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Leaf sequencing algorithms may use an unnecessary number of monitor units or segments to
generate intensity maps for delivery of intensity modulated radiotherapy~IMRT! using multiple
static fields. An integer algorithm was devised to generate a sequence with the fewest possible
segments when the minimum number of monitor units are used. Special hardware related restric-
tions on leaf motion can be incorporated. The algorithm was tested using a benchmark map from
the literature and clinical examples. Results were compared to sequences given by the routine of
Bortfeld that minimizes monitor units by treating each row independently, and the areal or reducing
routines that use fewer segments at the price of more monitor units. The Bortfeld algorithm used on
average 58% more segments than provided by the integer algorithm with bidirectional motion and
32% more segments than did an integer algorithm admitting only unidirectional sequences. The
areal algorithm used 48% more monitor units and the reducing algorithm used 23% more monitor
units than did the bidirectional integer algorithm, while the areal and reducing algorithms used 23%
more segments than did the integer algorithm. Improved leaf sequencing algorithms can allow more
efficient delivery of static field IMRT. The integer algorithm demonstrates the efficiencies possible
with an improved routine and opens a new avenue for development. ©2001 American Associa-
tion of Physicists in Medicine.@DOI: 10.1118/1.1420392#

Key words: intensity modulated radiotherapy, integer programming, leaf sequencing
b
e
e
si
a
ar

o
n
o

s t
le
an
or
en
si
hp
a

nn
th

i
po
c
r o

th
b

um
e
ve

nd
tant
itor
ber
d in

een
nical

not
um
g the
is
sed
ch-

or
al-

ues

ts
um-
rre-
ere
ou-
uct-
n.
that
cing
w-

than
by
I. INTRODUCTION

The intensity profile of a radiation beam can be modified
using a multileaf collimator to block different portions of th
beam for different lengths of time. Different leaf sequenc
may be used to satisfy the rules for generating an inten
map.1 The sequences describe the setup of leaf positions
function of the beam monitor units. When the leaves
moved in discrete steps with the beam off from one setup
positions to the next, two important measures of seque
efficiency have been identified. One is the total number
monitor units needed to generate the map and the other i
number of segments, or setups of the leaves. It is desirab
produce a leaf sequence in which both the monitor units
number of segments are low. More monitor units unfav
ably affect treatment delivery by increasing the compon
of machine leakage and lengthening each treatment ses
A lengthened treatment session worsens machine throug
and leads to inaccuracies in patient positioning, while m
chine leakage is a source of discrepancy between the pla
and delivered dose distribution. More segments also leng
the treatment session because of the time needed to sw
the beam on and off and to move the leaves. One re
stated that the number of segments is a more important fa
for lengthening session time than the cumulative numbe
monitor units.2

An efficient sequence of leaf movements should take
fewest possible segments to generate a map with the num
of monitor units that it uses. It should also use the minim
number of monitor units for the number of segments it tak
If either condition is violated, the sequence can be impro
2450 Med. Phys. 28 „12…, December 2001 0094-2405 Õ2001Õ2
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by either keeping the number of monitor units constant a
reducing the number of segments, or else keeping cons
the number of segments and reducing the number of mon
units. An extensive literature records the substantial num
of leaf sequencing algorithms that have been develope
industry and academia.3–7 The number of monitor units and
number of segments required by the algorithms have b
compared against each other using random maps and cli
examples. However, their performance measures have
been gauged against an absolute standard. The minim
number of segments needed to generate a sequence usin
minimum number of monitor units has not been found. If th
number were available, it could serve as a test of propo
algorithms and motivate the construction of improved te
niques. Substantial excesses in number of monitor units
number of segments would argue for further research in
gorithm design and the replacement of current techniq
with improved methods.

This report finds the minimum number of segmen
needed to generate a leaf sequence when the minimum n
ber of monitor units are expended. The sequences co
sponding to the minimum are shown and the solutions w
verified by hand for smaller problems and by automated r
tine for larger ones. The results were obtained by constr
ing an integer program to give a provably optimal solutio
The solutions are compared to those given by algorithms
represent two well-described approaches to leaf sequen
solutions. One algorithm, credited to Bortfeld, uses the fe
est possible monitor units but may use more segments
this condition requires.5 The other approach, represented
24508„12…Õ2450Õ9Õ$18.00 © 2001 Am. Assoc. Phys. Med.
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2451 Langer, Thai, and Papiez: Improved leaf sequencing 2451
the areal and reducing algorithms, aims to reduce the num
of segments at the price of an increased number of mon
units.6 This study asks whether it is possible to reduce
number of segments without increasing the number of mo
tor units beyond the minimum required.

