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PROXIMAL GRADIENT VU-METHOD WITH SUPERLINEAR CONVERGENCE
FOR NONSMOOTH CONVEX OPTIMIZATION*

SHUAI LIU, CLAUDIA SAGASTIZABAL?, AND MIKHAIL SOLODOV?

Abstract. The V U-theory for nonsmooth functions and the associated space decomposition have been used
for studying the structure of nonsmoothness and for developing algorithms with superlinear convergence in those
challenging (for fast convergence) settings. We extend the theory by defining a certain bivariate U/-Lagrangian
function and the partial ¢/-Hessian. Utilizing smoothness properties of the new U/-Lagrangian we develop the
Proximal Gradient V U -method for continuous nonsmooth convex optimization, and show its superlinear convergence
under natural assumptions. The framework consists of a “V-step which is a prox-gradient step, and a U-step which
can be considered as a quasi-Newton step applied to the U/-Lagrangian. We show that partial ¢/-Hessians exist for
most partly smooth functions. As an example, our method is applied to solving ¢;-regularized problems. We exhibit
the explicit process of constructing a basis of the U-space and of calculating the U/-Hessian. We conclude with
numerical results illustrating the method’s performance.

Key words. VU-decomposition, proximal gradient YV U-method, quasi-Newton method, proximal point,
nonsmooth optimization, superlinear convergence
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1. Introduction. We consider the problem

(1. mIiRn f(x), where f: R" — R is a nonsmooth convex function .
xeR”

The VU-theory introduced in [20, 22] (closely related to partial smoothness [24]) has been
used for the study of smooth structures in nonsmooth functions in [30, 21, 32, 34, 7, 2].
As explained in [42, 28], nonsmoothness is particularly difficult for fast (i.e., superlinear)
convergence. Despite this challenging context, the VU-theory provides a favorable setting
for the development of superlinearly convergent algorithms [39, 35, 11, 13, 3]; see also [25, 40].
The approach is to decompose the space R" into two orthogonal subspaces called V and U,
depending on a point X. The V-space is defined to be the subspace parallel to the affine
hull of the subdifferential d f(x), and U consists of the directions such that the directional
derivative f’(x;-) is linear. Roughly speaking, the V and U spaces are defined so that near
the point X the nonsmoothness of f is captured in the V-space and the smoothness of f is
captured in the U-space. Through a parametrized Lagrangian defined on the U-space, called
the U-Lagrangian, second-order Taylor expansions of f in U can be obtained if a generalized
Hessian (called U/-Hessian) exists for the ¢/-Lagrangian.

In the original VU -algorithm [22], the V-step minimizes a prox-regularization of f in
the V-subspace, and the U -step makes a Newton-type step in the U-subspace of the U-
Lagrangian (where the U/-Lagrangian looks smooth). The superlinear convergence requires
the existence of a positive definite ¢/-Hessian. This conceptual approach did not address how
to identify the VU-geometry along an algorithmic procedure. In order to pass from theory
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2 S. LIU, C. SAGASTIZABAL, AND M. SOLODOV

to computational implementation, it is important to examine the structure of (nonsmooth)
functions. The specific VU-theory for finite-max functions and the numerical analysis of the
relevant VU-objects were considered in [29] and [11]. A more general class of functions
given in [30, 32], said to have primal-dual-gradient (PDG) structure, identifies a fast track,
which are points from where fast Newton-type steps are possible. Links with the VU-theory
of partly smooth functions are the subject of [15, 26, 10, 14]. In particular, [14, Theorem 3.2]
establishes a one-to-one correspondence with the fast track and the active manifold of a partly
smooth function.

An important step towards implementable VU algorithms is [31], where it is shown that
proximal points are on the fast track. This result suggests that the V-step can be implemented
by a prox-step on f when it is easy to compute, or by a bundle method [18] that approximates
this step by computing proximal points of succesive cutting-planes models of f. Fully imple-
mentable (fast) VU-algorithms for solving (1.1) are scarce, because they need to approximate
sufficiently well both the (exact proximal) V-step and the (exact) U/-Newton direction. Gen-
erally, this involves solving at least two quadratic programming problems per iteration. Such
is the case of [35], the first VU -algorithm for problems like (1.1), where no specific structure
for f is required. The work [36] proposes two sequential Newtonian methods based on local
parameterizations obtained from relating VU -theory with Riemannian geometry. Like for the
VU-theory, considering a family of functions with specific properties leads to more targeted
implementations. For maximum eigenvalue and convex finite-max functions, we mention [39]
and [13]. How the VU-decomposition can be iteratively constructed by bundle methods for
a certain class that includes max-functions is explored in [7].

When f in (1.1) has additive structure as in (3.1) further below, subtle geometrical
properties of the proximal operator allow [2] to asymptotically detect the correct V-step by
means of a proximal gradient (PG) method [4]. Depending on the nonsmooth term, this
calculation is explicit, or entails solving a simple quadratic program. The U-step corrects the
PG iterate by a certain Newton-like direction, computed by solving a (possibly another, second)
quadratic programming problem. When applied to the same class of functions, our proposal
eliminates the latter second quadratic program, thanks to a suitable shifting of the optimal
subgradient resulting from the PG iterate calculation. The full corresponding algorithm,
named Proximal Gradient VU method or PGVU for short, is given in Algorithm 3.1 below.

In order to analyze convergence of the PGVU method, an important extension of the
VU-theory is needed. In all the mentioned studies, given a point x € R”, the U-Lagrangian
is a single-variable function, defined considering a subgradient g € 9 f(x) as a parameter.
But in the algorithmic setting we have to deal with a sequence of subgradients (g% € 9 f (x¥)
at iteration k), that change the parameter defining the 9/-Lagrangian along iterations. As
illustrated by Example 2.2 below, with more than one fast track converging to a minimizer X,
different subgradients yield U-Lagrangians associated with different fast tracks. To prevent
possible oscillatory behaviour, in our U/-Lagrangian definition, the subgradient is no longer
a parameter, but another variable. Accordingly, we extend the theories to such bivariate
U-Lagrangian, defining a partial ¢/-Hessian as the general partial Hessian of the new U-
Lagrangian. Properties that hold for the single-variable ©/-Lagrangian are now shown to hold
for the bivariate U-Lagrangian. Thanks to our extended VU-theory, the proposed Proximal
Gradient VU-method has superlinear convergence, requiring only the (natural, for potential
fast convergence) assumptions of the existence of a positive-definite ¢/-Hessian at a solution
X such that 0 € rid f(x). Moreover, we show that any convex partly smooth function that
satisfies 0 € ri d f(X) automatically has a partial ¢/-Hessian. Finally, we demonstrate the
constructive process through the application of PGVU to ¢;-regularized minimization.

The rest of the paper is organized as follows. In the remaining part of Section 1 we
introduce the notation. In Section 2, we lay out the foundation of VU-theory for the
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PROXIMAL GRADIENT VU-METHOD 3

development of our Proximal Gradient VU -method. We give the definition and smoothness
properties of the bivariate U-Lagrangian function and show that computing the proximal
point can serve as the V-step. In Section 3, we give the details of our PGVU-method and
show its global convergence. The definition of a partial U/-Hessian is given in Section 4
and, under the assumption of a positive definite partial ¢/-Hessian and 0 € ridf(x), we
prove that PGVU is superlinearly convergent. In Section 4.2, we show that all convex partly
smooth functions satisfying O € ri d f (x) have a partial U/-Hessian at ¥. Section 5 applies the
proposed Proximal Gradient VU-method to {;-regularized minimization. We first verify the
existence of a U-Hessian. Then we provide an inexact prox-step as the V-step and construct
a basis for the U-space. Numerical results reported at the end of this section show that PGVU
performs well both in terms of computational time and accuracy. Concluding remarks are
given in Section 6.

