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1 Introduction

Constrained equations of the form

Φ(u) = 0, u ∈ P, (1.1)

with Φ : Rp → Rq being a given smooth mapping, and P ⊂ Rp a given nonempty closed
convex set, is a widely used modeling paradigm with multiple applications. Constraints may
arise in the equations setting as a natural part of the model itself, when, say, the values of
the variable u, which do not belong to the domain P , make no “physical” sense. Constraints
also often arise in reformulations of the model, either needed for the equivalence of such
reformulations to the original problem, or for enforcing some properties needed for developing
computational methods with desirable convergence guarantees. See, e.g., [1] for a discussion of
various reformulations of systems involving complementarity conditions, which lead to (1.1).
This problem setting includes, in particular, the KKT-type systems for generalized Nash
equilibrium problems [2] and mathematical programs with complementarity constraints [3].
Other applications of constrained equations can be found in [4, 5].

For a general problem (1.1), without imposing any relations between p and q, and/or as-
suming any structure of Φ and/or P , a natural computational approach to solve this problem
consists of iteratively minimizing over P the (squared) residual of the linearized equation in
(1.1). This gives the (constrained) Gauss–Newton method. For the current iterate u ∈ P , it
defines the next one as u+ v, where v is a solution of the optimization problem

minimize
1

2
∥Φ(u) + Φ′(u)v∥2 subject to u+ v ∈ P. (1.2)

The Frank–Wolfe Theorem [6] implies that (1.2) always has a solution when P is poly-
hedral, but its solution need not be unique. For a recent discussion of the Gauss–Newton
methods and some new results about them, see [7]. One popular approach to overcome
the potentially problematic issue of non-uniqueness in (1.2) is regularization. This leads to
the Levenberg–Marquardt method, the modern convergence theories for which were recently
surveyed in [8]. It consists of adding to the objective function of (1.2) a regularization term
given the squared norm of v, multiplied by the regularization parameter defined by a function
σ : P → R+. The resulting subproblem is then given by

minimize
1

2
∥Φ(u) + Φ′(u)v∥2 + 1

2
σ(u)∥v∥2 subject to u+ v ∈ P.

An alternative possibility is the cubic regularization approach, which in the unconstrained
optimization context comes from [9, 10]. Specifically, for the problem

minimize f(u), u ∈ Rp,

with twice differentiable f : Rp → R, the subproblem of the method defining the displacement
v at a current iterate u ∈ Rp has the form

minimize f(u) + ⟨f ′(u), v⟩+ 1

2
⟨f ′′(u)v, v⟩+ 1

3
σ(u)∥v∥3, v ∈ Rp. (1.3)
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Further developments of this approach for optimization problems, with the main emphasis
on complexity estimates, include the adaptive cubic regularization algorithm (ARC) [11] and
its variants in multiple subsequent publications; see, e.g., [12, 13] for some recent advances.

In this paper, we consider a technique of this kind, but for the constrained equation (1.1):
the next iterate is defined as u+ v, where v solves the optimization problem

minimize
1

2
∥Φ(u) + Φ′(u)v∥2 + 1

3
σ(u)∥v∥3 subject to u+ v ∈ P. (1.4)

If σ(u) > 0, its is clear that the objective function in (1.4) is both coercive and strictly convex,
and hence, this subproblem has the unique solution. We note that this is different from cubic
regularization in (nonconvex) unconstrained optimization, where the objective functions of
the subproblems (1.3) need not be even convex. In fact, it is important to emphasize that
the iterative scheme given by (1.4) does not correspond to any cubic regularization method
for optimization. In particular, if we take f(u) = ∥Φ(u)∥2/2, the objective function in (1.3)
would involve second derivatives of Φ, while (1.4) only employs its first derivative. However,
in the unconstrained case, the structure of the subproblem (1.4) is the same as that in (1.3)
for unconstrained optimization, and hence the same techniques for (approximately) solving
it can be applied; see, e.g., [10, 11, 12]. Perhaps, employing the additional feature that the
objective function here is strictly convex might be benefitial as well. In the constrained case,
the general-purpose methods for simply-constrained convex optimization problems can be
applied, e.g., those discussed in [14, Section 5].