Comparisons were made using the general form of
published algorithms. Machine specific restrictions on l
position were not introduced to avoid the uncertainties
biases that can arise in adding new conditions onto a b
algorithm description. The tests compare the algorithms
der the most general conditions, but relative performan
may differ when conditions specific to a particular manufa
turer’s systems are considered. Nevertheless, one series6 has
been interpreted as showing that the addition of a constr
on leaf overtravel had little effect upon the relative perfo
mance of different algorithms as measured by number
segments or fluence.8

The consequences of introducing additional constra
were examined using the integer algorithm. Using the inte
algorithm, the effects of two leaf constraints on the minimu
number of segments needed to complete a sequence wit
minimum number of monitor units were individually found
One constraint forbade overtravel of leaf ends along adja
rows~sometimes called a collision constraint!. A second con-
straint eliminated reversal between segments in the state
any two bixels, one opened and one closed, that lie adja
along a column.7 This condition, referred to as a tongue a
groove constraint, aims to combine segment elements w
possible so as to avoid underdosing along the common
der of two bixels, each found open at least once durin
segment in which the adjacent bixel is closed by a leaf s
The tongue and groove construction of a leaf side distu
the fluence pattern and the planned and delivered doses
ter match when the interference of a leaf side is not pres
The studies measure the costs, in the number of segm
and the number of monitor units, of introducing the le
movement constraints.

II. METHODS

Evaluations were made using intensity maps derived fr
clinical examples and an arbitrary map found in the pu
lished literature to serve as a benchmark.9 Intensity maps
were related to the beam times assigned to each leaf pos
according to established rules for the construction of l
sequencing algorithms.6,10,8,1,9,7The rules take the fluence o
a beam element to be proportional to its cumulative expos
measured in monitor units. The minimum number of se
ments needed to generate a leaf sequence with the minim
number of monitor units was found using an integer p
gram. The results were compared to the number of mon
units and the number of segments expended by other solu
approaches. The accumulated number of monitor units
number of segments for all the leaf sequences were cr
checked by a single computer program. Leaf sequences
explicitly exhibited for the smaller problems to allow manu
inspection. Cumulative totals of the number of segments
Medical Physics, Vol. 28, No. 12, December 2001
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the number of monitor units over all beam positions we
prepared for each individual case, and summed over the
eral cases studied.

A. Generation of a sequence using the minimum
number of segments under the condition that the
number of monitor units be at its minimum

The intensity map for the beam is decomposed into
integer matrix whose values assign intensities to the co
sponding elements of the beam. The beam is divided
rectangular elements by the rows along which each leaf
moves, and by the columns that mark out, at constant in
vals, the possible leaf positions along a row. Two bina
~0/1! variables index the state of every beam element at e
monitor unit. One binary variable indicates whether the be
element is covered by the right leaf during delivery of t
labeled monitor unit, and the other variable indicates whet
the element is covered by the left leaf. Specifically, the
nary variablepi j

t takes the value 1 if the beam element fa
ing in row i, columnj is covered by a right leaf when thet-th
monitor unit is delivered but takes the value zero otherwi
Similarly, the binary variablel i j

t takes the value 1 if the lef
leaf covers the element. These two variables determine
value of a third binary variable,di j

t , that takes the value 1
when a monitor unit is delivered through the element at
riod t because it is covered by neither leaf. The three va
ables are related by the condition that the leaves in any
cannot override each other, meaning that a beam elem
cannot be covered at the same time by both a left leaf an
right leaf. The relation among the three variables is given

pi j
t 1 l i j

t 512di j
t ~1!

wherepi j
t ,l i j

t ,di j
t P$0,1%.