Notation. We mostly follow [41]. Let R = [—co, co]. By df(x) we denote the limiting
subdifferential of f at x, and by 0 f the horizon subdifferential of f. This is needed to
refer to some cited results. Of course, for a convex finite-valued f, df(x) is is the usual
subdifferential in Convex Analysis. The notation f’(x; d) is the directional derivative at x in
the direction d. For a smooth bivariate function f(x,y), V. f(x,y) and V2 f(x,y) are the
partial gradient and partial Hessian of f with respect to the variable x. For given points x
and y, the partial subdifferential d, f (%, y) is defined to be the subdifferential of f(-,y) at
X. The indicator function of a convex set C is ¢ (+) and its interior and relative interior are
respectively int C and ri C. The distance of a point x to a set C is dist(x; C) := inf,ec||z — x| .
The Euclidean closed ball in R" centered at X with radius € > 0 is denoted by B(X, €) and
the ball in R™ is B"(x,€). For a function f, its minimal value is denoted by f* and its
set of minimizers by S. The vector e/ € R" has all of its components null, except for
ej. = 1. Regarding convergence rates, the notation “little 0" in [38] for scalars is used for

vectors, as follows. For vector sequences R” > {x*} — % and R™ > {y*} — 7, and
for || - || the Euclidean norm in the corresponding space, x* = o(yX) is short hand for
“Ye > 0,3K : ||x¥|| < g||y¥|| forall k > K. The notation for “big O" term is used in a
similar manner. The class of twice continuously differentiable functions is CZ.

2. Elements of the VU -theory. We start with the definition of the two subspaces in
question.

DerintTION 2.1 (VU-decomposition). Given a convex function f: R" — R and a point
X, the VU-decomposition of R" associated with f and X is defined by the subspaces

V(%) =span(df(¥) —g), UEFE)=VE@)",

where g is an arbitrary subgradient in 9 f (X).

The respective dimensions are m = dimU(x) and n — m = dimV(X). As vector spaces,
V(%) and U (x) are endowed with a scalar product and norm induced from R”. When clear
from the context, the short forms <V and U are used below.

The algebraic form of the decomposition depends on two matrices:

R™™M 35 [J: = amatrix whose columns form an orthonormal basis for U
Rix(n=m) 5y . a matrix whose columns form a basis for V',
with Moore-Penrose pseudo-inverse V' := (VTV)™'VT.

More specifically, the U-and V-components of any x € R" are defined by

x, =Ux, Xy = Vix.

This manuscript is for review purposes only.
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4 S. LIU, C. SAGASTIZABAL, AND M. SOLODOV

By the definitions of V and U, the set U0 f(X) is a singleton, and hence,
2.1 gu:=U'gforany g € 0f(x).
2.1. The U-Lagrangian. Given g € d f(X), the single-variable U-Lagrangian of f is
R" 3 um— ngj(u) = wei]g*m {f()? +Uu+Vw) — <§V,VTVW>} )
The associated set of V-space minimizers is
W (u) = {w e R L5 (u) = (% + Uu+Vw) - (&, Vva>} .

By its definition, the U-Lagrangian is finite-valued and convex on R". When, in addition,
gy € Vi 0 f(x), it is shown in [22, Theorem 3.2, Theorem 3.3(ii)] that

(2.2) WE(0) = {0}, L{ (0) = f(%), LY, is differentiable at 0 with VLY (0) = V£x(0) = g, .

Evaluating the U{-Lagrangian at some “V-minimizer yields the following special first-order
expansion for f:

w8 (u) € W8 (u), f(&+Uu+Vw8(u)) = f(F) + (Gu, u) + (gv, VTng(u)> +0(Uu).

When, in addition, second-order approximation for f exists along the U/-subspace, a Newton-
like step is possible, opening the way to superlinearly convergent schemes; see Sections 2.3
and 4 below.

In the sequel, we shall introduce an important advance with respect to the previous VU-
literature. It has to do with the following considerations. Note that the original ¢/-Lagrangian
from [22] was defined for some fixed § € ridf(¥). While it is true that (2.1) guarantees
that the U/-component g, is the same for all g € df(X), the argument is not valid for the
V-component g,. If, as in the example below, the value of g, modifies the V-minimizer,
different ¢/-Lagrangians emerge from different g,,.

ExampLE 2.2 (A function with structured nonsmoothness). Given a scalar a > 0, for
(u,v) € R? the function

F(u,v) = max {%uz, |v|} = %uz + max {0, [v| — guz}
is differentiable everywhere except for points satisfying the equation |v| = %uz. Its unique
minimizer is x = (0, 0), where the subdifferential is 9 F (x) = {0} x [—1, 1]. Figure 2.1 shows
that the graph of F is U-shaped along the u-axis and V-shaped along the v-axis. The VU-
decomposition at X gives U = Rx0and V =0 xR. Then forany g € ridF(x) =0x (-1, 1)
we have g, € (=1, 1). (When clear that a point is in R X 0 or 0 X R, we omit the 0 component.)
Working out the calculations of the three cases for the V-minimizers, we obtain that

) {%MQ} , lfgv € (0’ 1)7 ~ a
We(u) = {v: vl < %u?}, ifg, =0, = L) =(1-a)7u’.
{-%u?}, if g, € (-1,0).

Notice the dependence of the U/-Lagrangian on the chosen subgradient.
For functions with structured nonsmoothness, the VU-decomposition is useful to reveal
hidden smoothness. For F, this relates to the trajectory below:

B () = {x + (u,v8(u)) : foru € R and vé(u) = gsign(gv)uz c Wé'(u)} .

This manuscript is for review purposes only.
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Fig. 2.1: Function F in Example 2.2, the associated V-minimizers, and fast tracks

In the parlance of [31], this is a fast track along which F can be expanded up to second order:
_ a _ _
F(x®(u) = 51, VuF (x* () = au, and Vi, F(x*(u) = a.

The fast track {(u, %uz)} in Figure 2.1 is obtained with g = 0.

The situation illustrated by Example 2.2, with trajectories of smoothness depending on
the choice of the subgradient g, motivates the consideration of a bivariate U-Lagrangian,
introduced in this work.

2.2. Two-variable 7/-Lagrangian. Pursuing further the analysis of the impact of g,
on the U-objects, we now consider extending the VU -decomposition theory to a setting in
which g,, is an argument of the U-Lagrangian. Rather than depending only on u, the function
has primal and dual variables, that is, (1, g,) € R™ X R"*™",

DeriNiTION 2.3 (U-Lagrangian with two variables). The bivariate U-Lagrangian of f
is defined from R™ x V1 f (%) to R as follows:

R™"XVIf(X) > (u,gv) + Ly(u,gy) =infyern-m {f(X+Uu+Vw) - (g,,VVw)},
and the associated set of V-space minimizers is
W(u,gy) :={w e R"™: Ly(u,gv) = f(X+Uu+Vw) — (g,, V'Vw)} .

The notation in this work, Ly (u, g,), should not be confused with [31], where only u is a
variable, and the semicolon in Ly (u; ) is used to expose that g, is a parameter.

The set rid f(x) := {g e R": g +intB(0,n) NV c df(x) for some n > 0} defines the
subdifferential relative interior. For each g € rid f(X), we have Ug,, + Vg, + % € 0f(x)
for all w € R"™™ and the convexity of f implies that, for any (u, w) € R™ X R"™" it holds

that
(2.3) FE+Uu+Vw) > f(X) + (Gu, u) + (g0, VIVW) +5l[Vw]|.

In order to properly deal with variations on the U/-component in a manner that is uniform
relative to interior subgradients, for a small positive number 77, we define the closed subset

(24) p-ridf(x) ={g eR": g+B(0,7) NV c 8f (%)} and let G,, (%) := VIp-rid f (%) .