This paper is devoted to local convergence and rate-of-convergence analyses for the Gauss–
Newton method with cubic regularization under mild assumptions. Specifically, in Section 2,
we present the result on local quadratic convergence of the method in question under the
constrained error bound condition allowing, in particular, for nonisolated solutions of (1.1).
In Section 3, we study the restrictions on inexactness allowed when solving the subproblems,
so that the local quadratic convergence rate is preserved. One particular advantage of the
cubic regularization technique is that, as will be shown in Section 2, to guarantee superlin-
ear convergence, unlike in the Levenberg–Marquardt method, there is no need to drive the
regularization parameter σ(u) in (1.4) to 0 as u approaches the solution set of (1.1). This
means that, in a sense, the subproblems (1.4) can be kept “the same” along the iterations,
not only qualitatively, but also “quantitatively”. In Section 4, we consider the special case of
an unconstrained system with the number of equations equal to the number of variables (i.e.,
P = Rp and p = q), but assuming that the solution in question is singular. In particular, the
error bound condition is typically violated in this case. In this setting, we provide conditions
ensuring linear convergence of the Gauss–Newton method with cubic regularization, with the
exact asymptotic common ratio 1/2.

For unconstrained optimization, local quadratic convergence of the cubic regularization
method under the error bound condition (thus allowing for nonisolated solutions) was estab-
lished in [15]. Some equivalent interpretations and sufficient conditions for the error bound
were also proposed in that work. This line of analysis was continued in [16] in the context
of optimization on manifolds, for the method with adaptive choice of regularization param-
eters, which is a variant of ARC algorithm from [11]. In [15], regularization parameters are
bounded by their choice in the algorithm, while in [11] and [16] establishing boundedness
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is an ingredient of the rate-of-convergence analysis for ARC. Therefore, these developments
agree with our requirements on σ in Theorem 2.2 below. However, we emphasize yet again
that the method considered here is not a cubic regularization method for any optimization
problem. Moreover, Theorem 2.2 below deals with the more general constrained case.

Some words are in order about our notation, even though it is quite standard. For a
closed convex set P ⊂ Rp, by NP (u) we denote the normal cone to P at u, i.e., NP (u) =
{v ∈ Rp | ⟨v, ũ − u⟩ ≤ 0, ∀ ũ ∈ P} if u ∈ P and NP (u) = ∅ otherwise, where ⟨u, v⟩ is the
Euclidean inner product of u, v ∈ Rp. Let ∥ · ∥ stand for the Euclidean norm throughout.
For a set U ⊂ Rp and a point u ∈ Rp, by dist(u, U) = infv∈U ∥v − u∥ we denote the distance
from u to U , and by B(u, ε) = {v ∈ Rp | ∥v−u∥ ≤ ε} the closed ball of radius ε ≥ 0 centered
at u. For a linear operator A, by kerA we denote its null space, and by imA its range space.

2 Superlinear convergence under the error bound condition

The analysis in this section relies on an abstract local convergence framework for constrained
equations with possibly nonisolated solutions, developed in [17]. Consider a scalar constrained
equation:

φ(u) = 0, u ∈ P, (2.1)

with φ : Rp → R+, and P ⊂ Rp is here assumed just nonempty and closed. For a moment,
let U be the solution set of (2.1).

Theorem 2.1 below is a simplified version of [17, Theorem 2.1]. It deals with an abstract
iterative process intended for solving (2.1), updating the current iterate u ∈ P to Ψ(u), where
Ψ : P → P is a given mapping.

Theorem 2.1 Let φ : Rp → R+ be a continuous function, P ⊂ Rp be a nonempty closed set,
ū ∈ U , and assume that

φ(u) = O(dist(u, U)) as u ∈ P tends to ū. (2.2)

Moreover, let Ψ : P → P be a mapping such that

Ψ(u)− u = O(φ(u)) as u ∈ P tends to ū, (2.3)

and
φ(Ψ(u)) = O((φ(u))2) as u ∈ P tends to ū . (2.4)

Then, for every ε > 0 small enough, and every u0 ∈ P close enough to ū, the sequence
{uk} defined by uk+1 = Ψ(uk) for all k is contained in B(ū, ε) and converges to some u∗ ∈ U ,
with the rate of convergence being quadratic.

Our problem (1.1) can be equivalently stated in the form (2.1) by taking, for example,
φ(u) = ∥Φ(u)∥. From now on, let U be the solution set of (1.1).

The key assumption used in this section is the constrained error bound condition:

dist(u, U) = O(∥Φ(u)∥) as u ∈ P tends to ū. (2.5)
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The use of error bounds in convergence analyses of Newton-type methods for equations
with potentially nonisolated solutions originated from [18]; see [8] for a survey of further
developments of this kind.

For the cubic regularization scheme described by (1.4), we then obtain the following.

Theorem 2.2 Let Φ : Rp → Rq be a given mapping, P ⊂ Rp be a nonempty closed convex set,
and assume that Φ is differentiable near ū ∈ U , with its derivative being Lipschitz-continuous
near ū. Let the constrained error bound condition (2.5) be satisfied. Assume finally that the
function σ : P → R+ defining the regularization parameter in (1.4) satisfies σ(u) > 0 for all
u ∈ P \ U , σ is bounded near ū, and

Φ(u) = O(σ(u)) as u ∈ P tends to ū. (2.6)

Then, for every u0 ∈ P , there exists the unique sequence {uk} such that for every k,
the displacement uk+1 − uk is the solution of (1.4) with u = uk, and with the additional
convention that uk+1 = uk if uk ∈ U . For any ε > 0 small enough, if u0 ∈ P is close enough
to ū, then any such sequence is contained in B(ū, ε) and converges to some u∗ ∈ U , with the
rate of convergence being quadratic.

