still do something analogous. For the subtraction operator, given an
interval of matrices [l;, u;] for the abstract semantics of subexpression e;, the abstract semantics of
e, — ey can be defined as [l — ug, u; — I5]

However, this recipe may not always result in a sound interval abstract semantics. Consider
a language involving a function [f](x) = x* that outputs the square of its input: if we wrote
[[fﬂﬁ( [L,u]) = [I? u?], then we would have [[fﬂﬁ( [-2,2]) = [4,4], which is not a sound abstract
semantics—i.e., 0 is in the interval [-2, 2], but the corresponding output f(0) = 0 is not in the
interval [4,4].

Why does the endpoint recipe work for some functions, but not for others? The relevant property
is the monotonicity of the function f appearing in the CHC that defines the concrete semantics
(with respect to some order). In this section, we define what it means for the semantics to exhibit
monotonicity, and demonstrate how to automatically check monotonicity of the semantics.

Definition 4.1 (Monotonicity). Consider a function f : Yo xY; X... XY, — Y, where ¥, Y, -, Yy,
and Y are sets that are partially ordered under <, <1, - - - , <,,, and <, respectively. For each argument
i, we define the freezing function f;[¢] : Y; — Y produced by fixing a vector of constants ¢ for the
arguments aside from y;—i.e., f;[¢](y;) = f(co, €1, ---Cim15 Yi» Cit1s ---Cn)-

We say that f is monotonically increasing (1) in its i’ argument if for every ¢, the output of the
freezing function f; increases when the i input increases: Vy1, 1y, € Yi,y; < y» = fi[¢](y1) <

filel(y2).
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Likewise, f is monotonically decreasing (|) in its i argument if for every ¢, the output of the
freezing function f; decreases when the i input increases: Yy, y; € Vi, 41 <i y2 = f[¢](y2) <
filel ().

If for every argument i, f is monotonically increasing or decreasing in the i" argument, we say
that f is monotone.

Before continuing, we observe that if all the order relations <; and functions in the semantics
are expressed in a decidable theory, the problem of checking whether a function is monotone can
be solved using a constraint solver—i.e., by checking if the constraints in Definition 4.1 hold.

Example 4.2 (Monotonic Functions). Recall the semantics defined in Figure 1d, and the fact that
CHCs as defined in Definition 3.3 contain a premise of the form y = f(x, y1, . .., yn). In this example,
we assume that all integer variables are ordered with respect to the numerical order <, and pairs of
integers are ordered with respect to their pairwise integer order—i.e., (x,y) < (x’,y") iff x < x’
and y < y’. We now discuss some of the rules from Figure 1d, and whether they have a premise
that uses a monotonic function.

The function fiagq((x, y), v1,v2) = v1 +0,, which defines the semantics of the Add rule in Figure 1d,
is monotonically increasing in the last two arguments, whereas the function f5,5((x, y), v1,02) =
v1 — U2 is monotonically increasing in its second argument, and monotonically decreasing in its
third argument. Both of these functions are monotonically increasing and decreasing in their first
input argument, (x,y), which only happens when the function output does not depend on that
argument.

The function fite((x,y), b, s1,s2) = (if b then s; else s;) that defines the semantics of an if-then-
else operator is monotonically increasing with respect to its first, third, and fourth arguments, but
not monotonic with respect to its second argument b (assuming the order false < true).

Monotonicity is the key property that enables our interval-based pruning approach, as formu-
lated in the following theorem. If the function appearing in the CHC defining the semantics of a
production is monotonic with respect to an appropriate set of orders, the “endpoint recipe” provides
a sound interval abstract semantics for intervals defined over the same orders under which the
function is monotonic. The following theorem tells us how to automatically abstract the semantics
of a monotone function regardless of the direction of the monotonicity.

THEOREM 4.3 (ABSTRACTION OF MONOTONIC FUNCTIONS). Let f : Yo X Vi X ...V, — Y bea
monotone function where <;, < are orders associated with Y;, Y, and m € {7, 1YY is a vector such
that my. =1 (resp. my =|) if f is monotonically increasing (resp. decreasing) in its k™ argument.

We denote the endpoint extension of f to be afunctionf :(YoxYo)x(YixYy)X. .. (YuXY,) = YXY
defined asfollows:f(. 20,00 =05 ifrr(Luw) = uy(lLu) =land L (l,u) = Uy (I, u) = u then:

f([lcb uO]’ LY [lm un]) = [f(LmO(l()’ u0)> [ERE] Lmn (ln! un))! f( UmU(los uO)s L] Umn(lm un))]
Then f is a sound interval abstraction of f in the following sense:
Viul i i <iuw f([lo o) [lttn]) = [Lul = 1 < f(x0,.... %) <u

Furthermore, f is the most precise abstraction for f in the following sense: 1ff( Lo, ol ..., [Un, un]) =
[L,u], there exist xé, .. .,xi, and xg, ..., x,, such that for every i, I; <; xf <iw andl; <; x}' <; u;, and
f(xé,...,xfl) =land f(xf,...,x}) =u.

Example 4.4 (Endpoint Extension). Recall the functions from Example 4.2. The endpoint
extension of fpus((x,y),v1,02) = 01 + v is the function fps([L U], [l1,w1], [L,uz]) =
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[fers (L, L, 1), frus(L, ug, uz)] = [l + o, ug + uz] (because the function is monotonically increas-
ing and decreasing in (x,y), we can choose either L or U as the first argument). The end-
point extension of fifinus((x,y),v1,02) = v1 — vz is the function meus([L, Ul, [L,ui], [b,ug]) =
[ftinus(L, 11, uz), favtinus(L, ua, l2)] = [l — ug, u; — Ip] because f is monotonically increasing in its
second argument and monotonically decreasing in the third argument. For example, for any [L, U],
we have fMinus([L, Ul,[6,7],[1,2]) = [6 — 2,7 — 1] = [4, 6], which is the most-precise interval.

4.2 Automatically Generating Abstract Semantics

Now that we have connected monotone functions to interval abstractions, we have a way to generate
abstract semantics for all programs in a grammar for free, as long as the functions involved are
monotone! For all CHCs defining the concrete semantics of constructs in our grammar, if the
function f appearing in the CHC can be proven monotone, we can automatically generate an
associated precise interval abstract semantics by defining a new CHC where the function in the
premise is simply f . When the functions are not monotone, we can conservatively define the
semantics of a production to return T.!