This manuscript is for review purposes only.
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To show some continuity and smoothness properties of the U -objects, we consider (u, g,)
as a perturbation parameter in a family of parametric minimization problems with value
function equal to the ¢/-Lagrangian, and solution mapping equal to the set of V-minimizers.

Lemma 2.4. Given G (X) from (2.4), the mapping
(w1, 8y) = f(X+Uu+Vw) = (g0, VIVW) +66,(x) (8v)

defined from R xR™ xR~ 1o R, is proper, Isc, and level-bounded in w locally uniformly
in (u, gy); see [41, Definition 1.16].

Proof. Clearly, @ is proper because f is finite-valued and @ is Isc by the continuity
of f and closedness of G, (x), which follows from the definitions in (2.4). To show the
property of uniform level-boundedness, for all @ € R consider the mapping S, (u, g,) = {w :
O (w,u,g,) < a}. This mapping is nonempty (and can be unbounded) only when g, € G, (X),
in which case

Sa(u,gv) ={w: fE+Uu+Vw) - (g, V'Vw) < a}.

In view of (2.3), for any such g, and (u,w) € R™P with w an element of S, (u,g,),
we have @ > f(X + Uu +Vw) — (g,,VIVw) > f(X) + (gu,u) + n|[Vw||, and therefore,
Sa(u,gv) < T(u,gv) = {w: f(X) +(gu,u) +nllVw| < o} . By [4]1, Example 5.17(b)],
it suffices to show that S, is uniformly bounded below. We first derive a uniform local
bound for the larger mapping 7', by considering (u, g,) € B(i, €) X G, (x) N B(g,,€), for
some (i1, g,) € R™ X G, (X). As g, is fixed, the uniform bound follows, because (g, u) >
—||gu||(e + ||ﬁ||) , which in particular yields that 7[|Vw|| < @ — (%) + ||gu||(e + ||ﬁ||) for all
we Sq(u,gy) cT(u,gy).

As stated, minimizing the mappings in Lemma 2.4 in the first variable yields, for all
(u, gy) € R™ X G, (x), the bivariate U-objects in Definition 2.3:

Ly(u,gy) =inf ®(w,u,g,) and W(u,g,)=argmin®(w,u,g,).
w w

Thanks to Lemma 2.4, several important relations known for the single-variable ¢/-Lagrangian
hold in our new bivariate context.

THEOREM 2.5 (Smoothness of bivariate U-objects). Given G, (X) from (2.4), the bivari-
ate U-Lagrangian and the V-space minimizer set from Definition 2.3 satisfy the following
properties.

1. Ly is finite-valued on R™ X G,,(X);
W is outer semi-continuous and locally bounded on R™ X G,,(X);
W(0, g,) = {0} and W is continuous at (0, g,,) for any g, € G, (X);
Ly is locally Lipschitz continuous on the interior of R™ X G, (X);
Ly is differentiable at (0, g,) for any g, in the interior of G, (x), with
VLy(0.8) = (300);
6. Forall (u,g,) € R xV'ridf(x), and w an arbitrary point in W(u, g,),

Nk we

OuLy(u,gy) ={sy:s€df(x+Uu+Vw), s, =gy} .

Proof. For notational convenience, we define G := G, (x). All the subsequent references
in this proof are from the book [41], noting that the assumptions in the invoked statements hold
thanks to Lemma 2.4. To see item (i), apply first Theorem 1.17(a), to show that Ly is proper
and Isc on R". For each (u,g,) € R"™ X G, Ly(u,g,) < ®0,u,g,) = f(x + Uu) < +oo.

This manuscript is for review purposes only.
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PROXIMAL GRADIENT VU-METHOD 7

Consequently, Ly is finite-valued on R” X G. From Theorem 1.17(c), we have that Ly is
continuous on R™ x G, as for any w € W (i, g,,) the function ®(w, -) is continuous in (u, g,)
at (i, g,) relative to R™ X G. Consequently, item (ii) follows from Theorem 7.41(b). Item
(iii) is derived from Example 5.22, by exhibiting a point (i, g,) € R™ X G such that W (i, g,)
is single valued with Ly (i, g,,) continuous relative to R™ X G. The latter condition is ensured
by item (i) while the former is achieved by taking iz = O and g, € G and applying (2.2), noting
that W(0, g,) = W&(0) = {0} . To show the next item, according to Corollary 10.14(a), we
need to verify that for any (u, g,,) € int R x G, it holds that

@2.5) U {(s',57): (0,5, 5%) € 3°D(w,u,8,)} = {(0,0)} .

weW (u,gy)
To this end, define ® = h; + h; for the following two functions from R"~™ x R™ x R"~™ to R:
hi(w,u,g,) = f(x+Uu+Vw)+dg(gy) and hy(w,u,g,) =- (gv, VTVW> +dG(gy) -

Since h; is proper, Isc and convex and hy is strictly differentiable at (w,u, g,) for any
gv € int G, applying Exercises 10.10 and 10.7, we obtain that

0°D(w,u,gy) = 0%hi(w,u,gy) = {(V's,U"s,0): s € 0¥ f(X+Uu+Vw)} = {(0,0,0)},

where the last equality holds because the horizon subdifferential of the finite-valued convex
function f is null. As claimed, (2.5) holds and (iv) follows. Item (v) is derived from the result
W (0, g,,) = {0}, item (iv), and Corollary 10.14(b), by showing that

(2.6) {657 (0,y",5%) € 89(0,0,80)} = {(3u,0)} -
Once more, from Exercises 10.10 and 10.7, we get that
89(0,0,8,) = {(V'y—V'Vg,,U'y,0): y € df (%)} .

The expression in (2.6) then follows from (2.1), concluding the proof of item (v). Finally,
to see item (vi), fix any g, € Vridf(¥). For each u € R™, the partial subdifferential
8uLy (u, gy) is defined to be ALY, (u). For each g, € VI ridf(x), L§,(u) = inf,, dg, (w,u),
where ®g, (w,u) = f(x + Uu +Vw) — (g,,V'Vw). In view of Lemma 2.4, ®g,(w,u)
is level-bounded in w locally uniformly in u because in this case g, is a parameter and
(2.3) holds for some 77,,. Noting that L‘(gjV (u) is convex, we can apply Corollary 10.13
to obtain that 6L‘§,V (u) = {y eR™: (0,y) € 00g,(w,u)} for any w € W8v(u). It is next
seen that 0®g, (w,u) = {(V's —=V'Vg,,U's): s€ 0f(x+Uu+Vw)}. We also have that
0 € V's —V'Vg, equivalent to (V'V)™'V's = g,.. Consequently, item (vi) holds. a

All the properties listed in (2.2), with only « considered a variable, can now be compared
with the statements in items (iii) and (iv) of Theorem 2.5, shown in the bivariate setting.

2.3. V-minimizers and proximal points. When the special trajectory associated with
V-minimizers is identified, the function appears smooth along the resulting Z/-subspace, and
a U-Newton step is possible. For a VU-method to be superlinearly convergent, the fast
U-step should dominate over the V-step. In this respect, the behavior of V-minimizers in
the set W(u, g,,) from Definition 2.3 is crucial.

For the original U-Lagrangian, [22, Corollary 3.5] shows that V-minimizers are tangent
to the U-subspace. The same important result holds for our new bivariate U/-Lagrangian, as
established next.
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8 S. LIU, C. SAGASTIZABAL, AND M. SOLODOV

LemMA 2.6 (Tangential trajectories). Let § € 1id f(x), ¥ € R". With the notation and
assumptions of Lemma 2.4, we have that

@7 Lo, 8) = () + @) +o(Un+ Vigy - ).