Proof. The assumption σ(u) > 0 for all u ∈ P \ U implies that for any such u, the

subproblem (1.4) has the unique solution v(u), since its objective function is coercive and
strictly convex. Moreover, according to the natural convention specified in the assertion of
the theorem, for u ∈ U the displacement v(u) is 0. This yields the existence and uniqueness
of the sequence {uk} in the assertion above.

We shall employ Theorem 2.1 with φ(u) = ∥Φ(u)∥ and Ψ(u) = u+ v(u). The assumption
(2.2) in that theorem is satisfied because of the Lipschitz-continuity of Φ near ū. Furthermore,
for u ∈ U , the asymptotic relations in (2.3)–(2.4) are obviously satisfied as well.

Consider now u ∈ P \ U . Then from (2.5) and (2.6) it follows that

(dist(u, U))4

σ(u)
= (dist(u, U))3O

(
∥Φ(u)∥
σ(u)

)
= O((dist(u, U))3) as u→ ū. (2.7)

Let û stand for any metric projection of u onto U :

∥u− û∥ = dist(u, U). (2.8)

Since v(u) is the global solution of (1.4), it holds that

1

2
∥Φ(u) + Φ′(u)v(u)∥2 + 1

3
σ(u)∥v(u)∥3

≤ 1

2
∥Φ(u) + Φ′(u)(û− u)∥2 + 1

3
σ(u)∥û− u∥3. (2.9)
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Since ū ∈ U , it evidently holds that û → ū as u → ū, and from (2.8)–(2.9), applying the
Mean-Value Theorem (e.g., [19, Theorem A.10]), we derive that

∥v(u)∥3 ≤ 3

σ(u)

(
1

2
∥Φ(u) + Φ′(u)(û− u)∥2 + 1

3
σ(u)∥û− u∥3

)
=

3

2σ(u)
∥Φ(u)− Φ(û)− Φ′(u)(u− û)∥2 + ∥u− û∥3

≤ 3

2σ(u)
sup

t∈[0, 1]
∥Φ′(tu+ (1− t)û)− Φ′(u)∥2∥u− û∥2 + ∥u− û∥3

= O

(
∥u− û∥4

σ(u)

)
+ ∥u− û∥3

= O((dist(u, U))3) as u→ ū, (2.10)

where the last estimate is by (2.7). Hence, employing (2.5), we obtain that

v(u) = O(dist(u, U)) = O(∥Φ(u)∥) as u→ ū, (2.11)

which completes the justification of (2.3).
Furthermore, any u ∈ U is a (global) solution of the optimization problem

minimize
1

2
∥Φ(u)∥2 subject to u ∈ P .

The objective function of this problem is differentiable at u, with the gradient equal to
(Φ′(u))⊤Φ(u). Therefore, any such u must satisfy the first-order necessary optimality condi-
tion

(Φ′(u))⊤Φ(u) +NP (u) ∋ 0. (2.12)

Employing now [20, Lemma 1] (this lemma states that the constrained error bound implies
the upper-Lipschitzian property of the solutions set of the generalized equation (2.12) subject
to the right-hand side perturbations), we obtain that under (2.5), for any solution u of the
perturbed generalized equation

(Φ′(u))⊤Φ(u) +NP (u) ∋ ω, (2.13)

close enough to ū, it holds that

dist(u, U) = O(∥ω∥) as ω → 0.

The first-order necessary optimality condition for the subproblem (1.4) has the form

(Φ′(u))⊤(Φ(u) + Φ′(u)v) + σ(u)∥v∥v +NP (u+ v) ∋ 0, (2.14)

and (2.12) equivalent to saying that

(Φ′(u+ v))⊤Φ(u+ v) +NP (u+ v) ∋ 0 (2.15)
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holds with v = 0. Then (2.14) can be regarded as a perturbation of the generalized equation
(2.15). Specifically, if we define

ω(u, v) = (Φ′(u+ v))⊤Φ(u+ v)− (Φ′(u))⊤(Φ(u) + Φ′(u)v)− σ(u)∥v∥v

=
(
(Φ′(u+ v))⊤ − (Φ′(u))⊤

)
Φ(u)

+
(
(Φ′(u+ v))⊤ − (Φ′(u))⊤

)
(Φ(u+ v)− Φ(u))

+(Φ′(u))⊤(Φ(u+ v)− Φ(u)− Φ′(u)v)− σ(u)∥v∥v, (2.16)

then (2.14) takes the form

(Φ′(u+ v))⊤Φ(u+ v) +NP (u+ v) ∋ ω(u, v).

