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Last time i

A- = {✗ C- ④ > ◦
:X
'
-2} É

we were proving
that A has no supremum

we had just proven : y is an upper bound for
A if y

'

≥ 2

Now
,

let B = { y c- ④ > ◦
: y
'

> 2 }

claim : if YEB ,

then y is not an least upper bound for A

(though it is an upper
bound for A)

To prove
this

,

need to show that
, given YEB ,

there is ✗< y ✗
'

-2 (so ✗ Is also an
VB for A)

This is mntatis mntandis the same last time

so if y is a
least upper bond for A ,

then
y
'
≥ 2 (Thursday)

but not 42>2 (just now )

⇒ y
2--2

BUI :
there is no solution in ④ to 42=2

PI : Suppose a. b are integers
with

1%12=2

a

'

= 2b
'

A2 is even ,
so a is even ,

a = 2C

(2 c)2=262
4<2--262
2<2 =

b
' b

'

is even , so b is even

so write b=2d

2<2 = (Ld)
'

2C
'

= 4 d
'

c- = zd
'

conclusion: A has no least upper bound



Bet we say a nonempty set 5 has theleastupperbocmdpr.pe#if every nonempty Ecs which is bounded above

has a least upper bound

why do I specify nonempty ?

Q : Let s
= {1,2 ,

3,4,

5 } E = ∅

Does of have a
least upper

bound ? greatest loner
bound ?

is it bonded

above / below ?

An upper bound is S S.t. s ≥× for all ✗ C- ∅

s my
an upper

bound IH 7- ✗ C- ∅ s< ✗

sup ∅ =

t.info/--sThm-Suppose S has LUBP
.

Then s has GLBP

I need to show it has a greatest lower bound

Let A be the set { ✗ ES :X is a lower bound for B }

A is nonempty (because B bounded below )V-ac-A-bc-Ba-a.BA
Is bounded above ( because B is nonempty)

so by LUBP
,

A has a supremum
D= sup A

claim : 2 is the infimum for B

First of all ,
need to check 2 is a lower bound

suppose not
.

Then 7- be B with bad

2 = sup A.But remember every b c- B is an upper bound for A ✗
because

Now to prove
2

'

is the greatest lover bound for B

Suppose not:

let B
be another lower bound for B

S. BEA ,
so 2 ≥ p because L is an VB for A

so 2 ≥ any upper bound for B ⇒ 2 = infp



Pet we say an ordered field is complete if it has the least

upper
bound properly

R1 Q1 is not complete

A finite ordered set has the LUBP
{112,3/4,5}

Thin There is a complete ordered field

(we are going to
call it R )

why is the product
of no

numbers 1 ?

product ( ET
) I ×

✗ C- ∅

507 disjoint sets
of tts

" product of all numbers in SVT
"

{1,2 } z

{ 4,5 } 20

= (product of s ) . (product of T )
{ 12,415} 40

{ product of SVO } = { product of
s}

= { product of s }
. {product of ∅ }

3 !
-3=2 ! ¥ =L ! ¥=o

SLIGHT ALG DIGRESSION

Recall : A bijection between sets 5,7
is

f- : s→T which is injective and surjective

If F. G- are ordered fields
,

we can define an

isomorphism to be a function such that

• f- is a bijection we can
think of F and G-

being
• f- (✗ I > f-G)

if ×> y
" the same field with the

• f- (✗ + y) = f-G) + f-G) elements labelled differently
"

• fcxyl = f- (✗ I fly)



What we willpwve:

7- a complete ordered field 112

won4pwv

If F is any complete ordered field ,

7- f. f-→ R