Proof. By item (v) in Theorem 2.5, the function Ly, is differentiable at (0, g,,), and hence,

Lu(u:8) = Lu(0,8,) +(VLu(0,8,), (1, 8,) = (0.8)) +0(Un+ V(gy = )

Substituting Ly (0, g,)) and its gradient by their explicit expressions gives (2.7). 0

Together with the ¢/-Lagrangian given in Definition 2.3, from (2.7) we obtain the follow-
ing first-order expansion for f:

FE+Uu+Vw(u,gy) = F(X) +(Gu, u) + (v, VIVW(u, gy)) + O(Uu + Vg‘,) .

When compared with the relation given in Section 2.1 for the single-variable setting, we see
that for fast convergenge purposes, not only the ¢/-component («) should dominate eventually,
but also the V-component of the subgradient (g, ) should vanish. In Algorithm 3.1 below,
this is achieved by adding the ©/-Newton step to the proximal gradient update.

Having highlighted the importance of ‘V-minimizers, we now show that they can be
identified by means of the proximal point mapping. For any function #: R" — R and a real
number u > 0, recall that the proximal mapping is given by

, Ju
prox;, ,(x) := arg min {h(y) + =y —x||2} .
yeR® 2

Combined with Lemma 2.6, the following result provides a mechanism that makes the V-step
be tangential to the U/-subspace.

Lemma 2.7 (Characterization of V-minimizers). Let g € rid f(X), X € R". For any
p € R"andthe corresponding VU-components u(p) = (p—x), andv(p) := (p—x),, it holds
that v(p) € W(u(p),g,) ifand only if g, € VIO f(p), in which case g, € 8,Ly(u(p),gv) .
If, in addition, there is g’ € 0 f (p) such that g, = g, then g, € 0, Ly (u(p), gv).

Proof. The convex function R"™ 3 v — h(v) := f(x + Uu(p) + Vv) has the subdif-
ferential 0h(v) = V' f(x + Uu(p) + Vv). The necessary and sufficient optimality condition
for v(p) € W(u(p); gv) is 0 € dh(v(p)) = V'Vg, = VIaf(x + Uu(p) + Vv(p)) - V'Vg, =
V' f(p) — V'Vg, and the equivalence follows from the definition of the pseudo-inverse V7.
To show that g,, € 8, Ly (u(p), gv), note that if g’ € df(p) and g/, = g,, then g, € VI f(p).
Hence, the expression of 0, Ly (¢, gv) in Theorem 2.5 is verified by g/,. 0

Proximal points are related to V-minimizers through Lemma 2.7, by taking the subgradient
in the optimality condition of the proximal point problem. Specifically, for given z € R"
and u > 0, the result is applied with p = prox, ,(z) and g’ = u(z — p); see Theorem 3.1(i)
below. In the algorithm given in next section, however, the V-step does not compute exact
proximal points. Rather, having a model function for f, the proximal point of the model is
computed. By exploiting structural properties of the function to be minimized, given in (3.1)
below, we can rewrite the model proximal point as an exact proximal point of f, by shifting
the prox-center; see Theorem 3.1. Thanks to this shifting, the result in Lemma 2.7 applies.
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3. The algorithm and its global convergence. We next focus our attention on the
function in (1.1) having the following additive structure:

JF(x) = q(x) + h(x)

forg: R* - R convex, C2-smooth
3.D with gradient Lipschitz constant denoted by 3
h: R" - R a continuous convex function, possibly nonsmooth,

with an easy-to-compute proximal point.

In the considered context, for the family of model functions

(32 m(x;y) = q(y) +(Vq(y),x = y) + h(x),
it is easy to compute the proximal point of m(-; y), for any parameter y € R”".

3.1. V-step: proximal gradient iterations. To minimize a function f as in (3.1), the
well-known proximal gradient algorithm [37, 5] computes the proximal point of the model
(3.2). At iteration k, given the current iterate x* and a prox-parameter y, the next point is
XM = prox,,,(..cky  (0%). If g > B and f satisfies an error bound, the proximal gradient
iterates converge with linear rate [9, Theorems 3.1 and 5.5]; see also [1]. To achieve superlinear
speed, in our method those iterations are corrected by a suitable U-step; see Algorithm 3.1
below. The proximal gradient iteration in Procedure 1 corresponds to our V-step.

Procedure 1: Proximal Gradient(the V-) step)

Input: f asin (3.1), xK e R" , yx > 0, and p = prox (x¥) for the model
(3.2).
while ¢(p) > q(x*) + (Vg (x*), p = x*) + & ||p — x*||* do
declare a null step: set uy = 2ui
COMPULE P = PrOX,,(..xk) iy (xk)
end

Output: y; and p* = p.

m(-xk), p

Some comments regarding Procedure 1 are in order. The output p¥ satisfies ¢(p*) <
q(x*) + <Vq(xk), pk— xk> + %llpk — xk||2. With our assumptions in (3.1), this ensures that,
once ur > f3, the procedure will terminate (in the bundle methods terminology [18], the
sequence of null steps is always finite). Additionally, note that if in (3.1) there is no smooth
term, then ¢ = 0 and & = f. Since in this case the model is the same function (assuming the
prox-calculation of f is easy), the V-step performs an exact proximal step for f and there are
no null steps.

The procedure output is the proximal point of the model (3.2) at x¥. In order to apply
Lemma 2.7, and in this way identify the output with a V-minimizer, p* needs to be the
proximal point of the function, and not of its model. This is shown in our next result, where
we exhibit p¥ to be the exact proximal point of f at a certain shifted point.

THeoreM 3.1 (Shifting proximal point of the model to exact proximal point of the func-
tion).
Given the output p* of Procedure 1, define

1
(33) g = e =)+ Va(h) - Vg and = phe gt
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Then it holds that

1
(34) p* =proxs, (), & =x"+ E(Vq(ph -Vq(x"), gt eaf(ph).

Therefore, for X € S a minimizer of f in (1.1), the following holds.

() Setting u* := (p* — %), the corresponding V-component v€ = (p* — %), €

W (u*, g{f) if and only ifg"f e VIrid f (%), in which case gl’j € d,Ly (u, g’v‘).

(i) Furthermore, whenever uy > B, it holds that

u+pB i} 2u(u+p) .
< ank —%| and |lg"]l < Tﬂxk - x|l

Ip* = %Il
B

Proof. We have that u;(x* — p¥) € am(p*;x¥) = Vg(x*) + dh(p*), which yields
i (x* = p*) = Vq(x*) € dr(p"). Ttherefore, i (x* — p*) + Vq(p*) - Vq(x*) € Vq(p*) +
Ah(p*) = df(p*). The remaining assertions in (3.4) follow from the optimality condition
0 € df(ph) + ur(p* = 2%), ie., ur(zF = p*) € df(p*) which by (3.3) is just g* € df(pX).

Item (i) follows from (3.4) and Lemma 2.7, written with p, g’ therein replaced by p*, g*.

For the final item, first note that, by (3.3), it holds that

(3.5) 1411 < (s + B = Il < Gk + ) (16" = 51+ 115 = p1)
Next, by (3.4) and the nonexpansiveness of the proximal operator,

£ = pXII = ll prox . ,,, (%) = prox s, ()l < [I¥ = "1
Using the expression for z¥ in (3.4) and the bound for Vg from (3.1), we obtain that

B

- - 1 -
£ = p*Il < 1% = x| + — Vg (p") = V()| < l|& - x¥|| + —
Mk Hk

Adding 0 = +x in the right-most term, gives
- . B iy By
1% = pFIl < e =250+ = llp* =3l + =[x - X"
Hk Mk

After some rearrangements of terms we obtain that

B
o +
I phll < — 5 e b = 22D

= k
[l — X"l

Mk

The last inequality in (3.5) yields the final result.

k k
Ip™ —x"1I.

a

The explicit shifting in Theorem 3.1 is possible thanks to the structure of f in (3.1).
Note that the tangential property depends on gX eventually becoming (the V¥ component of)
an interior subgradient at a minimizer. To achieve this, the VU -algorithm drives to zero
the subgradient g from (3.3). Accordingly, the Proximal Gradient VU-method given in

Algorithm 3.1, stops when ||g¥|| < ToL for a given tolerance ToL.

