
Lecture 24

Sums of series of Functions
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f } ,
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_ .
a sequence

of functions

wlrlt 1-1×-1# + + .
-
=e×

If, = lim Sn whenever notion

E-I
↳ °

of convergence we

Éfn have in mind
Sn = 1=1

e.g. fn :(-1 , 1) → R

fn (x) = ✗
^

1-1×-1×2 -1×3-1×4
-1

. . .

By what
we clearly did ,

Sn (x) = !- converges
to pointwise How big can Sn be ?

{G) =L-1×-1×2-1
- " 1- ✗

^

BUT this
is not uniform

Boy : If we restrict
domain +°

each summand has 1 1

[- (1-87,1-8]
8>0

, at most 1 ,
so

Isn 1×11 ≤ 1+1-1
. . . -11

convergence is
uniform

= n -11

This follows from

TAM_ (Weierstrass M- test)

let Ms
,
M
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. .
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of non
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5.t.IM; converges
4=1

fi
,
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. . .
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of functions ✗ → ☒
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.

lfacx) / ≤ Mi b- ✗ EX

Then É◦f ; converges
uniformly



Why does this apply to the geometric series?

I need Mi

s-t . If;C×) /≤Ma
kx C- [ - (1-8) , I -8] →

1×-4 ≤ Mi Kx C- E- (1-8) ,
1- 8]

Mi = (1-8)
"

If I tried to do this with ✗ =L-1 , 1)

Vista Fourier
series

FF,

metal bar

T ( × ,
f) = temperature of

the bar at position ✗ and time -1

Given Tlx ,
07 ,

what is
TCX ,

e)?

The answer
is given by the heeteguat.io# Which expresses

§÷T(× , -4 in
terms of Tlx ,

-4

For some special choices
of TCX ,

0)

this equation
is not hard to solve

7 (× , O ) = C
⇒ T(× '

= <
linear homogeneous

T(×
,
0) =
sink T(✗it)=eᵗsin(×)

TCX ,
0 ) = sin Cnx)

That) = e
- n't

s;n(n×,

ᵈ "#mid Thon

7-15 sin (x
) -125in (Zx)

+8 sin (3×7-1
- - .

Q: which
functions can be expressed as infinite

sums of trigonometric

functions? (All functions?? )

sing + 5- sin6×7 -1¥ sin
(5×1-1 # sin ×) +

" "

Fourier series

µ, -1 obvious that
this converses

even P°"4w:&
←
Gibbs phenomenon

Tcx , f)
= e-tsincxl-3-e-9-s.in (

3×1 +F- e-255in /5×1-1 . . .:# -¥



Differentiation
ix.☐

or
(a. b)

f :X → IR ✗CIR

DEI We say f- is differentiable
of ✗EX

if for all sequences -11
,
tz

,
.
. .

→ ×

km exists
tix

in this case ,
the limit is always

the same and we call it f'G)

Note : if this limit exists ,

1in flt) - f-
G) = 0

,
so

+→ x

f differentiable
at ✗ ⇒ f

continuous
at ×

but not
⇐ #

1×1=1×1

not differentiable a-10 ; H¥ = 1¥

e.g.
let's calculate (f- g)

'

him
tᵗ"9¥c×1g

+→ ×

Iim
fctlgltl-fctlgcxi-fctlgcxy-fcxlg.CI

t- ×

=
+ → ×

=
Iim fᵗ4-9 + 1in

lflH¥¥)9

=
1in fctl Iim 9ᵗ¥9

+ IimHᵗ¥ linga ,

+→ ×

= f- (x) g
' (x) tf '(×) glxl

Prod Let f :(a. b)
→ IR

glt) is slope of this

and let ×
be an maximum ,

i.e .

f-↳I ≥
f- 41 KYE (a) b) 2¥

chord

and suppose f
is differentiable at ✗

, ,

Then f- ' (✗7=0



When + < × , f- (t ) ≤ f- ( x) 2- <× so g. (t) ≥ 0

PI Define g:
Ca

,
b) → R

When t> × , f- ( t) ≤ f- (x) 2- > × so glt)≤0

get)=

Differentiability tells us that

1in g. (t)
exists

,
for every sequence Ze ,

Zz
.
. . .

→ ×

+→ ×

In particular , every sefuence converging to ✗ from below has

g. Cts) , gctz
)

,
. . .

are non
- negative ,

so

• . -

above
Iim gctl = f-

' 1×1

+→ ×

⇒ gcx-1=1-1×1
≥ 0

g(✗+1=1-4×1--0
=D

Without assumption
of differentiability ,

this doesnt work ,

f- A 9
_

-

Lemma_ If f- is continuous on [a ,
b]

and flat -_ f- (b) ,
then : ¥;

f- has an
extremism

in La
, b)

PI [a ,b] is compact

× be maximum , y
minimum f-(x) =

Max f-(t )
+c-[a. b]

fly ) = min flt)
te [a. b]

If × or y
is in Ca

,
b)

,

✓

If not
,

f-(x) -_ flu) ,
so f- is constant

✓



MEAN VALUE TAM

f:[a. b) → IR
continuous , differentiable

on (a) b)

agbthem 7- ✗
*

C- (a. b) sit .

f-
'

(✗
*) =

ftp.?-afIh(x1=(fCb)-f(a))#s-afx