This observation reduces the problem of constructing the abstract semantics to that of determin-
ing the monotonicity of semantic constructs. If we can automatically prove the monotonicity of
these constructs, then we can obtain these abstract semantics in an automated fashion for free! The
following definition tells us how to extract abstract semantics from the original program semantics.

Definition 4.5 (CHC Interval Abstraction). Consider a CHC Op as in Definition 3.3:
[lan ) =y1 - [tnmg, (o) =y @=(roxn, Xy yn) AY = F O Y- Yn)
P
[p(t, . ) (x) =y

If f is monotone, let f¥ be defined as f (as in Theorem 4.3), otherwise define it as f*(y1,...,yn) = T.
We define the interval abstract semantics CHC Op* as follows (all types are lifted to intervals):

[[tl]]?wl(xl)=y1 [[tnﬂ%n(xnhyn P=(X. X1 X Yt Yn) AY = FRCG YL Yn)
[o(ts, ... t)]F(x) = y

To use our pruning algorithm, our abstract semantics also needs to assign semantics to holes. The
following condition connects the abstract semantics of individual holes to the conditions required
for an abstract semantics to be sound (Definition 3.8).

Opﬂ

Definition 4.6 (Sound Abstract Semantics for a Hole). Consider the CHC Holey assigning an
abstract semantics to a hole corresponding to a nonterminal N of some grammar G:

[Lu] = fE([L,wm])
[on]% ([l w]) = [Lu]

We say that Holey is a sound hole abstract semantics for Oy if the following holds:

VIl ], Vh <5 x <1 u, YP € L(N), [Pln(x) € [on]% ([h, w])

Holen

In the above definition, setting [/, u] to T is always a safe way to define a sound hole abstract
semantics (as done in our abstract semantics in Figure 1d). This choice is also taken by the tools
that our framework subsumes and that we described in Section 2). In Section 5, we will show an
algorithm for computing more precise abstractions for holes than the T ones.

IThere exist tools that can synthesize abstract semantics for arbitrary operators but require human input [Kalita et al. 2022].
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We are now ready to define an interval abstract semantics that is guaranteed to be sound and
therefore safe for pruning.?

THEOREM 4.7 (SOUNDNESS OF ENDPOINT INTERVAL SEMANTICS). Let G = (N, 3, S, 5) be a regular-
tree grammar with set of non-terminals N = {Ny, ... Ni} and ({[-In,, - - -» [-Ine }> 0) a semantics for
G.

Let ({[[ﬂ]ﬁvl, . [[]]Jﬁ\]k }, %) be the semantics defined as follows:

o for every production p € 8, then o¥ (p) = {C* | C € o(p)} (Definition 4.5);
o for every nonterminal N € N, then o*(N « Oy) = {Holey} where Holey is a sound hole
abstract semantics (Definition 4.6).

Then the semantics ({[[-]ﬁvl, e [[]]?Vk },o%) is a sound interval abstract semantics for G.

4.3 Extending to Nearly-Monotonic Semantics

Recall that in Example 4.2, the function fire((x,y), b, s1,s2) = (if b then s; else s;) was monotonic
with respect to all its arguments, except the conditional guard b. This section shows how one can
easily modify our framework to generate an abstract semantics that is more precise than T in
situations where a function is not monotonic in some of its arguments.

Partial Hole Filling. When enumerating children of an if-then-else production, one will have
three holes to fill: a Boolean guard b, and the two branches. If the synthesis algorithm deter-
ministically filled holes left-to-right (as done in our implementation and many other synthe-
sizers), then the Boolean guard would be filled first. When the conditional guard is filled con-
cretely with a value b, the function firg can be partially evaluated to obtain a new function
grre((x, y), 51, 52) = (if b, then s; else s;) that is now monotone in all its arguments! So, even with-
out modifying our analysis, at this point our algorithm can compute a precise abstract transformer
to decide whether the partial program (where the guard has been filled) can be pruned.

Enumerating Finite Domains. In the example above, because the variable b can only have
two values, true and false, we can actually attempt to compute a non-trivial abstract seman-
tics even when the Boolean guard has not yet been filled. Specifically, we can compute an in-
terval overapproximation of firg((x,y),b, s1,s2) by taking the join of the abstractions of the
two partially evaluated functions fire((x,y), true,s;,s2) and firg((x,y), false, s1,s2). More for-
mally, frre([L, U], [false, true], [, us, ], [Is,, us,]) = [fire(L, false, L, Ls,), fire(U, false, us,, us,)] U
Lfire(L, true, Is,, Ls, ), frre (U, true, ug,, us,)]. This idea can be generalized to any setting in which a
variable can only assume finitely many values by simply taking the join over all finite instantiations
of that variable. We present a complete formalization in the extended version of the paper [Johnson
et al. 2024a].

5 Computing Precise Hole Abstractions via Grammar Flow Analysis

Theorem 4.7 gives us a recipe for automatically generating interval abstract semantics for pro-
ductions in the original grammar. In this section, we assume access to such an interval abstract
semantics. However, the technique as presented so far does not give us a direct way to compute
precise sound hole abstractions even when the semantics is monotonic (Definition 4.6). Assigning

2 As mentioned early, we assume that every production is associated with exactly one CHC. When multiple CHCs are
associated with a production, the abstract semantics has to take the join of the intervals computed by all the CHCs to take
into account all possible semantics.
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the interval T to the semantics of a hole always gives us a sound hole abstraction. However, formu-
lating the problem in the SemGusS framework allows us to define a more precise abstraction that
can be often automatically determined.

Example 5.1 (A Precise Hole Abstraction). Consider a setting in which someone wants to synthesize
a program without subtraction, and provides a simplified version G; of the grammar G; where the
productions for nonterminal E are as follows (i.e., the production E — E has been removed):

Ex=0|1|x|y|E+E

We assume the semantics is identical to the one in Figure 1d. This grammar can only produce terms
that, when evaluated on non-negative inputs for x and y, produce numbers that are greater than or
equal to one of x, y and 0. The following hole abstraction captures this idea and is more precise
than the one outputting T = [—o0, o0]:

[1,u] = [(if Ly, I, > 0 then 0 else —c0), 0]
[3E]E ([ (e Ly, (ux, ug)]) = [Lu]

For example, for the input ([1, 3], [2,5]) this abstract semantics will produce the interval [0, oo],
which is much more precise than [—oo, co].