3.2. U-step and the algorithm statement. After the V-step is done, the output of

Procedure 1 is corrected as follows:

(3.6) = pt - U0k U8
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PROXIMAL GRADIENT VU-METHOD 11

where Uy is a certain orthonormal matrix and Qy is positive semidefinite. The purpose of this
correction is to eventually track a trajectory where the function behaves smoothly, through the
relation of V-minimizers with proximal points. Thus, in (3.6) g* is the shifted gradient from
(3.3), Q¥ asymptotically approximates the so-called Z/-Hessian (a second-order object related
to the U-Lagrangian defined in Section 4), and the orthonormal matrix Uy is a basis for a
subspace Uy that approximates U (p*). For the latter, see [7], and also Section 5 concerning
the ¢;-regularized setting which is our illustration in this paper.

The full proximal gradient VU-method is given in Algorithm 3.1, where the stopping
criterion is justified by the fact that g — 0, shown in Theorem 3.3.

Algorithm 3.1 Proximal Gradient VU-method (PGVU)

Data: f asin (3.1), starting point x° € R”, prox-parameter i > 0, and a stopping tolerance
ToL > 0. Set k = 0.
repeat
Obtain uy and p* from Procedure 1.
Define (shift the subgradient) g := uy (x* — p*) + Vg (p*) — Vg(x¥).
Compute an orthonormal basis Uy € R™* "
Choose a symmetric positive semidefinite matrix Q € R™*"
Update x**! = p* — U QiU g%, setk =k + 1
until ||gX|| < ror;

When f is differentiable, U (p*) is the whole space, its basis is the identity matrix, and
QO can be defined as usual for quasi-Newton methods; see, e.g., [19]. Otherwise, the structural
properties for f are essential to define suitable matrices in (3.6). Namely, as df = Vg + dh,
in Definition 2.1 the V-subspaces of f, &, and the model m in (3.2) are all identical:

V(p) =Vf(p)=Vh(p)=Vm(p;y) forallp,yeR".

Hence, also U(p) := Uf(p) = Uh(p) = Um(p;y).
To give an insight/illustration, we consider again our function from Example 2.2, and
compare the performance of three methods, according to the possible choices.

ExampLE 3.2 (Proximal, proximal gradient and proximal gradient VU algorithms). For
the function F from Example 2.2, the smooth function in (3.1) is g(u,v) = %uz and the
Lipschitz constant is § = a = 2.

We consider minimizing F' with the proximal point method (P), the proximal gradient
algorithm (PG), and PGVU as given in Algorithm 3.1, with the following specifications:

e The implementation of both P and PG follows Procedure 1, with respective model
functions F(-) and m(-,x*) from (3.2), and stopping test max(||x¥||, [|[p*|) < ToL.
e For PGVU, there is the additional U-step, requiring the matrices in (3.6).
— Outside of the fast track, that is when p* ¢ {(p1,p2) : Ip2l = $(p1)?}, the
function is differentiable, U (p¥) is the whole space, and Uy, is just the identity

t
matrix. The matrix Qy is set to [g 8] if |pA] < 4(p})? and Q) = 0 if

51 > 4(p%)2.
— When pF is on the fast track, its V(p*) subspace is generated by dF (p*) =
{(fap{‘, 1-&)T:£€]0, 1]}. In this case, Uy is the orthonormal vector gen-
1

erated from (sign(pf),sign(p’z‘)apf) and Qx =a.

The methods were run with the same initial 1o and x°, until the termination tolerance
toL = 1071° or a maximum number of iterations set to 50 achieved. Table 3.1 reports the
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number of iterations and accuracy of the three algorithms, for two different initial values of
0
Mo and x°.

Table 3.1: Methods’ performance

x0=(-12,22)7 || x%=(-1.1,09)7
1 =0.18

P | PG | PGVU || P | PG | PGVU
Iterations 10 | 16 11 8 14 11
Digits 9 | 11 11 7 110 10

x0=(-12,22)7 || x*=(-1.1,09)

u’ =10

PG | PGVU P | PG | PGVU
Iterations 50 | 50 45 50 | 50 16
Digits 2 3 23 3 4 23

When py is small, the performances of P, PG, and PGVU are similar. This is explained
by the “null-step” inner loop in Procedure 1, which makes all the three methods increase p
until a value larger than 8 = 2.0 is attained. By contrast, the runs with the large value of
Ho are troublesome for P and PG. Procedure 1 always accepts the large value uy = po = 10,
there is no backtracking mechanism to reduce p. This is prejudicial for P and PG, and can
be explained by observing the plots in Fig. 3.1, with the three trajectories generated for one
of the starting points.

N - AN

Fig. 3.1: P, PG, and PGVU iterations (left, middle, right), when minimizing F* from X0 =
(=1.1,0.9), starting with gy = 10. The dotted parabola is the fast track, rapidly identified by
all the algorithms. Because px = p is too large, P and PG take very small steps along the fast
track, which hinders their performance. By contrast, thanks to its U-step, PGVU approaches
the fast track tangentially and reaches rapidly a much better degree of accuracy.

Figure 3.1 highlights the following important point: for a nonsmooth optimization method
to achieve high accuracy, identifying the fast track is necessary, but it is not sufficient. Both P
and PG iterates land soon on the smooth trajectory defined by the fast track. This is consistent
with the theory in [31]; see also [3, Theorem 3.1]. Once on the fast track, P and PG both
remain there. But because uy = po is too large, the progress between consecutive iterates
becomes too small and, as illustrated by the left and middle plots in Fig. 3.1, those two methods
see their performance severely impaired. On the other hand, on the right plot we see that the
too large pp = o also makes PGVU take a too small V-step, but afterwards its U-step is
long, in the “right direction” to solution, but also driving the iterate far from the fast track.
The remedy is that the subsequent V-step takes the iterate to the fast track again, and a new
fast U-step is possible again. The overall iterative process can be interpreted to work in a
“predictor-corrector” fashion. Observe that PGVU achieves a much higher accuracy, in less
iterations. Noting, of course, that one PGVU iteration involves more computational work.

This manuscript is for review purposes only.
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The conclusion is that when accuracy is important, PGVU is the right approach. If accuracy
is not a concern, simpler techniques would be preferred.

3.3. Global convergence and some other asymptotic results. In Theorem 3.3 below
about the global convergence result, we do not show that the sequence {xk } is bounded (has
accumulation points). This is in part related to the comment above that in some naturally
included special cases which do not involve nonsmoothness, our method can actually reduce
to the usual smooth quasi-Newton technique. It is known that proving boundedness of the
usual quasi-Newton updates (say, BFGS) without very technical complex modifications to
the update, is not possible; see, e.g., [19]. Naturally, it is the same in our setting (also,
proving properties about accumulation points of algorithmic sequences is quite standard in
the literature, separately from their existence).

THeoreM 3.3 (Global convergence). In Algorithm 3.1, let the matrices {Uy} and {Qy }
be bounded, and the prox-parameters satisfy pmax = Ur = B for all k sufficiently large.

Then every accumulation point X of the sequence {xk} generated by Algorithm 3.1 is a
minimizer of f.

Proof. Letx be an accumulation point of {xk }, i.e., there exists a convergent subsequence
of {x*}, indexed by k' € K, such that {x*},, . — %. We claim that {p* - x*}, .. — 0
and {gf, .4} 2 &=0.