The equation in binary variables can hold only ifpi j
t and

l i j
t are not both equal to 1, meaning that the two leaves c

not simultaneously cover beam elementij . If one variable
takes the value 1, thendi j

t must take the value 0, meanin
that an element is covered by some leaf so no radiation
pass through. Ifpi j

t and l i j
t are both zero, the element i

uncovered anddi j
t is set to 1, indicating transmittal of a un

intensity during time periodt.
The most general description of a leaf is that it has

holes. If a leaf covers a beam element, then every elem
between it and the side of the collimator to which the leaf
connected is also covered. This rule is established by
following two inequalities, with the columns numbered fro
left to right:

pi j
t <pi j 11

t , ~2!

l i j 11
t < l i j

t , ~3!

which must hold for all pairs of adjacent columns.
Finally, the sumdi j

t must equal the desired intensity, or

(
t51

T

di j
t 5I i j , ~4!
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2452 Langer, Thai, and Papiez: Improved leaf sequencing 2452
whereI i j is the intensity assigned to beam elementij andT is
an upper bound on the number of monitor units that can
required. The upper bound is formed as maxi(jIij , found by
summing the elements of the intensity map in each row,
choosing the largest of the sums.

The total number of monitor units expended is tallied
introducing a new binary variablezt that takes the value 1 i
at least one beam element remains exposed when thet-th
monitor unit in the sequence is delivered. The role ofzt is
established by the following inequality:

(
i

I

(
j

J

di j
t <ztIJ ~5!

whereI andJ are the number of rows and columns, resp
tively, in the matrix of beam elements. The objective of t
integer program is to minimize the total number of moni
units needed to complete the intensity map, as expresse

min(
t

T

zt5Z. ~6!

Relations~1!–~5! together with objective~6! describe an
integer program, which can be solved using well-describ
methods to give the minimum number of monitor units
quired to generate the intensity map when no restrictions
the number of segments is placed. Once the value for
minimum number of monitor units,Z̃, is found the program
can be expanded to find the minimum number of segme
needed to complete the map using the minimum numbe
monitor units. First, the objective~6! is replaced by the con
straint ~68!:

(
t

T

zt<Z̃. ~68!

Next, a binary variable,gt, is used to tally the number o
segments. It takes the value 1 if any element switches f
covered to uncovered or from uncovered to covered betw
the delivery of one monitor unit and the next. Its role
established by creating a pair of binary variablesci j

t andui j
t

to track whether elementij switches to the covered or uncov
ered position, respectively, between monitor unitt and t
11. The variables take the value 1 if a change is ma
according to the following relation:

2ci j
t <di j

t112di j
t <ui j

t ~7!

whereui j
t ,ci j

t P$0,1%.

A summary variable,si j
t , indicates whether a switch t

either the covered or uncovered position occurs in beam
ementij . It bears the value 0 only if the state of the eleme
does not change, according to

ui j
t 1ci j

t 5si j
t ~8!

wheresi j
t P$0,1%.

If any of the beam elements changes to either the cove
Medical Physics, Vol. 28, No. 12, December 2001
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or uncovered position, the global variablegt must assume the
value 1 according to

(
i

(
j

si j
t <IJgt ~9!

wheregtP$0,1%.

The objective of the sequencing problem given the c
straint of not exceeding the minimum required number
monitor units is to complete the intensity map with the fe
est possible segments:

min(
t

z̃

gt5g. ~10!

The problem of minimizing objective~10! subject to con-
ditions ~1!–~5!, ~68!, and ~7!–~9! describes an expande
mixed integer program which can again be solved us
regular methods such as branch and bound. Solutions in
study are obtained using a commercial package@CPLEX 6.5
Users Manual, Incline Village, NV~1999!# that implements
the technique of branch and bound with reference to a s
dard text.11 Inequalities are preprocessed to reduce the nu
ber of constraints or variables in the problem set. The bra
and bound method solves a succession of linear program
which values are fixed on some of the integer variables~the
branch! and the remaining integer variables are free to ta
on fractional values.12 The number of free variables is suc
cessively reduced until a solution is found that is worse th
one in which none of the integer variables have fractio
values~the bound!. All ways of completing the assignmen
of integer values that contain the previously fixed values
the subset of integer variables can then be discarded. A
ferent sequence of fixed values on integer variables is form
and the process continued until all possible combinations
integer variables are implicitly enumerated. Although t
number of possible combinations of values for the inte
variables can be very large, implicit enumeration allo
large scale problems to be solved.13