Holeg

Solving for One Value at a Time. While the previous example showed a very precise abstract
semantics for the hole (in fact, the most precise), it is challenging to come up with complex
expressions automatically, like “if I, I, > 0 then 0 else —c0,” and to guarantee that they are indeed
precise abstractions, for all possible values in (I, ly), (s uy)—i.e., the problem is an expression-
synthesis problem [Alur et al. 2013]. However, if a specific input value ¢ = [(1, 2), (3,5)] is provided,
the constraints posed by Definition 4.6, become simpler.

V(x,y) € ¢, VP € L(E), [Ple(x.y) € y([De]k(c)) (3)

Intuitively, we want [O E]]g(c) to overapproximate the set of outputs any program P € L(E) can
produce on the specific input of c. The problem of finding a solution [/, u] to Equation (3) can be
phrased in an abstract-interpretation framework called Grammar-Flow Analysis (GFA) [Moncke
and Wilhelm 1991]. In GFA, this constraint can be stated using the following equations (LI denotes
the join/union of two intervals).

21 (0) 2 [0 () u [11*(e) U [x] (o) 1 [u]* (o) L [ + D] (o) @
Intuitively, the constraints state that the abstract semantics of all the possible programs derivable
from E should be included in the semantics of Of.

Note how the constraints are defined over the abstract semantics of the productions of that
nonterminal, so we can directly apply our precise intervals based on our analysis from Section 4.2.
Because we are looking for a solution to y([[l:lN]]?V(c)) in the form of an interval [[, u], we can
rewrite Equation (4) as follows (where all abstract semantics have been rewritten according to their
semantic rules):

[Lu] 2 [0,0]u[,1]u[L,3]ul25]ull+lu+ul (5)
By unrolling the definitions, the constraint in Equation (5) can be rewritten as follows:
Vo,(0<0<0)V(1<o<1)V(1<0<3) V<o) V({+l<v<u+u)=(I<v<u) (6)

As a constraint on [ and u, Equation (6) holds for I < 0 and u = co. The tightest solution is [ = 0 and
u = oo, and thus the answer we seek is the interval [0, co].

This procedure for computing precise hole abstractions can be lifted to any synthesis problem in
the SemGusS format. Specifically, for every nonterminal N in the grammar G, we want to construct
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a function [O Nﬂi, that, on an input x, returns a precise hole abstraction in the form of an interval
[IN, un]- Because a semantics defined using SemGusS is represented inductively, we are able to
reason about each production locally, which results in the following system of constraints:

Definition 5.2 (Interval GFA). Given a grammar G with interval abstract semantics [[-]]ﬂ, as in Defini-

tion 4.5, interval grammar flow analysis is the problem of computing [0 N]]i,(x) for each nonterminal
N € G, which is defined by the following system of constraints:

[ow]f () 2 |_|{[[p]}ﬁ(x) | (N—>p)eG} forallN €G. @)

Our goal is to solve the GFA constraints to obtain the tightest possible intervals [O Nﬂlﬁ\](x) =
[In, un]. To avoid dealing with SMT maximization objectives (note that the formulas generated by
GFA have quantifiers), our algorithm rewrites Equation (7) as a first-order logical constraint for
each nonterminal N, where the bounds Iy, uy are free variables to be solved for:

Vo. \/ (v € [p]*(x)) = 0 € [In, un] (8)
{pl(N—p)eG}

If we then unroll the interval definitions as we did for Equation (4) (i.e., x € [/, u] can be rewritten
as [ < x A x < u), the optimal solution can be computed through a linear search minimization
(or maximization) procedure—e.g., by iteratively asking an SMT solver to find a tighter solution
to our interval bounds Iy, uy than the one computed in a previous step. The following theorem
establishes when this iterative procedure is guaranteed to terminate:

THEOREM 5.3 (TERMINATION OF ITERATIVE GFA). Suppose that the intervals [Iy, un] from Equa-
tion (8) belong to an interval domain D equipped with a partial order <. If D contains no infinite
descending chains (i.e., < is well-founded), then any algorithm that iteratively solves for Iy, un such

that [In,un] & HDN]]&] will terminate in a finite number of steps.

Because Theorem 5.3 proves that there are only finitely many possible iterations when the
intervals are members of a domain with no infinite descending chains, the following approach
is guaranteed to terminate under this condition: we first construct the formula in Equation (8),
starting with the largest possible interval, and iteratively query tighter bounds on each of the

interval endpoints (e.g., the free variables Iy, uy). We repeat this process by updating the bounds of
#

our abstract semantics [0y}, with our previously solved bounds Iy, un until the constraint solver
returns unsat. One advantage of this process is that at termination, when the constraint solver
returns unsat, the interval-hole abstract semantics is guaranteed to be the most precise solution.
Another advantage is that, even if this process is terminated with an intermediate solution (i.e., the
constraint solver has not yet returned unsat, but, e.g., iterative GFA had exceeded some timeout
threshold), this tightened interval may not be most-precise, but is still a sound hole abstraction
[Barrett and King 2010]. Note that solving for hole abstractions individually is not optimal, because a
tighter hole abstraction for one nonterminal can lead to tighter solutions for other hole abstractions.
Thus, we define our constraints over all hole abstractions simultaneously, where we aim to tighten
at least one of the intervals on each iteration. Our solver takes this approach.’

The following theorem establishes that our computed precise hole abstractions are sound ac-
cording to Definition 4.6:

3 Abstract interpretation over intervals often involves using a widening operator. With the method described above, no
widening is needed because it starts from T—an over-approximation—and makes a sequence of calls to a logic solver, rather
than starting from 1L —an under-approximation—and performing successive approximation. Yet another approach would be
to use algorithms for computing precise least solutions to systems of (certain classes of) interval equations [Gawlitza et al.
2009; Su and Wagner 2005].
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THEOREM 5.4 (PRECISE HOLE ABSTRACTIONS). For every nonterminal N in a grammar G, the

following rule is a sound hole abstraction ifGFASol([[DN]]?V(x),G) is a wvalid solution to interval
grammar flow analysis for the value of x:

[1,u] = GEASol([on]% (x), G)
7 Holen
[on]y (%) = [Lu]

We are able to solve for precise hole abstractions in problems beyond integer arithmetic. For
instance, we can derive precise hole abstractions for the CSV-schema example from Section 2.3.

