
MATH 521 Lecture 11

METRICSPAC.FI

A generalization of the
notion of

"distance
"

Def A metricspaee
is a set ✗ with function d :X ✗ ✗ → IR

• dlx , y ) ≥ 0
dcx , y ) =0 if

✗ =y

• dlx , 4) = dcy , ✗ I

• d (✗ iz)
≤ dlx , y ) + dcy ,z )

e.g. 0

Fact If V is a normed vector space, then
the function dcx

, g) = 11×-411

is a metric

Def X metric space w/ metric
d ( ✗ c- X )

The openb of radius around ✗ is

Bad Girl
= { y EX ,

dlx , y)
- r }

e.9 . Bpi ,
den 10 ,

1) = ☒f Buzz
,
disco ,

1) = ¥)
✗ = bounded

functions f : IR
→ R

llfllsup

dcf , g) = If-911 sup

B. (0,1) = { f
:d(f. 01<1 }

= { f :/If -011 sup < I}
= { f://flls.gs < I }

consider 1-1×1 __ ¥ aretan " '

llfllsup =L so f is not in BIO ,
1)

even though lflxl /
< 1 for all ✗

For f- EBCO , 1) we need
llfllsup < I i.e.

11ft/ sup ≤ c
for some c- I

⇔ c is an upper
bound for / f- G) 1

for some
c- 1

If × lfcx ) / <c for some cat

÷:1ft is
" bounded away from 1

"



TOPOLOGY
-

✗ is a metric space ,
SCX

Def The Interior of
5
,
denoted in -115 ) ,

is the set

{ SES : 7- E > 0 Bcs, e) as }

e.g . ✗ =R 5- [0,1] = { × : ☐ ≤ ✗ ≤ 1 }

1-E HE

É¥
in-1151=10,1,

BCI , ;-) = (% , E) as
"

{ × : :-<✗<± }

✗= 1122 5- { ✗2+42<-1}

int (5) = {
(X ,

Y) : ✗2+42<1 }
= B(0,1)

¥"
int (int (

s )) =
BCO ,

1)

Def We say a subset SCX
is ◦peˢ if

in-167=5

More examples -¥-•
✗ =# 5=10,1] on

the x-axis

int (5)
= ∅

✗ = R
'

s = Q

int (5)
= {% : 7- E > 0 :(%

- {
,
9- + e)

< ④ } = ∅

✗ = IR 5- Irr

int (Zrr
) = ∅ (dense)

Thin For any
SCX ,

int ( into )) = into) ,

in -115) is open

intcintcs) ) c in-115)

PI Let p c- int
(5)

Then there
is a

r sit . Bcp ,
r) < 5 to prove :

int (5) C int (in
-1151)

we need to show that
7- r

' sit
.
Bcp ,

r
' ) c int (5)

Claim : r'
= 3- r will do

Let y
be a point in BCP / %) ,

I need to show ye int (5)

To do that
,
we need to

show 7- some E >0 Sit. Bcy ,
E) as

claim : E. = Kr will do

let 2- c- Bly
, %) .

I need to show 2- ES



dcp ,
Z) ≤ d (p , y ) + d ly ,

7) < r

<I <E Jr☒CR

So ZEB ( Pir) CS
int (a) = ∅

Prep The union of any collection of open sets is open

The intersection of any
finite collection of open sets is open

example to worry about 11=1122

5- BCO ,
2
" ) 1=0

, 1,2 , } ,
. .
. -④

A Si
= { ( 0,07}

in-11151 = ∅

PI let shsz.SI# {Si} .net
be a collection of open

sets

first , show Si is open ⑤
%

If ✗ C- ¥,
Si

,
✗ Esi for some I

S ; is open ,
so 7- r > 0 5.t.BG/.r)cSi.Y, Si ✓

Now suppose s c-
,
Si so SE Si for at IET

Let's try to prove
Si is open

for each I , there is a
BCS , r;)

Csi

I want there to
be an r sit

.
B Carl C ,

Si ,

i. e. Bls, r) Csi for all i

choose r > 0 to be smaller than any ri

in fact , might as
well make r as large as possible

by taking r= infra

PROBLEM : all the ri are
> 0

,
but int r; might

be 0 !

e.g. if rh= %"

BUI if 7 is finite ,
we can just take r=

min ri
TET

and then r > 0 ✓



Pcp In fact
, every open set SCX is a union of some collection of

open balls

PI It 5 open ,
each ✗ ES has a ball (× , rx ) as (]☒☒

Consider
BCX

,
rxlcs

Every ✗ ES is contained in Blx
, rx ) c U Blx , rxl