B. Special constraints

Special conditions can be added to describe additio
restrictions on leaf movement. One condition of practic
interest is that the leaves move in a single direction. With
loss of generality, the allowed direction can be specified
toward the right. The right leaf cannot cover an element t
it had not covered before and the left leaf cannot uncove
element that it previously exposed. The following two co
ditions enforce these rules:

pi j
t 2pi j

t11>0, ~11!

l i j
t112 l i j

t >0. ~12!

Other conditions that describe manufacturer or user s
cific constraints can be included within the integer algorith
Two were considered in this study. One, sometimes calle
collision constraint, forbids overtravel of leaves along ad
cent rows. Specifically, a right leaf cannot travel further
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2453 Langer, Thai, and Papiez: Improved leaf sequencing 2453
the left than the end of a left leaf along an adjacent row~Fig.
1!. The collision constraint is enforced by adding the follo
ing two inequalities to the integer program:

l i 11 j
t 1pi j

t <1, ~13!

l i 21 j
t 1pi j

t <1. ~14!

The second condition has been proposed to reduce
tongue and groove effect, and is called here a tongue
groove constraint.7 The condition forbids two bixels that lie
in the open and closed states, respectively, in one segm
and are adjacent along a column to lie in the closed
opened states, respectively, in some other segment. The
of bixel ij at time periodt is described by the variabledi j

t .
The tongue and groove condition is described by the follo
ing inequality pair:

21<di 11 j
t 1di j

t82di j
t 2di 11 j

t8 <1 ~ tÞt8!. ~15!

Implementation of the special conditions was facilitat
by expressing each integer problem as a feasibility progr
The minimum number of monitor units required once t
collision constraint is added was found by fixing the moni
unit sum( t

Tzt in condition~68! at the lowest level consisten
with a feasible solution. The starting level was the numbe
monitor units obtained when no collision constraint w
added. This level was increased one unit at a time unt
feasible solution consistent with the constraints was reac
The minimum number of segments was obtained once
number of monitors units was fixed at its minimum. A ser
of integer programs were constructed by breaking down
intensity map into individual rows and solving the single ro
problems under the condition that the total number of mo
tor units not exceed the minimum possible for the en
map. The largest number of segments among the solution
all these single row problems becomes a lower bound on
original problem containing all the rows together. Using th
lower bound, the original problem containing the entire
tensity map was solved. The total number of segments g
by ( t

z̃gt in Eq. ~10! was first set equal to this lower boun
and then increased one segment at a time until a feas

FIG. 1. Illustration of collision constraint:~a! constraint satisfied,~b! con-
straint violated. Arrows show the extension of the left leaf beyond the en
the right leaf on an adjacent row. In this case, condition~13! is not satisfied,
for i 5n, j 53
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solution was reached. The development of a lower bou
reduces the number of integer programs which must
handled. At each step, all possible combinations of values
the binary variables$gt% whose sum equaled the curre
fixed bound was examined. If no feasible solution was fou
for these combinations, the total number of segments
increased one at a time until feasibility was reached. T
method of creating more programs each with fewer c
straints was used to sequence the maps for one of the clin
cases under the special condition of a leaf collision con
tion.

The process of sequencing the integer program into p
gressively smaller subprograms was extended to implem
the tongue and groove condition. The minimum number
monitor units required to sequence a map without imposit

of the tongue and groove constraint,Z̃, was found as before
This number was then partitioned into all possible sets
integer values that will sum to its total. Each set of integ
values, known as a partition, corresponds to one poss
way of assigning monitor units to individual leaf segmen

without exceeding the allowed total,Z̃. The number of moni-
tor units assigned to each segment corresponds to the d
ence between values of the monitor unit indices,t8, t9, over
successive instances when a new segment is formed, w
is denoted by the conditiongt51 in ~9!. The feasibility of
each of these possible assignments of monitor units to
ments was then examined, beginning with partitions conta
ing the smallest number of segments and proceeding it
tively to sets with the next highest number. Sets tied for
number of elements could be examined in any order. T
feasibility of each tentative assignment of monitor units
segments was found by determining through a method an
gous to branch and bound whether a set of binary val
$di j