In practice, implementing an abstract semantics requires one to solve GFASol([o N]]?\](x), G)

for every possible input for which the semantics of [O N]]?V needs to be evaluated during our
enumeration algorithm. We will discuss this aspect in Section 7.

6 Synthesis of Order Relations

We have shown that abstract semantics can be easily extracted from a concrete semantics that is
monotonic with respect to some (partial) order relations over the inputs and outputs. So far, we
have assumed that these order relations are given to us. In this section, we show how to “choose” a
best set of orders from a set of possible orderings. Between two sets of orders, we prefer the one
for which the most productions in the grammar exhibit a monotone semantics.

Definition 6.1 (Comparison of Orders). Given a grammar G, a semantics ([[-], o) describing vari-
ables with types in the set {Tj, ..., Ty}, and a set of orders w = {<,..., <,,}, we define Mong ()
as the set of productions in G for which the semantics are monotone with respect to w.

We say that a set of orders w; is better than a set of orders w; if |Mong (w1)| = |[Mong(w,)|.

The following example illustrates this definition.

Example 6.2 (Bitvectors). Consider the following grammar Gy, for expressions over bitvectors.
B :=x | bvand B B | bvor B B | bvadd B B

Assume that all variables are associated with one type: unsigned bitvectors of size 8. Consider a
saturating semantics of bvadd in which addition saturates at 2% — 1, and the following two possible
orders over bitvectors:

® v; <p,, s if every bit in v; is less than the corresponding bit in vy; in this case Mong ({<pw})
contains the productions for bvand and bvor;

® U; Zpyieq 02 if the integer value of v; is smaller or equal than the integer value of v;; in this
case Mong ({=<pieq}) only contains the production for bvadd.

The set of orders {<,,} is better than the set of orders {<;y4} because it causes the semantics of
two productions to be monotonic instead of just one.

While our framework can accommodate multiple possible orders and prune the search space
using multiple abstract semantics all evaluated in parallel, this process can become expensive.
Moreover, if too few productions are monotonic, the resulting abstract semantics will often just
yield T (Definition 4.5) and not be able to prune any programs. The following definition captures
the problem of synthesizing a best set of orders that maximizes monotonicity.

Definition 6.3. Given a grammar G, a semantics ([-], o) describing variables with types in the
set {T,..., Ty}, and a search space of orders Q, the order-synthesis problem is to find a best set of
orders w = {<y, ..., <} such that every order <;€ Q. Here, a best set of orders is a set of orders w
such that o is better than any set of orders in Q, i.e. Vo’ € Q.|Mong(w)| = |[Mong(w”)|. (Note that
there can be multiple best orders.)
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Our implementation only considers sets of orders Q that are finite (and typically small), and solves
the order-synthesis problem by enumerating all orders in Q, computing how many productions
are monotonic for each order, and returning a best one. We focus on enumerating orders that are
conjunctions of smaller “atomic” orders from a pre-defined base set that can easily be augmented as
needed. These atomic orders are required to match the type of each argument (e.g., < for integers;
— for Boolean; <,, and =<p,¢q comparison for bitvectors, etc.). This enumeration allow us to
consider orders over complex semantic objects with mixed types. We found that initializing Q
with conjunctions over these atomic orders, while simple, performs well in practice and captures
many reasonable orders for our monotonicity analysis.

A note on order optimality: There exist more advanced order-synthesis techniques that could
improve the overall synthesis procedure. Currently, we locally maximize the number of productions
at each non-terminal, but do not reason about global optimizations. It is possible that there is
a stronger relation between the grammar and order, where it is more important to maximize
productions closer to the starting nonterminal of the grammar, rather than the total number of
productions. Additionally, expanding the types of orders considered in the order-synthesis problem
(e.g., beyond conjunctive orders) could also lead to improvements in generating the abstract
semantics. However, continuing to perform naive enumeration after nontrivially expanding the
set of orders could lead to an intractable order-synthesis problem. Designing new algorithms for
efficiently synthesizing best orders is an interesting direction beyond the scope of this paper.

7 Evaluation

We implemented our techniques in a tool called Mo1To, which takes problems in the SemGusS format
as input [Kim et al. 2021] and consists of four components: (i) A monotonicity checker, built over
SMT solvers Z3 [De Moura and Bjgrner 2008] and CVC5 [Barbosa et al. 2022], that can determine
what productions are monotonic with respect to a given partial order. (ii) An order synthesizer,
which enumerates a set of partial orders and applies the monotonicity checker to find a solution to
an order-synthesis problem. These orders are conjunctions over smaller predefined atomic orders
from a defined base set. (iii) A solver for grammar-flow analysis, which automatically constructs
the system of equations from Section 5, and performs a fixed-point computation by generating an
SMT formula and querying Z3 to iteratively tighten interval bounds. (iv) A top-down enumerative
synthesizer for SemGuS problems that takes the output from the previous steps, and generates the
corresponding interval semantics, and uses it to prune partial programs during program synthesis.

Components (i), (i), and (iii) are independent of (iv), in the sense that their output is reusable by
other synthesis tools. The output of running (i), (ii), and (iii) is emitted as a JSON artifact, which
describes what productions are monotonic and in what directions, as well as the computed hole
abstractions on any provided input-output examples. The artifact can be used by any top-down
enumerative solver to enable abstraction-based synthesis of SemGuS problems. In cases where we
know a semantics is monotonic, but proving it is beyond the capabilities of current SMT solvers, the
JSON format allows us to provide to a solver the information necessary to enable abstraction-based
pruning. Our synthesizer (component (iv)) currently supports example-based synthesis problems,
and invokes component (iii) to compute the precise hole abstractions for all nonterminals and
examples before starting the enumeration (instead of dynamically calling them when evaluating
the semantics and caching solutions, which can be be prohibitively expensive).

7.1 Research Questions and Benchmarks

In our evaluation, we consider as baseline a naive enumeration algorithm that does not perform
any pruning—this baseline is the same one used to evaluate the SemGusS unrealizability prover

Proc. ACM Program. Lang., Vol. 8, No. OOPSLA2, Article 304. Publication date: October 2024.