Let U, Q and j denote limit points of the corresponding subsequences of matrices
and prox-parameters. Define H = UQU". With the assumptions in (3.1), the models in
(3.2) converge continously in the second argument: m(-;x*) — m(-;%). Then, combining
[41, Thms. 7.11 and 12.35], the models epi-converge to m(-;X), and the proximal mappings
PIOX,,(.cxk) 1 () CONVErge to prox,, .y ;(-) uniformly on bounded sets. By epi-convergence
of the models and [41, Theorem 7.14], the proximal point sequence converges continuously:
pk— ProX,,(..z),z (%) =t p. Passing onto the limit in (3.6) with gk from (3.3),

X=p+H(a(p-%)+Vq(x)-Vq(p)).

Since the Hessian V2¢(-) is positive semidefinite by assumption, by the mean-value theorem
Vq(%) — Vq(p) = V?q(3)(% — p) for some intermediate point j. Then, after some direct
algebraic manipulations, we obtain that

(I+fH - HV?q(3)(p-%) = (I +H [zl - V*q(3)])(p-%) =0.

Because y; > f3 for large k, the matrix il — V?¢ () is positive semidefinite and by positive
semidefiniteness of Q, the matrix H is positive semidefinite. As aresult, / + H [ﬂl - qu(y)]
is positive definite and, hence, p = . The definition of g* in (3.3) and the continuity of Vg,
readily give g¥ — 0. By (3.4), this means that p = X is a minimizer of £, as stated. 0

Thanks to the fact that g — g = 0, we are now in position to show that convergent
subsequences eventually generate V-minimizers and identify smooth trajectories associated
with the U-Lagrangian.

CoroLLARY 3.4 (Asymptotic U-Lagrangian identification and rates). Under the as-
sumptions in Theorem 3.3, suppose § =0 € rid f(X). Then, for k € K sufficiently large and
(u*,v¥) defined in Theorem 3.1, the following holds.

(i) gk € 8Ly (u*, gk);
(i) If, in addition, py > B, then Vvk = o(x* - %).

Proof. Throughout the proof, k € K. Notice that, by Theorem 3.3, the subsequence
p*¥ — p = &%, and, thus, both u* and g¥ — 0. By (2.4), gk € G, (¥) c Vridf (%), so
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eventually g"f lies in the relative interior of V0 f (%), and the statement in (i) corresponds to
Theorem 3.1(i), where it is also shown that vk € W (u*, gk).

To show the final result recall that, since ||UuX|| < ||p* — %|| and |Vg¥| < |lg¥]l, by
Theorem 3.1(iii) we obtain that

3u(p+p) _
37) o+ vehil s B kg
u=p
The U-Lagrangian Definition 2.3 combined with the expression (2.7) with g = 0, yields

F(&+Uu* + vk - <g‘lf,VTVvk> = LU(uk,g"f) = f(x) +0(Uuk +ng) .

The inequality (2.3) written with w = v and g,, = 0 gives the lower bound f(X) + n||[Vv¥||

for the left-hand side in the relations above. Hence, n||[Vv¥| < o(Uu" + Vg’v‘) , and (3.7)

concludes the proof. a

4. U-Hessians and superlinear convergence. The V-minimizers exhibit first-order
expansions for f. To proceed further, a generalized notion of a Hessian [17] is needed.

4.1. A partial second-order object for the bivariate 7/-Lagrangian. The 7{-Hessian
introduced in [22, § 3.3] for the single-variable U/-Lagrangian is the basis to define a partial
U-Hessian, obtained when differentiating the bivariate ¢/-Lagrangian in the first variable.

DeriniTION 4.1 (partial U-Hessian). Given X and g € rid f(x), we say that f has at x
a partial U-Hessian H(x; g,) associated with g, if

4.1) OuLy(u,g,+2) Cc gu+H(;8,)u+ B"(0,0(u,z)),
where g, is defined in (2.1) and z € R"™™ is such that g, + z € VI f (%).

Lemma 4.2 (relation with single-variable ¢/-Hessian). The partial U-Hessian in (4.1) is
also the U-Hessian associated with single-variable U-Lagrangian, with g being a parameter:

ALY (u) < VLE (0) + HE (X)u + B™ (0, 0(||ull)) , where HE () = H(%;§,) -

Furthermore, if O € ri d f (X) and f has a partial U-Hessian at X associated with g,, = 0,
then the following holds for H = H(%, 0).
(1) Under the assumptions in Theorem 3.3, the shifted gradients in Algorithm 3.1 satisfy
the inclusion gk € Hu* + o(u¥);
(ii) For smalld € R", f(X+d) = f(%) + 3 (Hdy,dy) + o(||d3||) . As a result, if H is
positive definite,

3e>0:deR" small = f(G+d) > f(x)+%||d||2.

In particular, X is the unique solution in (1.1).

Proof. For the identification with the single-variable U/-Hessian it suffices to recall (2.2)
and write (4.1) with z = 0. Item (i) also follows from (4.1), because with our assumptions
gk € 8, Lq;(u*, g5) by Corollary 3.4(i). To show (ii), note that if 0 € ri 8 f(¥) then g, = 0 and
we can take g, = 0. By the identification between the partial and single-variable U/-Hessians,
H = H%(%). Thus, f has a U-Hessian at %, and [22, Theorem 3.9] gives the second-order
expansion. If H is positive definite, then [21, Corollary 1] gives the lower bound for all small
d. Uniqueness of x, called a strong minimizer in [35], follows from f’s convexity. a

The lower bound for f that holds when the partial ©U/-Hessian is positive definite is called
local subdifferential convexity in [9, Theorem 6.2]. The property is shown to be equivalent
to both tilt stability and to strong metric regularity of the subdifferential at X, a stable strong
minimizer for (1.1); see also [8].

This manuscript is for review purposes only.



506
507
508
509

510
511
512
513
514
515
516
517
518
519
520
521
522
523
524
525
526
527
528

529

530
531

532

543
544
545
546
547

PROXIMAL GRADIENT VU-METHOD 15

4.2. The partial 7/-Hessian of partly smooth functions. When the function in (1.1) is
partly smooth [24, Definition 2.7], it is shown in [3] that Riemannian Newton-like methods can
be combined with proximal gradient steps to boost convergence speed. Under the assumption
of partial smoothness, we now study conditions for the existence of a partial ¢/-Hessian.

DErINITION 4.3. A convex function f is said to be partly smooth at x relative to a set M
if M is a manifold around x and the following three properties hold:
(1) (restricted smoothness) in a neighbourhood X of x, the restriction of f to M, f | Mox®
is of class C* ;
(ii) (normals parallel to subdifferential) N p((x) = V(x);
(iii) (subgradient continuity) the subdifferential 0 f is continuous at x relative to M.

The function F in Example 2.2 has the partial U/-Hessian H = a > 0, corresponding to
the bivariate U-Lagrangian L(u, g,) = (1—|g, |)“72. However, F is not partly smooth, because
near X = 0 there are two distinct activity manifolds M. These are the two fast tracks displayed
in Figure 2.1, generated by the different V-minimizers that emanate from taking a positive
or a negative g, in Definition 2.3, i.e., W(u, g,) = {% sign(gv)uz}. By contrast, the simple
modification of Example 2.2 given by F(u,v) = %uz + max {O, V- %uz} , is partly smooth
at . The fundamental difference is that the V-minimizers of F are W (u, 3,) = {%uz}, the
same for all g,,. Now the YU-Lagrangian Ly (u, g,) = (1-g,) %uz provides the single activity
manifold M := {(v, u):v= %uz} where the partial U/-Hessian is again H=a>0.

Our next result states a similar relation in the general setting, by connecting partial
smoothness and VU -analysis, thanks to [24, Theorem 6.1]. We associate the manifold of
partial smoothness with a special V-minimizer that is a C?>-function and is the same for all
interior subgradients (the same function was considered in [34, Theorem 6] to characterize
fast tracks for prox-regular functions).