t % existed that would satisfy the conditions described
inequalities~1!–~3! and~15! that define the allowed structur
of the leaf positions, and which will deliver the intensity ma
defined by Eq.~4! when the segments are given their a
signed number of monitor units. The limited number of le
positions allowed by the tongue and groove condition ma
it possible to examine all feasible constructions of leaf set
using the method of branch and bound. If no feasible so
tion is found, partitions of the allowed number of monit
units into sets containing the next highest number of e
ments that can be assigned to individual segments are ex
ined. The process continues until the smallest number of s
ments that can satisfy the leaf sequencing requirem
without using more than the allowed number of monit

units is found. If all partitions ofZ̃ are exhausted withou
finding a feasible solution, then the allowed number of mo
tor units is incremented by one and the process continu
The described method will terminate in a finite number
steps because the values assigned to the intensity map
the total number of monitor units that can be assigned
segments that expose at least one bixel.

The leaf sequencing algorithms were applied to an a
trary intensity map in the literature that served as
benchmark,9 and to clinical examples of intensity modulate

f
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2454 Langer, Thai, and Papiez: Improved leaf sequencing 2454
treatments of prostate cancer. The arbitrary example@Fig.
2~a!# consisted of four rows and six columns, with betwee
and 5 monitor units assigned to each element. The clin
cases consisted of treatment volumes divided into transv
planes with 1.0 cm interslice intervals, treated using up
nine beam directions selected from a set of eighteen or th
six beams spaced at equal angular intervals. Archieved c
or published contours were used.14 The simulated example
employed 1.0 cm leaf widths and 1.0 cm increments of l
movement, with intensity values discretized into fifte
units. A total of 19 intensity maps were generated, includ
18 derived from prostate patient contours~available as ar-
chieved material or taken from the literature!. The remaining
arbitrary map was taken from the literature and used a
benchmark.

Leaf sequences for the intensity maps were generated
ing three algorithms for comparison to the integer progr
results. The first was the algorithm of Bortfeld that trea
each row independently.5 It provides a solution which move
the leaves in a single direction and consistently yields
fewest monitor units in empirical tests. The second is
areal algorithm based on the work of Xia and Verhey6 as
described in Boyer and Yu.9 The third was a formulation o
the areal algorithm identified as the reducing algorithm
Xia and Verhey.6 The areal and reducing algorithms do n
treat each row independently. They permit the leaves
move in either direction at every step and reduce the num
of segments at the cost of more monitor units. The ar
algorithm uses monitor units at each step in the seque
equal to the largest power of two that can be accommod
in the residual intensity map.9 Ties among elements to b
grouped into a segment were resolved for these tests, as
gested by the illustrations of Boyer and Yu,9 by choosing
elements located most closely to the upper left-hand co
of the collimator. The reducing algorithm rounds off, rath
than truncates, the largest power to which two can be ra
without exceeding the maximum intensity left in the ma
and then delivers one power of two less than this value.6 The
stated rationale for using rounded off powers of two is
drive the algorithm to deliver about half the maximum inte
sity level in the map.6 The performance of the areal an
reducing algorithms was improved by combining segme
that appeared in the generated sequence with identical
patterns. By combining the segments, the total numbe
monitor units was not changed but the total number of s
ments was made smaller. The results of these three a
rithms were compared to that given by the integer algorit
which minimizes the number of segments under the con
tion that the minimum number of monitor units are used. T
integer algorithm was run in two modes, either one tha
restricted to unidirectional movement@using relations~11!
and ~12!# or one that allows bidirectional leaf motion. Th
consequence of adding to the integer algorithm a leaf co
sion or a tongue and groove condition was also determin

III. RESULTS

The sequences generated for the arbitrary map by
Bortfeld algorithm, the reducing algorithm, and the bidire
Medical Physics, Vol. 28, No. 12, December 2001
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tional integer algorithm are shown in Figs. 2~b!–2~d!. The
areal algorithm~not shown! returned more monitor units an
segments than did the reducing algorithm for this examp
as seen in Table I. A manual check reveals that the segm
weighted by their monitor units sum to the desired intens
maps. Inspection of Fig. 2 shows that the integer algorit
produces the desired intensity maps using fewer segm
than Bortfeld, and using fewer monitor units than the red
ing algorithm.

