
Dense Matrix Computations
Additional BLAS Level 3 Operations
(MKL interface, matrix formats and conventions)



Introduction

Last few lectures we focused on GEMM (General Matrix-Matrix Multiply) 
operations, and surveyed possible optimizations they can use

Key takeaways: 
- Utilization of memory (using cache lines fully and efficiently, 

creating “local” copies of frequently reusable memory when needed) 
was essential for some of the most impactful optimizations  

- Best use of parallel computation potential is possible when we can 
make a kernel be compute-bound (as opposed to memory-bound) 

and data transformations (blocking) can help with that 

Optimization best practices: 
- Always have checks/tests that validate the correctness of your implementation 

against a trusted “baseline” alternative (in the case of MKL, the alternative 
was highly optimized, but generally you will be seeking to do that optimization) 
- For the most invasive of optimizations (e.g. those that require careful profiling 

or looking at assembly code) try to factor out the code you are focusing on 
into as small units as possible. This makes analysis easier 

- Only sparingly go down to the level of intrinsics, and only if you have to.



Today’s lecture

We survey additional dense linear algebra routines in the repertoire of MKL, 
mostly involving matrix-matrix operations  

(they offer the best chances for parallel accelerations)

We will not descend into low-level implementation details; however: 
- Many of these routines rely on tricks similar to GEMM (so we can discuss 

them at high-level and understand the spirit of the optimizations used) 
- We can often appreciate what is the potential of these kernels for parallel 

performance based on similar ones we analyzed in detail

Categories of routines in our survey:  
- Dense BLAS Level 3 routines beyond GEMM 

(still involving matrix-matrix operations) 
- LAPACK routines on space-saving matrix formats  

- A few other special-purpose routines
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Could use multithreading to handle multiple columns, but: 
- Doesn’t help with the fact that the algorithm is memory-bound 

(the left hand side has to be read separately by every thread) 
- Doesn’t help with the fact that the forward substitution algorithm  

is still seemingly serial 
(iterations of the outer for-loop are dependent on one another)



Forward substitution on matrices

Idea: Start thinking of matrices X & B as consisting of “block” elements 
(each of which is an M-length row)
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for j = 1 . . . (i�1)
xi  xi � lijxj

endfor

xi  (l�1
ii )xi

endfor
<latexit sha1_base64="EPajmRxmLZCm+2QoxWg9UWyqk1c="></latexit>
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...

. . . Bi . . .
...

. . . BB . . .
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for i = 1 . . . N
Xi  Bi

for j = 1 . . . (i�1)
Xi  Xi � LijXj

endfor

Xi  (L�1
ii )Xi

endfor
<latexit sha1_base64="57eovaO3/NaklM9LPt1BEcICZD8="></latexit>



Compare with scalar version …
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for i = 1 . . . N
xi  bi
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endfor
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endfor
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Forward substitution on matrices

This can be done with an in-place 
back substitution on LiiXi=Bi
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Forward substitution on matrices

Each product LiiXi (for i=1,2,…)  
can be computed in parallel  

(with multithreading)
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Forward substitution on matrices

Each individual product LiiXi  
can be vectorized such as the  
inner (block) mat-mat multiply 

in GEMM
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Matrix-Matrix Products 
with symmetric or triangular inputs 
(saves bandwidth by not reading 

entire matrix)



Rank-k updates of symmetric matrices 
(rank-2k is a less used variant) 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