Automating Pruning in Top-Down Enumeration for Program Synthesis Problems with Monotonic Semantics 304:19

Messy [Kim et al. 2021]. We do not compare against Messy because Messy can check whether a

SemGusS problem can be solved, but it cannot compute a solution. Our limited set of baselines is

due to the fact that MorTo is a domain-agnostic synthesizer, and we are unaware of any other

synthesizers that support programs in the SemGuS format or that can run all of our benchmarks.
Our experimental evaluation is designed to answer the following questions:

RQ1 How effective is monotonicity-based pruning when compared to naive enumeration?
RQ2 How effective is our construction of precise hole abstractions from Section 5?
RQ3 How effective is MorTo at identifying interval-abstract semantics?

All experiments were run on a cluster [Center for High Throughput Computing 2006], with each
node having an AMD EPYC 7763 64-Core Processor, of which we requested two cores and 12 GiB
of RAM. We set a timeout value of 2000s and memory limit of 8 GiB.* We ran each experiment 5
times, and report the median of these runs.

Benchmarks. We conducted our evaluation on 430 SemGuS benchmarks from multiple domains,
building on top of the SemGusS Toolkit benchmark set [Johnson et al. 2024c].

The first benchmark category includes 82 regular-expression synthesis problems encoded in
SemGusS (many of these benchmarks are part of the public SemGuS benchmark set). There are two
ways to encode the semantics of regular expressions that each have pros and cons: (i) a shallow
semantics that maps a program to the corresponding term in the SMT theory of regular expressions,
(ii) a deep semantics that maps a program r and a string s to a Boolean matrix that tells us what
substrings of s the expression r accepts (see Appendix A in the extended version of the paper
[Johnson et al. 2024a]). The benchmark problems include the AlphaRegex benchmarks [Lee et al.
2016] (25 shallow, 25 matrix), regular expressions with complex operators such as negation and
character classes (1 shallow, 14 matrix), and CSV-format synthesis problems like in Section 2.3 (15
shallow, 2 matrix) from the CSV schema language [Retter et al. 2016]. The shallow semantics is fast
to execute using corresponding regex libraries, but it has limited support in constraint solvers (e.g.,
no solver for the theory for of quantified formulas). For this reason, for this semantics we must
provide the JSON artifact of what productions are monotonic manually (note that effectively we
only need to do so once, because all benchmarks share the same operators). The GFA intervals for
these shallow semantics can be computed by considering only intervals of the form [0, S*], where
S is the set of characters appearing in each grammar production. The matrix semantics is slower to
execute, but enables constraint solving.

The second benchmark category consists of 10 problems over imperative programming languages
with semantics over integer variables. These problems are simple imperative problems that were
taken from the SemGuS imperative benchmark dataset. These imperative benchmarks mostly
perform loop-free operations (e.g., swap) with three benchmarks involving loops.

The third benchmark category consists of 100 problems involving loop-free programs over
bitvector variables. The 100 bitvector benchmarks are actually 25 concrete synthesis problems by
Gulwani et al. [2011] expressed with different semantics (note that the ability to modify the program
semantics is one of the key features of SemGuS). The four semantics are: (i) the traditional bitvector
semantics encoded in SMTLib, (ii) a saturated semantics, where in the case of possible underflowing
or overflowing, the result will instead take on the minimum or maximum value, respectively [Sharma
and Reps 2017], (iii) a semantics that introduces intermediate variables for all sub-expressions
being synthesized (similar to three-address code in compilers), and (iv) a combination of the second
and third semantics. Unlike the other categories, the synthesis constraints are specified as logical

4Due to the nature of the computing cluster, there can be large variance in run time between trials; however, this variance
was not enough to change whether or not a problem was solvable under the time and memory constraints.
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Table 1. Benchmark performance of MoiTo over BASELINE, broken out by benchmark category

Domain ‘ MorTo only ‘ >15% faster +/-15% >15% slower ‘ BASELINE only

Matrix 1 5 11 12 -

Regex | Shallow 2 7 6 5 -

CSsv 7 5 3 - -
Imperative 2 4 4 - -
Bitvector 6 6 28 4 -
Boolean 6 31 60 27 -

Total | 24 58 112 48 | -

formulas, requiring our enumeration algorithm to perform a Counterexample Guided Inductive
Synthesis (CEGIS) loop that restarts the algorithm with new examples at each iteration. Because of
this dynamic aspect of the algorithm, we do not run the precise hole abstraction from Section 5 on
this set of benchmarks; it would require solving SMT constraints while performing enumeration.

The fourth category of benchmarks contains 238 problems where the goal is to synthesize Boolean
formulas with restricted syntaxes—e.g., cubes (84 benchmarks), CNF (77 benchmarks), and DNF (77
benchmarks). Because a general-purpose solver cannot compete with specialized state-of-the-art
synthesizers for Boolean formulas, we created a simple dataset of Boolean-function synthesis
problems by randomly generating formulas of the different syntax styles with varying lengths (3-11
for cube, 2-12 for CNF/DNF) and number of variables (4-15 for cube, 4-10 for CNF/DNF).

The fifth category of benchmarks contains 5 problems adapted from Mell et al. [2024], a new
approach for synthesizing data-classification programs over a quantitative objective function—e.g.,
accuracy or F; score—that manually exploits monotonicity. These benchmarks were created using
the two DSLs presented by Mell et al. that use folding/map operators and Kleene algebra with
tests, both to synthesize video trajectories. One of the benchmarks is an encoding of their simple
motivating example. The semantics of each DSL is encoded twice to create four other benchmarks
with differing input sizes (because SemGusS requires one to define the number of inputs). In contrast
to the other categories, we exclusively use these benchmarks to evaluate RQ3 (i.e., whether our
tool can synthesize abstract semantics), because traditional top-down enumeration is not sufficient
to solve synthesis problems with quantitative objectives. These five benchmarks are not included
in our total of 430.