The number of monitor units and the number of segme
required by the sequencing algorithms were tabulated for
the intensity maps generated from the examples stud
Table II, columns 2–6 display the monitor units required
each of the algorithms for the intensity maps of one of
prostate case examples. Table III, columns 2–6 show
number of segments required by the algorithms for the sa
case. A summary of the segment and monitor unit numb
totaled over the entire treatment for the examples studie
shown in Table I. The minimum number of monitor units
achieved by the Bortfeld method, as verified by the minim
ing integer algorithm. However, Table I shows that on av
age the Bortfeld algorithm used 32% more segments t
needed if the least number of monitor units are to be u
and the leaves restricted to unidirectional movement,
used 58% more segments than needed if bidirectional mo
ment were allowed. The areal algorithm which gives bidire
tional treatment reduced the number of segments from
given by Bortfeld but used approximately 48% more moni
units. The reducing algorithm also used fewer segments t
did Bortfeld but required about 23% more monitor units th
the minimum. The data aggregated in Table I show that
increase in monitor units was not necessary. The intege
gorithm reduced the number of segments even further t
did the areal and reducing algorithms, while using no m
than the minimum number of monitor units. The addition
monitor units used by the areal algorithm and reducing al
rithms to lower the number of segments is conseque
shown to be excessive.

The number of segments used by the areal or reduc
algorithm was 23% higher than required by the integer al
rithm ~Table I!. The results show excess use of both moni
units and segments by the areal and reducing algorith
Combining the results, the areal algorithm expended 4
more monitor units and the reducing algorithm expend
23% more monitor units than did the integer algorith
while the number of segments used by the areal or redu
algorithms was 23% higher than given by the integer al
rithm.

The effect on the integer algorithm of adding a leaf co
sion or tongue and groove constraint is illustrated for
arbitrary map in Figs. 2~e! and 2~f!. The effect of adding
these constraints for all the maps in an entire clinical cas
shown, respectively, in Tables II and III~columns 7 and 8!
for the number of monitor units and number of segmen
The addition of the tongue and groove conditions had li
effect on the total number of segments or number of mon
units used, although different segments might appear in
sequence. The total number of segments increased by



9.
the

. The to

2455 Langer, Thai, and Papiez: Improved leaf sequencing 2455
FIG. 2. Generation of an arbitrary intensity map by different leaf sequencing algorithms.~a! Arbitrary intensity map, with entries corresponding to Ref.
Leaves move along rows. Columns separate the positions at which the leaves can stop.~b!–~d! Leaf sequences provided by three algorithms that generate
map.~b! Bortfeld, ~c! Reducing.~d! Integer~bidirectional mode!. ~e! Integer~bidirectional! with leaf collision constraint.~f! Integer with tongue and groove
constraint. Individual segments are numbered sequentially at the bottom. The number of monitor units for each segment is shown above its figuretal
number of monitor units appears in parentheses below each identified sequence of segments.
Medical Physics, Vol. 28, No. 12, December 2001
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2456 Langer, Thai, and Papiez: Improved leaf sequencing 2456
than 10% when the tongue and groove condition was ad
Calculation times when the tongue and groove constr
was added amounted to 30 s for 90% of maps, with a ra
of up to about one half hour. The addition of a constraint
leaf collision across adjacent rows increased the total num
of monitor units expended by 26%, and raised the numbe
segments used by 23%.

IV. DISCUSSION

Neither of the two well-described approaches for leaf
quencing produces a solution that makes efficient use of
numbers of segments or monitor units. The two approac

TABLE I. The number of monitor units and segments for different leaf
quencing algorithms–aggregate results. Results are summed for the arb
map and two clinical examples. Treatment delivery maps generated for
tours of prostate case I are from Ref. 14 and prostate case II.~MU are units
proportional to monitor units Seg are Segments.!

Unidirectional Bidirectional

Bortfeld Integer~U! Areal Reducing Integer~B!

