
Def (revisited ) A function f : A-→ B is

injective if for every
b c- B ,

there is at most one

a c- A with f- (a) =b

surjective if for every b C- B
,
there is at least one

AEA with f- (a) = b

Thus
,

f is injective and surjective iff

for every
BEB

,
there is exactly one a EA with

f-(c) =b

"

A machine you
run in reverie

"

We call such a f bijective

and we denote the unique a with f- (a) =b by

f-
'

(b)

Indeed
,

when f is a bijection , A- → B

we can define a new function f-
ᵈ

:B →A

by f-
' (b) =

the unique a c- A

such that flat =b

e. g. f
: ④ → ☒ ✗↳ ZX

If ✗ EQ
,

what is f-
' (x) ? f-%) = !- ×

NC? ¥ ,
which is [ f-(x) ]

-1

Fg .

2 : AXA
-
→ A- ✗ A Ca

,
Cal

,
a

"

) ) ↳ (ca
'
, a

" )
, a

" )
↑

( lmapsto)



FUNCTIONAL COMPOSITION

Given AÉp9→c
I can apply f ,

then g to get a function gf : A → e or goof
↑

at> glflal) (Kira

FACTS & EXAMPLES

Not all pairs of fns can be composed
.
Target of f

must match source

of g.

f. g : → ① f-1×1=+2 g. (x ) =
2x

gflx )=g(f(×))
= g. (✗4=2×2

fg (x ) =
f- (glx)) = f- (2×1=4×2

! Function composition is
non-commutative

compare : a nxn matrix A
"

is
"

a
linear transformation R^→R

"

AB is a composition of these
two compositions

suppose f :A→B
is a bijection

A
± B 1-

"

f- : A- → A

←

f-If (a.) = f-
' ( f- (a. 1)

f-
t

the unique a
such that f- (a) = f- ( ao ) = ao

i.e. f-
' f = ida

f f-
' (b.) = f

( the
unique a

s -t
. f- (a) =

b.) = bo

f f
-1

= idps



Given f : A → B ,
we say g :B → A is inverse to F

if fg = idos
, gf = ida

and in this case we write g=f
-1

Non- e. 9 .

C : states → cities S: cities → states

< (state)
= capital

S (city ) = state it is
in

CS : cities
→ cities SC : states→ states

cs ( city/ = capital
of state SC = ids-14. s

the city is in

ORDEREDSETSS.isa set

what does it mean
to put a set in

order ?

smallest to longest
✗ T.witeallekredsfn-ofsay.mg#

, given × . YES , which one

for us
,
it means a way

is larger

Given sets A ,
B

a relation from A to B is a
subset RCAXB

An ordering is a certain kind of relation
,

which we denote <

Def An ordering on S is a relation on SXS such that

• (comparability ) ×
, y

C- 5 exa one
of the following is true .

'

✗ <y , YCX , ✗= y

' (transitivity) 5- { fog ,
chicken

,
cow}

cow > chicken chicken > frog coasting

zf ✗ CY and y < Z ,
then ✗< 7



Notation : An ordienedet is
a per

( S
,

<) into < is an ordering 0ns

✗ > y means y < ×

✗ ≤ y
means y <X or Y = ✗

FAI : In an ordered set 5
,
if ✗≤ y

and y ≤ × ,

then ✗ =y

Prof ; Given Xiy
With ✗ ≤ y

and y ≤ ✗

either X=y or ✗ < y

case 1 : 11=4 DONE

case 2 : ✗ < y since y≤ ✗
,
either y= ×

or y < ×

Case 2.1 : y=x DONE

case 2.2 : Ky & yet
ruled by axiom 1

EXAMPLES
• toga chicken < cow

. I
,
IQ ,
≥
≥o ,

. Any subset of an ordered set

• I
≥◦

U { w } with the ordering <w defined as follows :

"

{ 0,112,3 ,
_TV { w } 011,21 } ,

_ "

,

W - W
, .

.

.

.

-1
,
0,1

,

.
. _ ,

he

•
If min C- 2>0 mown ifmsn.lt

>
an

for all n C- I >◦

I
check axiom

given ×
, y prove exactly one of ✗ < y , y

< ×
, y= ✗

true

Case L : ×
, ye
≥
> 0

,

follows from facts about integers

case 2 : ✗ = W , Y C- I
> ◦ Y < ×

Case 3 : ✗ C- I> o y=w
✗ < y

case 4 ;

×
, Y c- U ✗ =y



VPPERBO-UNDSl.es/ S be an
ordered set Ecs

we say F- is bomded-at.ve in S if 7- s C- S

51
.

He C- E ,
S ≥e

We say s is an vppert.am# for E

• S = frog < chicken - cow

f- = { frog ,
cow }

,
cow is an upper bound

^ 5=2> ◦ F- = { 1,2 ,
4,7 } 1,000,000

'

,
14 ; 10 ; 7

.

S =
I

> o
E =
I > ° Not bounded above

.

5=2 > ◦ U to F- = I> o he is an upper bound

. S = Oh F- = { ✗ C- ④ ,
✗ <0} S is an UB , & is an UB

.

0 is an VB

Det we say s
is a leastwpperbomd-f.ir E if

• s is an upper bond for E

. If t is an upper
bound for E

,
then t ≥ s