THEOREM 4.4 (Special V-minimizers from partial smoothness). Let f be a convex
Sfunction that is partly smooth at the point X relative to a non-singleton set M C R". Then,
for all small u, there exists a C* function vy ¢ such that

Vg eridf (%), var(u) € W(u, gv),and vap(u) = O(||ull?).
As a result, there exist a neighborhood X C R" of X, a neighborhood Y C R™ of 0 such that

4.2) Ly, 8v) = fl pox @) = (8w, VIVVar () .
4.3) MﬂX:{X+Uu+Vvaf(u):u€Y},

where f | Mnx IS considered a composite function of u.

Proof. From the property (ii) in Definition 4.3, when the set M is not a singleton, the
subspaces tangent and normal to the manifold at X coincide respectively with ¢ and V. Then,
by [24, Theorem 6.1], there exist a neighborhood X c R”" of X, a neighborhood Y c R™ of 0,
and a function vy : R™ — R"™" such that for allu € Y,

var(u) is of class C*,vap(u) = O(|lull®), and M N X = {F+Uu+Vvyr(u): u ey} .

From the last relation, the restriction in Definition 4.3(i) has the expression f | mox =S (x+
Uu + Vvgy(u)). Again by [24, Theorem 6.1], for all g € ridf(x), the function A8 (w) =
fE+Uu+Vw) —(g,x+Uu+Vw) has vy as a sharp minimizer. The identity (4.2) follows
because (g,, Vw) = (g, X + Uu + Vw), which shows that 48 (w) is the minimand defining the
bivariate U/-Lagrangian. a
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When specializing Theorem 4.4 to the setting (3.1), it is possible to derive an explicit
expression for the U-Hessian when the nonsmooth function in (3.1) is polyhedral, as in
regularized regression problems.

CoroLLARY 4.5 (explicit partial U-Hessian). When, under the assumptions in Theo-
rem 4.4, 0 € 1rid f(X), a partial U-Hessian of [ at X associated with g = 0 is given by the
Hessian restriction: H = ngf'/v(nx(o)'

If, in addition, in (3.1) the nonsmooth function h is finite-valued and polyhedral, then
H=U"V?q(x)U.

Proof. In (4.2), the linear term defines the bivariate function on ¥ x V' ri d f(x) given by
P(u,gy) = (g, VIVv(u)) = g Vvas(u),
by definition of the V-components. The Jacobian of this function on the first component is
4.4 JuP(u,8v) = Tvar(u)'Vig=Jvor(u)'V'Vg,.

Since W(u, g,) > var(u) = O(||u||?) by Theorem 4.4, combining Theorem 2.5(iii) and the
fact that
Jv(u) =Jv(0)+0u) =0(u),
gives the following expansion for the gradient of the ©/-Lagrangian from (4.2):
2

0
oudg,

VuLy(u, gy +2) = VuLy(0,8,) + V2, Ly (0, 8)u + Ly(0,gv)z+0(u,z),

for any z € R"~" small enough such that g, +z € V' ri 9 f(%). In this expansion, by (4.4) and
(4.2), the cross-derivative has the form

2 2

L =—
auagv U(O’ g\)) auag\,

P(0,g,) = =Jvar(0)TVTV=0.

Recalling that V,,Ly (0, g,,) = &, gives the desired expression for the partial ¢/-Hessian. In
view of (4.4),

4.5) «th(u’ gv) = 0(”9 gv) .

In particular, , P(0, g, ) = 0. Hence, by (4.2) and the fact that f | Mnx 18 @ composite function
of u, we obtain that Vuf\MmX(O) =V,Ly(0,g,)+V,P(0,g,) = g, . Then the smoothness of
f|MnX yields V”f|Mnx(”) =g, + mefiMmX(O)u + o(u). Consequently, by (4.2) and (4.5),

VMLU(ua gv) = Vuf|Mﬁx(u) - VMP(M’ g\/) = gu + Viuf|Mnx(0)u + 0(1") - 0(“9 gV) .
Aso(u)-o(u, g,) = o(u, g,), we see from Prop. 4.2 that Vﬁuf|MnX(0) is a partial ¢/ -Hessian

of f at x associated with 0.
Now consider the special setting of f in (3.1), with % finite-valued polyhedral, so that

h(x) = maIx {<ai,x> + bi} for some finite index set I # 0.
1€

Then, for the “active" index set I(x) = {i € I: (a’,x) +b' = f(x)},

(4.6) dh(x) = Z aia': Z ai=1, ;>0 (i €I(x)).
iel(x) iel(x)
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PROXIMAL GRADIENT VU-METHOD 17

The function & is partly smooth at any X relative to Mz = {x e R": I(x) = I(X)}, [24,
Example 3.4]. From [24, Corollary 4.7] we see that f is partly smooth at x relative to Mx
and that £ is partly smooth at i relative to M. By [12, Corollary 4.2], the active manifold in
the definition of partial smoothness is unique. Hence, near X we have M = Ms.

Next, we show that whenever a vector ¥ € R"™™ satisfies x + Uu + Vv € M N X, it
must hold that v = 0; so M N X = {x+Uu: u €Y}, for Y a neigbourhood of 0 € R™. To
show the claim, consider i € I(X) and note that, because ¥ + Uu + Vv € My, it must be
that I(X + Uu + V¥) = I(%), that is h(¥ + Uu + V9) = (a’, %+ Uu+V?v) = (a',x) + b’ +
<ai, Uu+ V\7> = h(x) + <ai, Uu+ V\‘/) . Therefore,

4.7 h(Z+Uu+Vv) - h(%) = (a", Uu+ V) .

Because 0 € df(%), we have that —Vg(%¥) € 0h(%) and a' + Vg(¥) € V. As a result,
(a' +Vq(%),Uu) = 0and (a’, Uu) = — (Vg (%), Uu). And (4.7) yields (V¥,a’) = h(x+Uu+
V) = h(x) +(Vq(x), Uu). The expression =Vq(X) = X;cyz) @ia' wWith 2;cpzyai = 1, @; >
0 (i € I(x)) implies that (Vv,-Vq(x)) = h(X + Uu + Vv) — h(x) + (Vg (%), Uu), and hence,
<V\7,ai + Vq()?)) = (0. Because V = span(dh(x) + Vg(X)) = span {ai +Vg(x):ie€ I()E)},
we actually have that (V, z) = 0 for all z € V and our claim that ¥ = 0 follows.

Consider u € Y. Since MNX ={x+Uu:uec¥Y} = Mzn X and I(Xx + Uu) = I(X),
from the characterization of dA(x) in (4.6), it holds that 0h(x + Uu) = dh(x). Consequently,
UT0h(x + Uu) = UTOh(X) = g,. On the other hand, in view of (4.3) in Thm. 4.4 we
can take X and Y sufficently small such that vsr(u) = 0. Consequently, the restriction
of fon MNXis f(Xx+Uu) = q(x + Uu) + h(x + Uu) and, therefore, V,, f(Xx + Uu) =
U'™Vq(x+Uu) + UTOh(x + Uu). Because U h(x + Uu) = g,, this completes the proof, as
then V2, f (¥ + Uu) = UTV?q(% + Uu)U. 0

Partly smooth functions with the structure in (3.1) are considered in [3] to show that the
proximal gradient method can identify the smooth manifold at a minimizer. This manifold is
actually the fast track, which has been shown to be equivalent objects, for convex functions in
[12] and for prox-regular functions in [26]. In the method proposed in [3], after identifying
the manifold via the proximal gradient mapping, certain Riemannian gradient and Hessian are
employed to compute a U-Newton direction.

4.3. Superlinear convergence of the PGVU method. For superlinear convergence,
naturally, properties of the partial Z/-Hessian at x associated with g, = 0 are important. This
matrix is assumed to be positive definite. Also, the Dennis-Moré-type condition below, typical
in quasi-Newton methods (see, e.g., [19]), is required:

(4.8) (UrQxU; —UWU" gk = o(Ugk), where W' = H := H(%;0) .