MU Seg Mu Seg Mu Seg MU Seg MU Seg

Cases
Arbitrary

map
10 9 10 7 15 7 11 7 10 6

Prostate
I

83 51 83 40 113 44 88 43 83 38

Prostate
II

128 98 128 73 201 73 172 73 128 56

TABLE II. Comparison of number of monitor units under different alg
rithms, prostate case I. Number of monitor units required by different
sequencing algorithms to generate intensity maps for a sample prostate
listed by beam angle. Columns 2–6 compare the number of monitor u
required by the integer algorithm, run in unidirectional~U! or bidirectional
~B! mode, with the number of monitor units required by the Bortfeld, are
and reducing algorithms when no tongue and groove or leaf collision c
straint is present. The effect of imposing a leaf collision or tongue
groove constraint on the number of monitor units returned by the inte
algorithm is shown in columns 7 and 8. Prostate case contours are from
14.

Unidirectional Bidirectional

~1! ~2! ~3! ~4! ~5! ~6! ~7! ~8!
Special

Constraints

Beam
angles Bortfeld

integer
~U! Areal reducing

integer
~B! collision

Tongue
and

Groove

60 10 10 15 11 10 10 10
160 13 13 14 13 13 16 13
180 9 9 18 10 9 10 9
220 2 2 2 2 2 3 3
260 15 15 17 15 15 16 15
280 3 3 4 4 3 4 3
300 5 5 8 5 5 7 5
320 17 17 19 19 17 24 17
340 9 9 16 9 9 15 9

Total 8 83 113 88 83 105 84
Medical Physics, Vol. 28, No. 12, December 2001
d.
nt
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e

es

bracket the range of goals adopted in the literature for l
sequencing routines. The Bortfeld algorithm expends
minimum number of monitor units but used on average ab
a third more segments than needed for unidirectional mo
ment, and about 50% more segments than required if b
rectional movement is allowed. The areal and reducing al
rithms, respectively, expended 48% and 23% more mon
units than the minimum required to deliver treatment, a
yet used 23% more segments than needed if only the m
mum number of monitor units had been used. It is, of cour
possible to replace the restriction in Eq.~68! that the mini-
mum number of monitor units be used with the conditi
that the employed number of monitor units not exceed so
absolute or proportional increase above the minimum. T
possible tradeoff between the number of segments and m
tor units when the number of segments is minimized fo
fixed number of monitor units is the subject of ongoing i
vestigation. The minimizing integer algorithm makes it po
sible to generate sequences that respect general rules fo
movement while reaching an efficient frontier of monit
unit and segment usage.

The Bortfeld, areal, and reducing algorithms are we
described routines designed to apply to a general class of
sequencing problems. Other algorithms have been develo
to take account of manufacturer specific restrictions on c
limator movement. Two conditions were considered in t
paper, leaf collision and tongue and groove constraints. T
with the integer algorithm showed that inclusion of the c
lision constraint raised the required number of segments
number of monitor units by more than 20%. In contra
incorporating the tongue and groove constraint into the al

-
ary
n-

f
se,

its

l,
n-
d
er
ef.

TABLE III. Comparison of number of segments under different algorithm
prostate case I. Number of segments required by different leaf sequen
algorithms to generate intensity maps for a sample prostate case, liste
beam angle. Columns 2–6 compare the number of segments required b
integer algorithm, run in unidirectional~U! or bidirectional~B! mode, with
the number of segments required by the Bortfeld, areal, and reducing a
rithms when no tongue and groove or leaf collision constraint is present.
effect of imposing a leaf collision or tongue and groove constraint on
number of segments returned by the integer algorithm is shown in colu
7 and 8. Prostate case contours are from Ref. 14.