7.2 Effectiveness of Monotonicity-Based Pruning

We evaluated the effectiveness of Mo1to on our benchmarks when an abstract semantics is provided;
we also measured the time taken to compute the abstract semantics (see Section 7.4). We present
data for baseline top-down enumeration (BASELINE), top-down enumeration with interval-based
pruning without precise hole abstractions (Mo1To-H), and top-down enumeration with interval-
based pruning with precise hole abstractions (Morto-n). In what follows, we use Mo1To to denote
the virtual best version of our tool that runs Morto-H and Mo1To-N in parallel and reports the
result of the first terminating instance, and BEST to denote the virtual best version solver that runs
MorTo-H, Mo1TO-N, and BASELINE in parallel.

Table 1 provides an overview comparing the performance between Mo1To and BASELINE. MOITO
(242/430 solved) can solve 24 more benchmarks than BASELINE (218/430 solved). The benchmarks that
Morto can solve but BASELINE cannot, fall into the following categories: regular-expressions/CSV
(10), imperative (2), bit vectors (6), and Boolean (6). MorTo also significantly outperforms BASELINE
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Fig. 2. The first three plots compare MoiTo-H, MoITo-N, and BASELINE across time, memory, and number of
enumerated programs (we start the x-axis at 150 to better illustrate the interesting behavior—i.e., we do not
show the behavior on the 150 easiest benchmarks). The last plot shows the maximum size reached before
timing out on problems that could not be solved. Note that a line that is lower and to the right represents
better performance in the first three plots, and higher and to the left in the final plot.

on 58 additional benchmarks that both could solve. These 82 benchmarks where Morto markedly
outperforms BASELINE are typically the larger and more complex benchmarks that were solvable.
On the other hand, there are 48 benchmarks where Mor1to is considerably slower than BASELINE.
There were no benchmarks that only BASELINE could solve that Mo1To could not. The fact that
Mor1to is not always faster is due to a known issue in program synthesis: computing an abstract
semantics and checking whether every partial program can be pruned can be more expensive than
simply exploring the search space, especially if few programs are pruned [Guria et al. 2023].

Figure 2a shows a cactus plot of the cumulative number of benchmarks solved by each configu-
ration after a certain amount of time. MorTo (and both Mo1To-H and Mo1TO-N) can solve more
benchmarks than BASELINE in cumulatively less time. Similar trends are observed for memory usage
in Figure 2b. Figure 2c shows the number of concrete programs enumerated for each benchmark
before returning a solution, which reveals how many programs Mo1to can prune: for 75% of the
benchmarks, Mo1To explores fewer than 50% of the programs explored by BASELINE. The trends
shown in Figure 2c hint that this difference would grow if we were to consider longer timeouts.

The benchmarks that none of the tools can solve fall into the following categories: regular-
expressions/CSV (19), bit vectors (56), and Boolean (114). All 10 imperative benchmarks could
be solved. The vast majority of unsolved benchmarks require finding large solutions that are far
beyond the search space explored in the given time: for instance, the Boolean benchmarks contain
up to twelve clauses or 15 variables, and the bitvector benchmarks contain up to 15 imperative
variables or a solution AST of size up to 59. Moreover, because there are four instances of each
bitvector problem with different semantics, and the four instances are of similar difficulty, MorTo
is more likely to solve all four or none of the instances for a particular problem. Figure 2d shows
how deep in the search space (i.e., what program sizes) each tool got for the benchmarks that each
tool could run but not solve.” In general, Morto enumerated much larger programs than BASELINE
(e.g., size 22 vs. 15) before timing out, thus showing its ability to reach deeper into the search space.

To answer RQ1: The monotonicity-based pruning approach allows MoiTto to solve more
benchmarks than the enumeration BASELINE (242 vs. 218), with Mo1To-H solving 237 and MorTo-
N all 242. For the benchmarks that both MorTo and BASELINE can solve, MorTo shows modest
improvements in the time taken by Mo1To to solve some of the benchmarks, as well as less memory
being required. Even when the benchmarks do not finish within the time limit or memory limit,
Morrto reaches larger program sizes in the search space than those explored by BASELINE.

5Note that the x-axis of Figure 2d represents all benchmarks that timed out for some tool, and thus is a different set than
the x-axes of Figures 2a, 2b, and 2c.
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A note on comparisons to state-of-the-art solvers: Mo1rTo can solve 19/25 AlphaRegex [Lee et al.
2016] benchmarks within our timeout of 2000s, (when using the shallow semantics), whereas
AlphaRegex reports solving 25/25 in less than a minute each. AlphaRegex implements many other
domain-specific optimizations (e.g., a simple form of equality saturation) that our tool cannot
automate because the input problem is given as an arbitrary SemGus file. For Simpl [So and Oh
2017], a direct comparison is more difficult, because their benchmark set focuses on loops. Mo1rto
cannot prove loops monotonic, and so our technique would not produce pruning benefits on
these benchmarks. On the other hand, many of our non-Boolean benchmarks (97/192) are beyond
the reach of existing customized synthesizers. Specifically, 5/39 matrix regular expressions are
not expressible in AlphaRegex (due to negation operators). None of the CSV benchmarks (17/17)
are supported by AlphaRegex (due to character classes beyond “0”/“1” and CSV-format-specific
grammars). 75/100 of the bitvector benchmarks are not solvable using Brahma [Gulwani et al. 2011],
because the benchmarks use an alternative semantics (imperative and/or saturating semantics).
This generality is an advantage of a parameterized framework like SemGusS, where users can apply
a solver that supports all instantiations of the framework, rather than a dozen domain-specific
tools with their own restrictive DSLs.

7.3 Effectiveness of Precise Hole Abstractions

Figure 3 compares Mo1rto-N and MorTo-H using a scatter plot. Both variants seem to be beneficial
in different settings, although on average, MoITO-N is 6% faster T
than Morto-H (geomean, variance 1.06), and Morto-H explores
twice as many programs as Morto-N. Additionally, there were 5
CSV benchmarks that were only solved by Morto-N. We conjec-
ture that MoITO-N is sometimes slower than Mo1rTo-H because
while Mo1TO-N can compute more precise hole abstractions,
propagating the semantics of intervals different than T is gen- L
erally more expensive. Therefore, in cases where the increased 10° 10" 107
precision does not prune more programs, MoI1To-N is slower. Morro-1 Runtime (s)

As expected, MorTo-N performs much better than MorTo-u
on benchmarks where it can prune many more programs, and
about the same where it cannot. This bimodality is evident in Figure 3; most benchmarks are on the
1x (no improvement) diagonal line, but there is a subset of benchmarks below the 1x diagonal line,
showing substantial improvement. A frequency analysis shows the largest cluster of benchmarks
within 0.95x - 1.05x improvement (172 of 237), with a second cluster of 18 benchmarks above
1.20x improvement (max of 6x improvement). Similar trends are seen for the number of concrete
candidate programs considered for each benchmark: most benchmarks (154 of 237) do not check
any fewer programs with MoiTo-N, with a long tail of benchmarks showing improvement (10
benchmarks check over 100x fewer programs). For example, for the 10/17 benchmarks in the CSV
category solved by both tools, Mo1To-N explores on average only 0.1% of the programs explored by
Morto-H, and is on average 2.6x faster.

