
MATH 521 Lecture 15

We are proving

71 (Heine - Borel) Every
closed subset of R

"

is compact
F

this is

important

Actually ,
let's prove

a closed SCX

[a.
,
bit × . .

' - ✗ [an , bn] is compact

Actually ,
we 'll prove [

011] is compact

Method : iteratedsubdwisi.nl
◦

1. ?

Suppose given a collection { Us}ses of open sets covering EO
,
I] .

We want there
to be a

finite swbcollectlon Us
. . . .

.
Un covering 10,1 ]

Q : Is there a finite submedian covering EO
,
%] ?

Q :
Is there a finite suhcdleetton covering [% ,

I ] ?

If both answers
are YES , we are done

zf not ,

bet I ,
be one of these intervals that cant be covered

by a
sub collection #

Now we split Is into two halves

if each half can be finitely covered ,
done

If not
,
let Iz be a

half
,
which cannot be covered by

a
finite sub collection V1

,
.

. .

,
UN

#¥
We end up with EO ,

I ] = Io
> Is > I, > I] >

.
. .

1 I;
cannot be covered by a finite swbcollection V1

, . . .

,
Un

length (4) =÷



Props (Nested Interval Theorem)

If [ as , b ,] >
[az.bz] ] [as , b ,

] > " '

is a sequence
of nested closed intervals in

Rihm[a
,
a) = { a}

( a
,
a) = ∅

7- ✗ C- K
sit

.

✗ E [ai
,

bi) for all i

RI false for
open

intends
,
e.g. ,

CO , 1)
> ( 0 , %) > (0,1-4) > . . .

P1 { as .az , . .
.
} is nonempty &

bounded above (by be ) so by LUBP ,

a = sup { as ,
. . . ,
an }

b-_ sup { be ,
. . . ,
bn}

By NIT ,
we have a point ✗ which is contained in Ii

for all i

Because
{Us} covers ✗ ,

there is at
least one open

set in
the collection

containing × , pick one
and call it Ux

Because Ux
is open ,

there is some E> 0 s , -1 . G- { ,
✗ + E) c tf

But this means that
if I take I large enough that < {

then Ii
,

a closed interval of length ¥ containing ×
,

is contained in (x- E ,
✗+
I < Ux

so contrary
to hypothesis , Ii eat

be covered
Ii

by a
finite subeollection Us

,
.
. . ,
Un with

N = 1

One way of looking at this ,

If [0 ,
I] is non compact , we can

find a
"

bad spot
"

×

NIT shows there are no bad spots

How do we prove this
is compact ! -

ji , , ,

0 1

Given infinite set
of U covering ✗



Argument , Because {U } covers × ,

there is some U in the collection containing 0 ,

Because U is open , 7- E >0 Sit
.

C-E
,
E) CU

This single U covers all but finitely many
of the points of ✗

What about a box in ☒
"? _¥.

Split box into
2
" (finite ) half - sized boxes ,

if we can cover each half- sized box with a finite

subedheotion ,
we are done

- END OF compactness

canchysequencesinmetricspace-Def.ttsequence × , ,
Xz

,
× }

,
.
. .

in a metric space
✗ is a

Candee if ,
for all { > 0 ,

7- Ne s
.
-1

.

for all

i. j > Ne
d (Xi , X ;) < s

Q :
Does every Cauchy sequence

in ✗ converge
to a

limit? ( in X )

Prof If ✗ i.
,
Xi

, . . .

is a Cauchy sequence ,
it has at most one subsequent:D

limit , lip ×,
= ✗

If ✗ = (0,11 %
,
%

,

%
,
416

,
. . .

has no sub sequential limit

why doesnt
this have a

sub sequential limit?
C ;)

Suppose a
-40,11 is a

subsequential limit ,
Bla

,
?)=( 9- ,¥ )

Amy subsequence
MISSING lz forever

suppose Y ,
Z are subsequential limits , ytz

÷✗ is ,
✗Lz ,
Xi} , . .

-

→ Y ✗"R [
• z✗ js ,

Xjz ,
X 's } ,

. .
-

→ 2-
Xje

•

d ly ,
z)=r >

0



There exists some N s -t . for all ik > N ,
je > N

dlxik
, y)
<÷ d(✗ se , 2) < ÷

dcxik ,
Xie) <÷.

BUT r=dCy
,
2-) ≤ d CY , ✗ ik) + d(Xin ,

Xie) + dcxje ,
-2 ) < 3¥

pef_ If every Cauchy sequence
in ✗ converges ,

we say ✗ is complete

(e. g. R is
incomplete)

pry Every compact metric space is complete

In a compact space , every infinite sequence has a subsequent/al
limit

so every Cauchy sequence
has exact one subsequential limit

which is
its limit

closed sets of R : finite sets ,

closed interval

-

f-◦ = [0,1]
- -

- -
-
-

F- 1 =
[0 , }] U

[}
,

I]

Ez = [ 0 , &] U [¥ ,

& ] U [} ,
} ] , [& ,

I]
•

Keep doing this
,

and define the Cantor set E : =
Ei

E is an
intersection of closed sets

,

so it is closed ,
but

• E has no isolated points

• F- contains no
closed interval