From the Lipschitz-continuity of Φ′ (and hence, also of Φ) near ū, from the assumption
that σ is bounded near ū, and from (2.11), employing again the Mean-Value Theorem [19,
Theorem A.10], we derive that

ω(u, v(u)) = O(∥v(u)∥∥Φ(u)∥) +O(∥v(u)∥2) +O(σ(u)∥v(u)∥2)
= O(∥Φ(u)∥2) as u→ ū. (2.17)

Therefore, u+ v(u) is a solution of the generalized equation (2.13) with ω = ω(u, v(u)),
and it holds that u+ v(u) → ū and ω(u, v(u)) → 0 as u ∈ P \U tends to ū. Thus, using [20,
Lemma 1] we conclude that

dist(u+ v(u), U) = O(ω(u, v(u))) = O(∥Φ(u)∥2) as u→ ū,

where the second estimate is by (2.17). Therefore, since Φ is Lipschitz-continuous near ū, it
holds that

Φ(u+ v(u)) = O(dist(u+ v(u), U)) = O(∥Φ(u)∥2) as u→ ū, (2.18)

completing the justification of (2.4).
The announced conclusions now follow by applying Theorem 2.1.

Observe that the assumptions on σ in Theorem 2.2 allow to take it as any positive con-
stant. In particular, σ need not tend to zero.

The following example demonstrates that Theorem 2.2 is not valid in the absence of the
assumption that σ is bounded near ū.

Example 2.1 Let p = q = 1, Φ(u) = u, P = R. Then the only solution of the equation in
(1.1) is ū = 0. This solution is nonsingular (Φ′(·) ≡ 1), and the error bound (2.5) holds.

For any σ > 0, the unique solution of subproblem (1.4) is given by

v =


1−

√
1 + 4σu

2σ
if u > 0,

−1 +
√
1− 4σu

2σ
if u < 0.
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Let σ(u) = 1/|u|ν for u ̸= 0, with ν > 0, making σ(·) unbounded near ū. For ν < 1, after
some elementary computations we obtain

u+ v = sign(u)
1

4
|u|2−ν +O(|u|3−2ν) as u→ ū,

thus yielding superlinear but not quadratic convergence of the iterates. For ν = 1,

u+ v =
3−

√
5

2
u,

and convergence is linear. Finally, for ν > 1,

u+ v = u+O(|u|(1+ν)/2) as u→ ū,

and convergence is at best sublinear.
The observations above demonstrate that Theorem 2.2 is not valid in the absence of the

assumption that σ is bounded near ū. On the other hand, if σ is bounded near ū, then

u+ v = O(u2) as u→ ū,

yielding quadratic convergence, which agrees with the assertion of Theorem 2.2, even when
(2.6) is violated.

The next example exhibits that Theorem 2.2 is not valid in the absence of the error bound
(2.5).

Example 2.2 Let p = q = 1, Φ(u) = u2, P = R. Then the only solution of the equation in
(1.1) is ū = 0, this solution is singular (Φ′(ū) = 0), and the error bound (2.5) does not hold.

For any σ > 0, the unique solution of subproblem (1.4) is given by

v =


4u2 −

√
16u4 + 8σu3

2σ
if u > 0,

−4u2 +
√
16u4 − 8σu3

2σ
if u < 0.

If σ is fixed, it holds that

u+ v = u− sign(u)

√
2

σ
|u|3/2 +O(|u|3) as u→ ū.

This evidently implies that convergence of the iterates to ū is at best sublinear, demonstrating,
in particular, that Theorem 2.2 is not valid in the absence of the error bound (2.5).

If σ(u) = χ|Φ(u)|θ = χ|u|2θ with any fixed χ > 0 and θ > 1/2, then

u+ v =
1

2
u+O(|u|2θ) = 1

2
u+ o(|u|) as u→ ū,

yielding linear convergence with asymptotic common ratio 1/2.
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Figure 1: Gauss–Newton method with cubic regularization for Example 2.3

If σ(u) = χ|Φ(u)|1/2 = |u|, then

u+ v =

(
1 +

2

χ

(
1−

√
1 +

χ

2

))
u,

also yielding linear convergence, but with asymptotic common ratio ρ(χ) = 1 + 2(1 −√
1 + χ/2)/χ ∈ (1/2, 1) for any χ > 0. This function ρ is monotonically increasing on

(0, +∞), with

lim
χ→0+

ρ(χ) =
1

2
, lim

χ→+∞
ρ(χ) = 1.