Benchmarks in other categories also took advantage of MorTo-N. For example, for the imperative
benchmark “max3-impv,” (which computes the maximum of 3 integers), Morto-N (i) proved that
there were non-terminals that returned only values in the interval [0, oo], (ii) ran 24% faster, and
(iii) checked 47% fewer concrete programs. For other cases where Mo1rto-N could not compute better
intervals than T, both MorTo-N and MorTo-H checked the same number of concrete programs and
had similar running times, as expected.

102

10!

10°

.

Morto-N Runtime (s)

Fig. 3. Moito-N vs MoiTo-H (log,log)
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To answer RQ2: Mo1To-N is very beneficial for instances when the structure of the grammar
restricts the possible values of certain nonterminals, and therefore the more precise hole abstractions
can prune many programs.

7.4 Effectiveness of Computing Abstract Semantics

Morto can compute the interval abstract semantics for 373/430 of the original benchmarks. Moito
can also prove monotonicity on all five benchmarks adapted from Mell et al. [2024], where MorTo
was able to automatically generate the abstract semantics that were manually defined by Mell et al..

Computing the abstract semantics timed out on 12 of the imperative benchmarks over bitvectors
and 4 regular-expression with matrix-semantics benchmarks. These benchmarks involved semantics
in which functions take 10-100 variables as input, thus causing the order-synthesis algorithm to
consider many possible order combinations. As we mentioned, there is currently no solver that
supports the quantified theory of regular expressions, which is necessary for computing an abstract
semantics of the 41 regular-expression benchmarks with shallow semantics.

The time to compute the abstract semantics varied across domains. All the Boolean bench-
marks could terminate in less than a second (avg 0.57s) and the imperative benchmarks took
around 0.8 to 5 seconds each (avg 2.1s). The variance was larger for regular-expressions
and bitvector benchmarks, and we show a detailed analysis of these categories in Figure 4.
On average, it took 150s to compute the semantics for regular- ‘
expression benchmarks, and the time scales with the size of 1,000 - _Miittr‘i]j}::rs i
the matrices used in the semantics (i.e., the length of the in- — gex
put examples). Similarly, computing the semantics of bitvector
benchmarks took on average 11s with the time scaling exponen-
tially with the number of variables in the considered program- J

O L 1

(54
=3
=}
T
|

Time (seconds)

ming language, because the size of the order search space grows
exponentially. 0 50 100

We note that in practice, an abstract semantics does not need Benchmark Count
to be recomputed every time the specification of the input prob-
lem changes, as long as the language remains the same.

While MorTo always outputs an abstract semantics, the in-
dividual CHCs are only precise abstractions if the original semantics was monotonic. MoITo can
identify orders under which the semantics is monotonic for all the productions in the grammars for
regular expressions, Boolean, and imperative programs. In the case of bitvectors, Mo1To can find
at least one order for either the traditional or saturating semantics for ~87% of productions. We
observed variability in these benchmarks; in one case only 6 out of 11 productions could be proven
monotonic. An example showing why a bitvector semantics is not monotonic for all productions
was illustrated in Section 6.

Computing precise hole abstractions takes on average 0.73s per input example, although the
time can vary across different applications (regular expressions 1.3s, imperative 9.9s, Boolean 0.02s).
Although this step can be costly, we note that Mo1TO-N can sometimes provide large performance
gains on certain benchmarks that Morto-H cannot (Section 7.3). As previously mentioned, we omit
the bitvector benchmarks from this analysis because they use logical specifications.

To answer RQ3: MorTo can discover precise abstract semantics (and precise hole abstractions)
for most benchmarks. This result confirms that our framework can automatically discover many of
the domain-specific techniques used in existing tools, and generalizes them to new domains (e.g.,
Boolean formulas, bitvector programs, and DSLs for video trajectories).

Fig. 4. Time to compute interval ab-
stract semantics
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8 Related Work

Top-Down Enumeration and Pruning. A number of papers have addressed the problem of program
synthesis by applying top-down enumeration in specific domains, such as regular expressions
[Lee et al. 2016], imperative programs [So and Oh 2017], SQL queries [Wang et al. 2017a], Datalog
programs [Si et al. 2018], and functional programs [Polikarpova et al. 2016]. These tools differ from
our work in two key ways. First, our approach applies to arbitrary synthesis problems defined in the
SemGusS framework, whereas these tools each implement a solution to one fixed domain-specific
synthesis problem. Because of this specificity, these tools outperform MorTo on their respective
tasks, but their implementations are monolithic and tailored to such tasks. Second, while these tools
implement hard-coded pruning strategies, Morto automatically discovers pruning opportunities
by extracting an abstract semantics for the given SemGuS problem. In summary, our work can
automatically discover ways to prune in top-down enumeration for problems defined in the SemGuS
framework, while these tools use manually-defined pruning strategies that target specific domains.

Besides subsuming several of the pruning strategies used by AlphaRegex [Lee et al. 2016]
and SIMPL [So and Oh 2017], our interval-based framework also captures some of the pruning
approaches used when synthesizing SQL queries [Wang et al. 2017a], Datalog programs [Si et al.
2018], and data-processing tasks [Mell et al. 2024]. Scythe [Wang et al. 2017a] (indirectly) uses
an interval [T}, T,] (where T; and T, are tables) to represent what possible output tables could
be the result of evaluating the completion of a partial SQL query, and uses the fact that most
queries are monotonic with respect to the predicates appearing in a where-clause—i.e., a more
permissive clause yields a bigger table. Si et al. [2018] use a similar insight to construct an interval
(akin to a version-space algebra) over the set of Datalog programs that are consistent with a set
of input-output examples. We do not evaluate our approach on these applications because the
SemGusS format currently lacks some features that are necessary to model these applications (e.g.,
the theory of bags for SQL and fixed-point logics for Datalog), and the sizes of the inputs used in
these domains (e.g., tables) are only within the reach of domain-specific tools.