Unidirectional Bidirectional

~1! ~2! ~3! ~4! ~5! ~6! ~7! ~8!
Special

Constraints

Beam
angles Bortfeld

integer
~U! Areal reducing

integer
~B! collision

Tongue
and

Groove

60 8 6 7 6 6 7 7
160 7 5 5 5 5 6 5
180 7 5 6 5 5 5 5
220 2 2 2 2 2 3 3
260 5 4 5 6 4 5 4
280 3 3 3 3 3 4 3
300 4 3 4 4 3 4 3
320 8 7 7 7 6 6 6
340 7 5 5 5 4 7 5

Total 51 40 44 43 38 47 41
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2457 Langer, Thai, and Papiez: Improved leaf sequencing 2457
rithm had little effect on the monitor units or segments us
The integer algorithm can also be adjusted to reflect

ferent goals for the sequence that might arise as the tech
ogy for delivering intensity modulated radiotherapy~IMRT!
changes. Dramatic improvements in the speed of leaf se
can diminish the relative importance of keeping the num
of segments low. On the other hand, the control of mon
units may assume greater significance as IMRT with e
finer leaf widths is applied to sites such as breast for wh
issues of scatter radiation to uninvolved tissues are imp
tant. It is possible to substitute as a goal a weighted com
nation of number of monitor units and number of segme
by incorporating the variables that represent these quant
~viz. Z,g! into the objective function.

The shortfalls in the solution quality of available alg
rithms demonstrates a need for improved routines,
should encourage further work in this area. The precision
flexibility of the integer programming approach itself offe
one avenue for finding improved solutions. A drawback
that solution speed is sensitive to the structure and scal
the problem to be solved. The integer algorithm solved
examples shown in this report. Other problems may not
amenable to solution. With problems of denser scale
would arise from finer leaf widths, smaller increments of le
movement, or more gradations in the monitor units, it
possible that solution speed would deteriorate to make
sults unattainable in a practical time. As is true of most r
world problems to which integer programs are applied, s
cial tailoring of the algorithm to exploit characteristics of th
problem structure may allow significant improvement
speed and render the approach practical for future need
leaf sequencing design.

At present, the integer program routine offers a practi
method to study the performance of leaf sequencing a
rithms applied to problems that arise in clinical practic
Shortfalls from optimality produced by available algorithm
can be identified, so that it becomes possible to measure
excess in the number of monitor units or number of segme
that are used.

V. CONCLUSION

An integer algorithm was developed to test the perf
mance of available leaf sequencing routines. The algori
can accommodate device specific restrictions on leaf mo
ment, such as a collision constraint or a tongue and gro
condition. As implemented in this report, the algorithm r
turns a leaf sequence that minimizes the number of segm
given the constraint that the minimum number of moni
units not be exceeded. The integer model can be genera
to include other goals that have been considered for
sequencing routines. It can minimize a weighted combi
tion of the numbers of monitor units and segments, or m
mize the number of segments for different settings of
allowed number of monitor units. The model can be e
tended to consider more complicated expressions of
movement that may track wear and tear or overall deliv
time. This report provides a method to minimize one expr
Medical Physics, Vol. 28, No. 12, December 2001
.
f-
ol-

ps
r
r
r
h
r-
i-
s
es

d
d

s
of
e
e
at
f

e-
l
-

in

l
o-
.

he
ts

-
m
e-
ve
-
nts
r
ed
af
-

i-
e
-
af
y
-

sion of delivery time, the sum across all segments of
larger of either the maximum time needed to move any l
between segments or some basic setup time. The pe
mance of two well-described approaches to the design of
sequencing algorithms was studied without imposing a
special conditions on the leaf movement. The Bortfeld alg
rithm matched the minimum number of monitor units giv
by the integer algorithm, but used on average 30% m
segments than the integer algorithm required. The alterna
approach of the areal and reducing algorithms is to acc
fewer segments in exchange for more monitor units. T
tests showed that the areal or reducing algorithms used
average at least 23% more monitor units than the minimu
and yet required 23% more segments than needed if a s
tion using only the minimum number of monitor units ha
been used. The improved solution was obtained using
integer algorithm. The shortfalls of the other algorithms we
found without imposing machine specific constraints, such
tongue and groove or collision conditions. Other studies h
been interpreted as showing no change in the relative pe
mance of sequencing algorithms in the presence of a c
sion constraint. Because the integer algorithm has b
implemented to accept a collision or tongue and groove c
straint, it is possible to use it to evaluate a wide variety
algorithms that accept these special conditions or wh
adopt other goals, such as minimization of leaf setup tim
The integer program method introduced here offers an
proach to better algorithm design, and is a practical tool
measuring solution quality.
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