We complete this section with a discussion of the restriction (2.6) on the regularization
parameter σ(u), not allowing it to go to 0 too fast as u tends to ū. In particular, if σ(u) =
χ|Φ(u)|θ with some fixed χ > 0 and θ, this restriction does not allow the values θ > 1. This is
similar to the situation for the Levenberg–Marquardt method: the local convergence theory
presented in [8, Section 3] does not allow to take θ > 2, and moreover, [8, Example 3.1]
demonstrates that at least θ ≥ 4 cannot be taken indeed for the local convergence result in
[8, Theorem 3.2] to hold. (The question regarding the values θ ∈ (2, 4) remains open.) For
the Gauss–Newton method with cubic regularization, the cited example provides numerical
(though not analytical) evidence that the claim of Theorem 2.2 may not hold at least for
θ ≥ 3.5; see Example 2.3 below. (We cannot say anything definite about the values of
θ ∈ (1, 3.5).)

Example 2.3 Let p = q = 2, Φ(u) = (2u1(1 + u2), u
2
1), P = R2. Then the solution set of

the equation in (1.1) is U = {0} × R, and the error bound (2.5) holds near any point of this
set except for the solution ū = (0, −1).
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Numerical runs demonstrate that for θ = 3.5 and larger, the Gauss–Newton method with
cubic regularization has a tendency to converge to this ū, even when started far away from this
solution, but close to some other ũ ∈ U . One such run starting from the point u0 = (0.1, 0)
is shown in Figure 1, where the thick vertical line is the solution set U , and the thin lines are
the level curves of the equation’s residual. The iterates do not stay close to ũ, as is claimed
in Theorem 2.2 under its assumptions (here violated). Moreover, the rate of convergence is
only linear, with the asymptotic common ratio 1/2, and this agrees with Theorem 4.2 below.

3 Inexact Solution of Subproblems

We next characterize the level of inexactness that might be allowed when solving the sub-
problems (1.4), so that the local convergence and rate of convergence properties of the Gauss–
Newton method with cubic regularization, established in Theorem 2.2, are preserved.

Let the process of solving the subproblem (1.4) be terminated once its optimality condition
(2.14) is satisfied approximately, in the following sense:

(Φ′(u))⊤(Φ(u) + Φ′(u)v) + σ(u)∥v∥v +NP (u+ v) ∋ w , (3.1)

with the error term w ∈ Rp smaller by norm than some given tolerance. One natural condition
for this tolerance is to conform with σ(u) and with the residual of the equation in (1.1), as
follows:

w = O(σ(u)∥Φ(u)∥2) as u ∈ P tends to ū. (3.2)

For one practical procedure for computing a “small by norm” w satisfying (3.1) along
iterations of any convergent algorithm for solving the (variational inequality) subproblems
like (2.14), see [21, Section 2.2].

Observe that (3.1) is a necessary and sufficient optimality condition for the following
perturbation of the subproblem (1.4):

minimize
1

2
∥Φ(u) + Φ′(u)v∥2 + 1

3
σ(u)∥v∥3 − ⟨w, v⟩ subject to u+ v ∈ P. (3.3)

Whatever is w, if σ(u) > 0, the objective function of this problem is still strictly convex and
coercive, and hence, (3.3) has the unique solution v(u).

Under the assumptions of Theorem 2.2, using again any metric projection û of u ∈ P \U
onto U , similarly to (2.9) we obtain that

1

2
∥Φ(u) + Φ′(u)v(u)∥2 + 1

3
σ(u)∥v(u)∥3 − ⟨w, v(u)⟩ ≤ 1

2
∥Φ(u) + Φ′(u)(û− u)∥2

+
1

3
σ(u)∥û− u∥3 − ⟨w, û− u⟩.

Then, similarly to (2.10) (and in particular, making use of (2.7)–(2.8)), we derive the following

9



estimate:

∥v(u)∥3 ≤ 3

σ(u)

(
1

2
∥Φ(u) + Φ′(u)(û− u)∥2 + 1

3
σ(u)∥û− u∥3 + ⟨w, v(u)⟩ − ⟨w, û− u⟩

)
≤ 3∥w∥

σ(u)
(∥v(u)∥+ dist(u, U)) +O((dist(u, U))3)

= O(∥Φ(u)∥2(∥v(u)∥+ dist(u, U))) +O((dist(u, U))3)

= O((dist(u, U))2∥v(u)∥) +O((dist(u, U))3) as u→ ū, (3.4)

where the next-to-last estimate is by (3.2), while the last one is by the Lipschitz-continuity
of Φ near ū. Evidently, (3.4) implies (2.11). Indeed, if we were to assume that

∥v(uk)∥
dist(uk, U)

→ ∞ as k → ∞

for some sequence {uk} ⊂ P converging to ū, then dividing by ∥v(uk)∥3 both sides of (3.4)
with u = uk, we obtain

1 = O

(
(dist(uk, U))2

∥v(uk)∥2

)
+O

(
(dist(uk, U))3

∥v(uk)∥3

)
→ 0 as k → ∞,

yielding a contradiction.
Following the remaining part of the proof of Theorem 2.2, but with ω(u, v) defined in

(2.16) substituted by ω(u, v)+w, and employing (3.2) and the assumption that σ is bounded
near ū, we arrive to the following result.

