
MATH 521 Lecture 9 R.T.

VF-CTORSPACESAvec.hrspace over
a field k ta k- vector space )

is a set V
,

whose elements are called vectors ,

with operations ¥
and j

addition scalar

multiplication

i. e. given V
,
WEV VTWEV

given VEV ,
KEK

,
tr EV

satisfying many rules , e.g. vtw-wtvdcv-wl-dvtdw.ir
-

_ [ ¥;] or CXI
,
. . .

.
Xn )

£?k is a R- vector space

•
kn is a k- vector space

(in particular , Rn is an
R- vector space)

• V = the set of
all functions f : IR → R

U

• Vets =
" • continuous functions

f- : IR
→ IR is a subspace of V

( need sum of two continuous
functions is continuous)

• Vb = the set of all bounded-f.IR→ R

• { function fi
states → R}

• R is a vector space
over

④

N0RM_
We want a way

of measuring how
"

large
"

a vector in V is

☒
409600

E.IN be the space
of functions on a 640×640 grid

☒
*◦ ✗ 6¢.

flx.gl specifies the brightness of

pixel Cx , y )

?⃝É¥ so each vector in V is an image



Suppose you have stored images V1
,

Vi
,
V3

,
. . . ,

VN

W a new image

you believe w is a match for some Vi
,
but which one ?

Which Vi is closet to w ?

When is Vi- w small?

What could we mean by the size of a vector (Xs ,
.
. .

,
Xn) in ☒

^ ?
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- - - + xny
" '

Max / ✗ it ↳ norm

/ (Xs ,
. .

- i
Xnllos ;

/(Xs ,
. .

- i
Xnl / 1×11+1×2 / +

' " + /Xnl L
'
norm

11×1 ,
. . . , Xntp (1×4+-1

.

_ .
-1 / ✗ n/

P )
"P [P nom

Def V vector space
/ R

A nom_ on V is a function 11.11 : V-i.IR sit
.

• INK ≥ O ther ,
and Hull -_ 0 if

V0

• Hav 11=17111v11
for all be R ,

VEV

•
llvtwll ≤ Hull

-111Wh tv ,
we V

P

e.g. for
the L
'
nom , says : §✓+w

What about Gnomon
R
"

V = (Xe
,

. . .

,
Xn) w=(YI , . . .

, Yn )

Vtw = (✗ 1+41 ,
. . -

,
✗ ntyn)

To show
,

Max lxinty:/ ≤ Max / ✗at -1m¥
Hit

'

~
ʰ

Let j in [1 ,
. . .

,
n ] be the index sit.

IX ; -1%1 = max / ✗a -14 :|
I

j = argqaxlxi-Y.nl



lvtw / • = my / ✗ it %
/ = / ×; -14; /

≤ 1%1+1%1
≤
may /

✗it + may 14 :L

f)[] 1%+4:] = Ivlostlwl -

RK : the set of functions f. R→R
bounded between -1 and I

are not a vector space

sin EV but their sum 2. sin is hit in
V

sin C- V

Def The nombail-Bv.ir , , (a) is the set

V vector space

II. 11 a norm on V { vev : Hulk a}

Norm balls in 1122

Bipin - is Cal Bpi
,

1 . / • (a)
Bit , He

(a)
y-✗ ≤ a ✗+4 ≤ a co.at

¥¥¥É 1¥74 . "

#
City)

" '
≤ a 1×11-141 ≤ a max (1×1,41) ≤ a

✗442 ≤ a
'

""-
R.ly ,

^ 0

↳ balls for different a

Ef We say a subsets
of a vector space V

is conic if ,

for every v , w
in 5

,

the line segment rut is continued in s

④ⁿ"
- convex
☒%
convex



pay : Norm balls are always convex

11×11=1×11 / v11
V

÷iEÉEi⑧

1- v+}w w

every point on this line segment

but (1- b) w
b EE0,1]

Pf that nom
balls are convex :

suppose v , w E Bv , ii. it (a) .

To show :

Htv + (1- d) WII
≤ a

(given Hull , Hull
≤ a)

11 but [1-d)
WH ≤ 11hr11 -11111

- d) WII

= 111 / lull -1114111Wh

1=11141+4 - b) 11Wh

≤ da + (1- a) a = a ✓

Are there good norms on space
of f : IR → R

i. -
continuous functions ?

i-boundcdfmcti.us?ID-efLet Vb space
of bounded functions f. R→1R

The supnom_ on Vb is defined by

111-11 sup
= syyplfcx ) /

Why does this exist?

Et = { lfxl} ✗ER

Ep is nonempty If I / C- Ef

Ef is
bonded above because f is bounded

⇒ By LUBP ,
F- f has a supremum

To show this is a norm ,
need to show

tlftgllsup ≤ 11ft / sup -111911s up



☒
^
= { (Xs .

. _

, Xn )}

V = {If 101 , f- (1) , 1-121 , f- (1.79 ) ,
flat , .

.
.
}

What I'd like to say is
:

let Xo be that real # such that

Iflxo) / = syyplflxl /
=

"

omg sup
1ft

"

f- 1×1 =
1- (×+ 11ft / sup =L ¥

'

A natural question :

is there some analogue of L
'

nom
for functions ? Yes

see innerpnductspaees


