
MATH 521 Lecture 6

Last time

Def A Gme#e of rationals is

a= 91 , Az ,
. . .

Sit. for all { > 0 , 7- N ,
ti

, j > N

Ian
- ajl < {

ftp.eed-are#isa Cauchy sequence

e.g.
2

,
2,2 ,

2,2
,
.
.

.

and 0,0
, 2,2 ,

2
,

. .
_

We really want these to
be the same real number (2)

but they are net the same sequence

Def An eguivahencerelation-ons.is
a relation ~ C- 5×5 such that

• b- ✗ ✗ nx

• V. × , y xny
⇔

y~x.tl
× , 4. 2-

✗ try and ynz ⇒
x - Z

e.g. S cities
~

"
in the same state

"

s ≥
~ mvn

if m - n is even
✓✓

classes = states

- 3
-u
e. C. of 0 evens

m
- p

= Cm- n ) 1- (n- P)
e. c. of 1 odds

S K
~ mnn

if m - n is odd ×

s sets ~ Srt if
7- a bijection f. s→T

✓

S Q n Xny if 1×-41<0.01 ✗

✗ =
0.001 Y = 0.009 2- = 0.011

EQUIVALANCE CLASSES

-

°

diane
so

An equation relation ~ partitions 5 into disjoint subsets Si
,

each one of the form { SES :S ~ So } for some so



Det Two Cauchy sequences a
,

b are equivalent 2,2 , 2,2 ,
. . .

0 ,
0 , 2 ,

2
,

.

- .

if HE > 0 ,
7-NS.t.V-ilaa-b ; / < {

3,2
.

1
,
2.001

,
. . .

p_ef A rec is an equivalence class of
z

,
z

,
z
,
.
. .

Cauchy sequences
under this relation

comment : this is one way
to define K cuts (Rudin ,

Leslie )

sequence
(rules of Kemp)

There is a lot to
check eg .

why is Cavalry equivalence and

equivalence relation?

Prof If g. b- . ≤ are
Cauchy sequences , a- ~ b- and b- - ≤ ,

then a- ~≤

Pf- Az
,

Az , Az
,
94

,

95 1
" '

bi
,
bz

,

b
} ,
be

,

bs
,

.
.
-

C1
,

C
, ,

C}
,

(¢ ,

(5
,

.
.
_

pf-7-Nzs.t.la:-b , /
<£ for all I > Ne

2

7- Ni s . -1 . Ibi - El < { for all I > Nz

so for all I
- Max (Na , Nz)

la:-C:/ < E

PI
7- Nash

,
[
a. b

5.t.la:-b:/ < { a. b for
all I > Ne

7- Nb.c.Eb.es . -1 . Ibi
-

< Eb ,c for all I > Nz

so for all I
- Max (Na , Nz)

la, _ Cñl < { a. b -1 { b. c

choose { a ,b
and { b.c Sit .

{ a. b
+ {b. c <

{
a. c

✓

1
,

1.4 ,
1
.
414 , _ . .

[ = { § , ¥, ,

-18 ,
1
,
1.4 , 1,414 .

1.4145 ,
.
. -

i



The R is a complete ordered field

( see Kemp's notes for
full proof )

F2ELD_
We have to show we can

do arithmetic
, e.g .

what is × ?

9- b- = Carbs ,

azbz
,

.
_ .
)

Needs to be proved that if a- and b- are Cauchy sequences ,
then

ab_ is also Candy
- i -e

,

KE > 0 ,
IN ,

Hi
, 's > N

laib , - a ;b; /
< {

How do you
know you

can
write ↑ small

(0.1000000
-

1.001) . 1000000 . 001)

and if a- nai ,
b- rib

'

then a- b- Y' b-
'

°RDᵗRᵗ#wha+ should it mean to say a- > b- ?

Bad : ④ a : > hi Hi

② 7-NS.t
.
an> bi th> N

But consider

a = 3 ,
2

,

1
,
2.01 ,

2.001
, . . .

b = 2 ,
2

,
2

,
2
,
.
. .

Bet we say a- > b- if 7=8 > O , N such that ai
- bi -18 for all i > N

t /-
"

a- > 0

a-=
0

"bounded away
"

from 0



Pry If × , y are real numbers ,

exactly one of ✗ ay , × > y ,
or ✗ = y is true

One can
now

define

Def A Cauchy sequence of real numbers is
a sequence

✗
L ,

✗ 2 , ✗ 3 ,
. . .

Xi ER

sit
,

for any E > 0 ,
7- NS.t.V-i.j > N IX;- X; / < E

Det A sequence
of reals Xi

,
Xi

,
. . .

has limity-if.ve > 0 ,

7-NS.t.V-i> N / ✗a- Y
/ < E

Tha R has the least upper
bound property

p£ Let SCR be a nonempty subset , bonded above

Let SES
(because s nonempty)

Let MEIR
an upper bound for

S
,

M ≥ s

Iterative process starting from ( lo
,
Uo ) = ( S , M)

• Let m be average
of hi

,

U;

• If m is an upper
bound for 5

, replace U; with m

s If m is not an
UB for S

, replace Li with us

Repeat

This yields G.M ) = ( lo, Uo) , lls, UH ,
( lz

.
Uz ) , . . .

Uh - Uh-11
Uh
\
until

e ,/
lit '

Ii - lies



CLA2M_ : Both 1- and I have limits
,

the limits are the same ,

and this limit is sups