Theorem 3.1 Under the assumptions of Theorem 2.2, let the function ψ : P → R+ satisfy
ψ(u) = O(σ(u)∥Φ(u)∥2) as u ∈ P tends to ū.

Then, for every u0 ∈ P , there exists a sequence {uk} such that for every k, the displace-
ment uk+1−uk is the solution of (3.1) with u = uk, with some w ∈ Rp satisfying ∥w∥ ≤ ψ(uk),
and with the additional convention that uk+1 = uk if uk ∈ U . For any ε > 0, if u0 ∈ P is
close enough to ū, such sequence is contained in B(ū, ε) and converges to some u∗ ∈ U , with
the rate of convergence being quadratic.

Example 2.1 continued For any σ > 0, the unique solution of problem (3.1) is given by

v =


1−

√
1 + 4σ(u− w)

2σ
if u ≥ w,

−1 +
√

1− 4σ(u− w)

2σ
if u < w.

If σ(·) is bounded near ū, then

u+ v = w +O(σ(u)(u− w)2) as u→ ū, w → 0,

and for quadratic convergence it is necessary and sufficient that

w = O(u2) as u→ ū.

10
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(b) ν = 1

Figure 2: Gauss–Newton method with cubic regularization for Example 3.1

This agrees with (3.2) in the case when σ is separated from zero near ū.
The following example is taken from [20, Section 5]; here it illustrates performance of

the inexact Gauss–Newton method with cubic regularization in the case when solutions are
nonisolated.

Example 3.1 Let p = 2, q = 1, Φ(u) = u21 + u22 − 1, P = R2. Then the solution set U is the
unit circle, and for every ū ∈ U it holds that Φ′(ū) ̸= 0, implying the error bound (2.5).

Let σ(u) = |Φ(u)|θ with a fixed θ ≥ 0. In our experiments, we implemented inexact
solution of subproblems in the sense of (3.1) by solving (with high precision) subproblems
(3.3) with the inexactness/perturbation term w constructed according to [20, Section 5]:

w(u) = |Φ(u)|θ+ν(u+ u⊥),

where u⊥ = (u2, −u1)/∥u∥ is orthogonal to u. In particular, for the requirement (3.2) on
inexactness to be satisfied, it must hold that ν ≥ 2.

Figures 2 and 3 show some runs of the Gauss–Newton method with cubic regularization
from four starting points of the form u0 = (0, 1 + t), t = 0.9, 0.5, 0.1, 0.01, for θ = 1 (the
maximum value satisfying (2.6)) and for various values of ν. The algorithm was implemented
in Matlab, with the perturbed subproblems (3.3) solved by fminunc with the “Optimality-
Tolerance” parameter set to 10−15. The thick circle in the figures is the solution set, and thin
circles are the level curves of the equation’s residual.

The lack of convergence is observed numerically for ν = 0.9 (Figure 2a) and ν = 1 (Fig-
ure 2b). For larger ν, like ν = 1.1 (Figure 3a) and ν = 1.5 (Figure 3b), still violating (3.2),
convergence from starting points close to the solution set appears superlinear (which for
ν = 1.1 only shows up after a long sequence of steps with slow decrease of the convergence
measures). Convergence is not quadratic. The limit of the iterates approaches the starting
point as the latter is getting closer to the solution set. For ν ≥ 2 (see Figure 4), satisfying

11
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(b) ν = 1.5

Figure 3: Gauss–Newton method with cubic regularization for Example 3.1.

(3.2), convergence from starting points close to the solution set appears quadratic, in agree-
ment with Theorem 3.1. That said, we would caution that those conclusions regarding the
convergence rates may be not fully reliable, as they are derived by considering some indirect
measures of convergence (distance to the solution set, residual, length of the displacement),
because solutions are nonisolated and the limit point of the iterates is not known. Also, some
numerical (accuracy) issues were encountered in our runs when close to the solution set. In
particular, the runs are often terminated earlier than the required stopping tolerance (10−12

for the residual) is achieved, because of a failure of fminunc.