Mell et al. [2024] use interval abstractions when productions are monotonic to guide their search
for optimal synthesis, and their specific monotonicity property can be viewed as a specific instanti-
ation of ours. Their work focuses on two specific domains, that of numbers and Booleans under
their standard orders. While Mell et al. had to manually prove monotonicity a priori, MorTo was
able to automatically infer that the semantics constructs used in their experiments are monotonic
(Section 7). Although their work uses monotonicity in an additional way—i.e., to maximize an
objective function—their tool could be another client of our automated monotonicity analysis.

Abstraction-Guided Synthesis. Complex forms of abstraction-based pruning have been applied
in many other program-synthesis tools [So and Oh 2017; Vechev et al. 2010; Wang et al. 2017b].
However, these tools are also domain-specific and cannot tackle SemGusS problems.

SiMBA [Yoon et al. 2023] combines forward abstract interpretation (for soundly approximating
the set of possible outputs obtainable from inputs of partial programs) with backward abstract
interpretation (for approximating the set of possible inputs, starting from the outputs). SimBA only
supports SyGuS problems (i.e., expression-synthesis problems) and requires the user to manually
provide highly-precise abstract semantics. Despite this limitation, an interesting research direction
is whether SIMBA’s approach can be automatically generalized to SemGusS in the same way that
our framework automatically generalizes interval-based pruning—i.e., we hope our work will be
the first of many in this spirit. ABSYNTHE [Guria et al. 2023] is a general-purpose framework for
synthesis with abstraction-based pruning that allows users to manually supply abstract semantics
for the language over which synthesis is being performed. In contrast, MoITo can automatically
discover a precise abstract interval semantics from the user-provided concrete semantics.
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Generating Abstract Semantics. Amurth [Kalita et al. 2022] synthesizes abstract semantics for
arbitrary languages by asking a user to provide a grammar of possible abstract functions to choose
from (i.e., our function f* in Definition 4.5). While Amurth is very general, it is not fully automated
and requires the user of the tool to provide a specialized grammar for each abstract domain—and
in many cases for each abstract function. (These grammars often contain complex insights on
what a particular abstract function should look like.) Instead, our work is based on monotonicity
conditions under which abstract semantics can be generated automatically. Combining Amurth
with our tool to generate abstract semantics beyond the automatically generated ones discussed in
this paper is an interesting research direction, although it would require ways to identify what
grammars one should provide to Amurth.

Atlas [Wang et al. 2018] also learns abstractions for pruning in synthesis. Atlas considers abstract
domains consisting of linear equalities, which work better than intervals in certain settings—e.g.,
reasoning about string lengths—but are limited to numerical domains—e.g., they cannot capture
the conjunctions of Booleans used in many of our benchmarks. Most importantly, Atlas requires a
set of training problems to synthesize an abstract domain and the transformers (i.e., the tool needs
to be trained for every new domain), while Mo1To is domain-agnostic, does not require a training
phase, and it synthesizes an abstract semantics directly from the provided concrete semantics alone.

Other Forms of Enumeration. Bottom-up enumeration enumerates subprograms of increasing size
derivable from each nonterminal in the grammar, and prunes the search space by only maintaining
programs that are observationally inequivalent on the examples [Alur et al. 2017]. Observational
equivalence can be automated for expression-synthesis problems, but not, for example, for synthe-
sizing imperative programs. This limitation is due to the fact that in an imperative programming
language, different subprograms are evaluated on different states (i.e., the programs are stateful).
For the same reason, there is currently no way to implement bottom-up enumeration (with pruning)
for SemGusS problems, hence our focus on top-down enumeration. Hybrid versions of top-down
and bottom-up enumeration share the same limitation [Lee 2021].

Symbolic Solvers. MEssy [Kim et al. 2021] is currently the only published SemGuS solver, and
therefore the only solver that is designed to solve the same range of tasks as Mo1To. MESsY employs
a constraint-based approach for solving SemGusS problems using a Constrained Horn Clause solver
with the dual goals of being able to synthesize a program or to prove that the synthesis problem is
unrealizable. While Messy performs well for proving unrealizability of SemGusS problems, it has
effectively no synthesis capabilities (i.e., it cannot produce an output program when a problem is
realizable); therefore we do not compare MorTo against it in our evaluation.

The baseline implementation of top-down enumeration used in our evaluation is the same as the
baseline called MEssYENUM used to evaluate MEssy. To the best of our knowledge, Morto is the
first enumeration technique for SemGuS problems that moves beyond naive enumeration.

9 Conclusion

This paper presents a unified framework for determining precise interval abstract semantics that
can speed up program synthesis via enumeration for problems written in the SemGuS framework.
Unlike existing works on top-down enumeration, our framework is domain-agnostic (i.e., it does
not know a priori the semantics of programs appearing in the search space).

Recall that the solvers in the initial SyGuS competition were unable to solve a majority of the
original SyGuS benchmarks. The difficulty of the benchmark set then spurred the development of
second- and third-generation solvers that could solve most of the competition benchmarks [Alur
et al. 2016]. SemGusS and the existing SemGuS solvers are currently in their infancy—i.e., they have
limited scalability—but we hope that MoiTo is the first in a series of improved SemGusS solvers. In
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particular, our work opens the door for generalizing and automating many other domain-specific
synthesis techniques, so that they can be lifted to a general framework like SemGuS. For example,
the Amurth [Kalita et al. 2022] tool for synthesizing abstract transformers or the Atlas [Wang et al.
2018] tool for constructing linear abstractions could be combined with our theory to specialize our
work to more complex abstract domains. In the same way domain-specific insights have caused
tremendous speedups in SyGusS solvers (which initially could only solve trivial problems), we are
hopeful that future efforts similar to the one described in this paper will result in SemGusS solvers
that—despite their generality—can solve complex problems.
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The software that supports Section 7 is available on Zenodo [Johnson et al. 2024b].
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