We complete this section by mentioning the possibility to extend, under the appropriate
assumptions, the analysis above to the case when Φ is only piecewise smooth, along the
lines of how this is done for the Levenberg–Marquardt method in [22]. Another direction of
possible developments is concerned with the projected (instead of constrained) Gauss-Newton
method with cubic regularization, generating the next iterate as the projection of u+ v onto
P , where v is the solution of the unconstrained version of (1.4), i.e., with P substituted
therein by Rp. However, the related considerations for the projected Levenberg–Marquardt
method in [23, 24] suggest that superlinear convergence should not be expected in this case,
at least under the assumptions that are not unnaturally strong.

4 Linear convergence to singular solutions

In this section, we consider the unconstrained nonlinear equation

Φ(u) = 0, (4.1)

with smooth Φ : Rp → Rp, i.e., the special case of (1.1) with p = q and P = Rp.
Here, we are concerned with the case when the solution ū in question is singular. That

is, Φ′(ū) is a singular matrix, and in particular, the error bound (2.5) may not hold.

12
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Figure 4: Gauss–Newton method with cubic regularization for Example 3.1.

Assuming that Φ is twice differentiable at ū, the key assumption used in this section
consists of the existence of some v̄ ∈ kerΦ′(ū)\{0} such that Φ is 2-regular at ū in the direction
v̄. The latter condition means that the linear operator B(v̄) : kerΦ′(ū) → (imΦ′(ū))⊥

defined as the restriction of ΠΦ′′(ū)[v] to kerΦ′(ū) is nonsingular, where Π is the orthogonal
projector onto (imΦ′(ū))⊥ in Rp. In the case of a nonsingular solution ū, 2-regularity holds
automatically with any v̄, including v̄ = 0. What is important is that it may hold naturally
for singular solutions as well (but with v̄ ̸= 0). Note that 2-regularity is indeed a directional
property, i.e., it does not depend on the norm of v̄ ̸= 0. We refer the reader to [1] for a recent
discussion of 2-regularity and related references.

The result of our Theorem 4.2 below relies on the perturbed Newton method framework
discussed in [1]; some earlier related references are [25] and [26]. Within (a simplified version
of) this framework, for a given iterate u ∈ Rp, the next iterate is u+ v, where v is a solution
of the linear equation

Φ(u) + Φ′(u)v = ω(u), (4.2)

with a mapping ω : Rp → Rp characterizing perturbations.
For any given scalars ε > 0 and δ > 0, define the set

Kε, δ(ū; v̄) = {u ∈ Rp | ∥u− ū∥ ≤ ε, ∥∥v̄∥(u− ū)− ∥u− ū∥v̄∥ ≤ δ∥u− ū∥∥v̄∥},

which can be thought of as a conic-like neighborhood of ū associated with the direction v̄.
In what follows, we shall make use of the unique decomposition of every u ∈ Rp into the

sum u = u1 + u2 with u1 ∈ (kerΦ′(ū))⊥, u2 ∈ kerΦ′(ū).
The following is a particular case of [1, Theorem 1].

Theorem 4.1 Let Φ : Rp → Rp be twice differentiable near ū ∈ Rp, and assume that

Φ′′(u)− Φ′′(ū) = O(∥u− ū∥) as u→ ū. (4.3)
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Let ū be a solution of equation (4.1), and assume that Φ is 2-regular at ū in a direction
v̄ ∈ kerΦ′(ū) \ {0}. Let ω : Rp → Rp possess the following properties: there exists δ > 0 such
that

ω(u) = O(∥u− ū∥2), (4.4)

Πω(u) = O(∥u1 − ū1∥∥u− ū∥) +O(∥u− ū∥3) (4.5)

for u ∈ Kε, δ(ū; v̄) as ε→ 0+.

Then, for every ε̂ > 0 and δ̂ > 0, there exist ε = ε(v̄) > 0 and δ = δ(v̄) > 0 such that for
any starting point u0 ∈ Kε, δ(ū; v̄), there exists the unique sequence {uk} ⊂ Rp such that for
each k, the displacement uk+1−uk is the solution of (4.2) with u = uk, and for this sequence
and for each k, it holds that uk2 ̸= ū2, u

k ∈ K
ε̂, δ̂

(ū; v̄). Furthermore, {uk} converges to ū,

{∥uk − ū∥} converges to zero monotonically,

∥uk+1
1 − ū1∥

∥uk+1
2 − ū2∥

= O(∥uk − ū∥) as k → ∞, (4.6)

and

lim
k→∞

∥uk+1
2 − ū2∥

∥uk2 − ū2∥
=

1

2
. (4.7)

We now get back to the Gauss–Newton method with cubic regularization, whose sub-
problem (1.4) for the unconstrained equation (4.1) becomes

minimize
1

2
∥Φ(u) + Φ′(u)v∥2 + 1

3
σ(u)∥v∥3, v ∈ Rp. (4.8)

The first-order optimality condition (2.14) for this problem takes the form

(Φ′(u))⊤(Φ(u) + Φ′(u)v) + σ(u)∥v∥v = 0. (4.9)

Assuming that σ(u) > 0, for the solution v of (4.8) we have that

1

2
∥Φ(u) + Φ′(u)v∥2 + 1

3
σ(u)∥v∥3 ≤ 1

2
∥Φ(u) + Φ′(u)ṽ∥2 + 1

3
σ(u)∥ṽ∥3 ∀ ṽ ∈ Rp,

and therefore,

∥v∥3 ≤ 3

2σ(u)
∥Φ(u) + Φ′(u)ṽ∥2 + ∥ṽ∥3 ∀ ṽ ∈ Rp. (4.10)

From [27, Lemma 3.1], we obtain the existence of ε > 0 and δ > 0 such that for any
u ∈ Kε, δ(ū; v̄) \ {ū}, the matrix Φ′(u) is invertible, and

(Φ′(u))−1 = O(∥u− ū∥−1) as ε→ 0 + . (4.11)

Therefore, for such u, there exists the unique displacement ṽ of the basic Newton method for
(4.1), defined by (4.2) with ω ≡ 0. Moreover, according to [1, Lemma 1], it holds that

ṽ = O(∥u− ū∥) as ε→ 0 + .
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From (4.10) applied with this ṽ, we then obtain that

∥v∥ ≤ ∥ṽ∥ = O(∥u− ū∥) as ε→ 0 + . (4.12)

Then, setting
ω(u) = σ(u)∥v∥((Φ′(u))⊤)−1v = σ(u)∥v∥((Φ′(u))−1)⊤v,

we have that v satisfies (4.2). Next, from (4.11) and (4.12) we obtain that

ω(u) = O(σ(u)∥u− ū∥) as ε→ 0 + . (4.13)

Let σ(u) = χ∥Φ(u)∥θ with fixed χ > 0 and θ ≥ 0. Since

Φ(u) = Φ′(ū)(u1 − ū) +O(∥u− ū∥2) as ε→ 0+,

in this case we have from (4.13) that for θ ≥ 1 it holds that

ω(u) = O(∥Φ(u)∥θ∥u− ū∥) = O(∥Φ(u)∥∥u− ū∥) = O(∥u1 − ū∥∥u− ū∥) +O(∥u− ū∥3),

yielding the needed properties (4.4)–(4.5), for u ∈ Kε, δ(ū; v̄) as ε→ 0+.
Applying Theorem 4.1, we now obtain the following result.

Theorem 4.2 Let Φ : Rp → Rp be twice differentiable near ū ∈ Rp, and assume that (4.3)
holds. Let ū be a solution of equation (4.1), and assume that Φ is 2-regular at ū in a direction
v̄ ∈ kerΦ′(ū) \ {0}. Let σ(u) = χ∥Φ(u)∥θ with fixed χ > 0 and θ ≥ 1.

Then, for every ε̂ > 0 and δ̂ > 0, there exist ε = ε(v̄) > 0 and δ = δ(v̄) > 0 such that for
any starting point u0 ∈ Kε, δ(ū; v̄), there exists the unique sequence {uk} such that for every
k, the displacement uk+1 − uk is the solution of (4.8) with u = uk, and for this sequence and
for each k, it holds that uk2 ̸= ū2, u

k ∈ K
ε̂, δ̂

(ū; v̄), {uk} converges to ū, {∥uk − ū∥} converges

to zero monotonically, and (4.6) and (4.7) hold.

The following example illustrates the importance of the choice of the parameter θ ≥ 1 in
Theorem 4.2.

Example 4.1 Let p = q = 2, Φ(u) = (u21 + u32, u1u2), P = R2. Then the only solution of
the equation in (1.1) is ū = 0, this solution is singular (Φ′(ū) = 0), and Φ is 2-regular at ū in
every direction v ∈ R2 with v1 ̸= 0.

Numerical experiments show that for θ < 1, when starting from the points of the form
t(1/2, 2) (with 2-regularity satisfied in the direction (1/2, 1)), no matter how small t > 0
is, the Newton method with cubic regularization converges along the ray in the direction
(0, 1) violating 2-regularity, and the rate of convergence is either sublinear, or linear with
the asymptotic common ratio greater than 1/2 (close to 1). An example of this behavior
can be seen in Fig. 5. At the same time, for θ > 1, we observe that when t > 0 is taken
small enough, convergence is along some direction satisfying 2-regularity, and the rate of
convergence is linear with the asymptotic common ratio 1/2, thus agreeing with the theory;
see Fig. 6.
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Figure 5: Gauss–Newton method with cubic regularization for Example 4.1; χ = 1.
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Figure 6: Gauss–Newton method with cubic regularization for Example 4.1; χ = 1.
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