Recall that the matrix U spans the U (X)-subspace.

TueOREM 4.6 (Superlinear rate). Suppose f has a positive definite partial U-Hessian
H at X associated with g, = 0 and that (4.8) holds. Under the assumptions in Theorem 3.3,
let X be an accumulation point of {xk} such that g = 0 € ridf(x). Then X is the unique
minimizer of f, and both {xk} and {pk} converge to X. Furthermore, if u, > B, then

[Ix**1 —X|| = o(x* — %), i.e., the iterates generated by Algorithm 3.1 converge superlinearly.

Proof. Because 0 € rid f(x) and f has a positive definite partial ¢/-Hessian at X, we
have from Lemma 4.2 that x is the unique minimizer of f. Recall from Theorem 3.3 that
every accumulation point of the sequence {xk} generated by Algorithm 3.1 is a minimizer
of f. Consequently, ¥ is the unique accumulation point of {xk}, with both {xk} and { pk}
converging to X, as stated.
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18 S. LIU, C. SAGASTIZABAL, AND M. SOLODOV
Next, using (3.6), adding +UWUTg¥, and recalling the definition of (x*,v*) in Theo-
rem 3.1:

Kox o= prouUg -
= —UrQuUigk + p* —x + UWUg*
(UWUT = U QuUL ) — UWUTgk + (p* = 5 + (p* = ),

(UWUT - UkaU;)gk + (Uuk - UV_VUTgk) vk

The third term above is of the order o(x* — %), by item (ii) in Corollary3.4. The same holds
for the first term, as (UVT/UT - UkaU;)gk = 0(g¥) because of (4.8), and g¥ = O (x* - %), by
Theorem 3.1(ii). To conclude the proof, it remains to show that 75 := (U uk —U V_VUTgk ) =
o(x* — %). Since T = U(uk - WUTgk) = U(uk - V_Vg’,j) , after multiplying on the left by
HU", we see that HU'T> = Hu* — gX. Lemma 4.2(i) then ensures that HU'T = o(u¥). The
result follows, because u* = O(Xk — X), by Theorem 3.1(ii). O

The following two examples of polyhedral functions that are partly smooth relative to
an affine or linear set from [43, Sec. 3.1], are common illustrations in regularized regression
problems. The corresponding U -subspaces have then an explicit expression. If

(4.9) h(x) = ||x|| then U(p) =lin{e’ : j € J(p)} for J(p) ={i < n:|p;| > 0} .

Likewise, if h(x) = ||x||c, then U(p) = {x: x5 = ksign(py), k € R} for the activity index

setJ=J(p)={i <n:|pil =lplle}
For our numerical validation, we now consider problems having £ as in (4.9).

5. Application to /;-regularized minimization. We now apply the PGVU method
(Algorithm 3.1), as its illustration, to solve ¢;-regularized problems. So,

(5.1 in (3.1) the nonsmooth function is h(x) = A||x||;, for a positive parameter A,

and the proximal points for /4 are easy to compute. Accordingly, the V-step in Procedure 1
computes

A pl 1
5.2) p* = max{0, w* - —} — max{0, -wk — =}, for wk = x*¥ - —Vg(x~).
M Hk Hk

The remaining two calculations that need to be specified in Algorithm 3.1 refer to the
orthonormal basis Uy, and the positive semidefinite matrix Q.

5.1. Defining O, and Uy. For PGVU global convergence in Theorem 3.3, the matrices
only need to be bounded. The superlinear rate in Theorem 4.6 requires a quite standard
Dennis-Moré-type condition, natural in quasi-Newton frameworks. There are various choices
that are compatible with the theory. For better numerical performance, it is preferable that
matrices do not change too abruptly along consecutive iterations.

Regarding the second-order information along the U-subspace, [43, Example 10] shows
that the ¢;-norm is partly smooth at any p € R" relative to U(p) defined in (4.9). As the
same holds for f when £ is as in (5.1), by Theorem 4.4, if 0 € V' 1i 4 f (X) then

H:=U"V’q(x)U

is a partial U-Hessian of f at X associated with g, = 0. Thus, a natural choice for the
quasi-Newton matrices in the U-step is to take Q,:l = UZqu(xk)Uk.
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The choice of the matrices Uy is more delicate. Since df(x) = Vg(x) + A0h(x), the
VU-decomposition is determined by the V-subspace associated with 4. Then, at first glance,
defining the basis matrix Uy, for the subspaces U (p*) from (4.9) might appear straightfoward.
Nevertheless, given € > 0, we consider instead the smaller subspaces

5.3) U (x) = span {ej 1 j € Jg(x)} for Jo(x) := {i <ncxg| > g} .

This VU .-decomposition was introduced in [27] to deal with the lack of continuity of the
subdifferential as a multifunction. Unlike the VU-decomposition, the following important
continuity property, [27, equation (5.13)], holds for the e-counterpart:

lim(x’g)q(g,o) (VS (x) = (V()Z) and lim(x’g)_)é)x’o) (L{g (X) = (L{(i) .

&£2>0

Thanks to this property, taking Uy as an orthonormal basis for [e/ : j € J .« (x*)] withek — 0
and x*¥ — &, ensures that U;, — U, as needed to satisfy the Dennis-Moré condition (4.8) in
Theorem 4.6.

The choice of the parameter £ should ensure that it is driven to zero by the algorithmic
process. We discuss the impact of such choices on our previous example function.

ExampLE 5.1 (Choosing &). For F from Example 2.2, we run PGVU considering for the

U-step three different (natural) choices for € in (5.3):

e5=0, & = f(x*) ~ f(p*) - uellp* — 2P, and &k = pllph —xF1.
The first option corresponds to the PGVU runs in Example 3.2. The second one transports
i (x*=pk), a subgradient of the model at p*, to x (x*—p*) € 8, f(x¥),[18, Prop. X1.4.2.2].
Since computing e’l‘ can be time consuming (it requires to evaluate f at two points), the third
option appears a good alternative (Theorem 3.3 shows that x*¥ — p* — 0).

For the two initial values of po and x%in Table 3.1, we run each PGV U variant, respectively
labeled PGVU-0,1,2, in a reference to the value of &¥ employed in (5.3). The comparison of
the number of iterations and digits of accuracy indicate a§ as the best option, as illustrated by
the trajectories in Figure 5.1, generated with sg on the left plot and with 512‘ on the right.

Fig. 5.1: Trajectories of PGVU-0 and PGVU-2 iterations, when minimizing F from x° =
(-1.2,2.2)7, starting with ug = 10. Both variants stopped having reached more than 20
digits of accuracy, but PGVU-2 needed much less iterations. When the U .« (p*) subspace is
determined with £* = 0, as on the left plot, only 4 U-steps are done, and PGVU-0 needed
45 iterations to trigger the stopping test. For the trajectory on the right, by contrast, that was
generated with 8’2‘ , it sufficed to perform 9 iterations that involved 8 U-steps.
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Algorithm 5.1 Proximal Gradient VU-method for ¢ -regularized minimization (PGVU-2)

Data: f from (5.1), starting point x°, prox-parameter 1, and a stopping tolerance ToL. Set
k=0.
repeat
Apply Procedure 1 with p* defined in (5.2).
Shift the gradient g% = iy (x* — p*) + Vg (p*) — Vg(x¥).
Compute Uy = [ef : Ix;?I > %,1 <j< n] for g = max(TOL,,ukllpk —xkll).
Obtain the direction d* = —WkUzgk for Wk ~ (U;V2q(xk)Uk)T.
Update x**! = p* + Upd*, set k = k + 1
until ||g¥|| < roL;

5.2. Algorithm statement and numerical experiments. We are now ready to introduce
the algorithm.

Being a special instance of PGVU, Algorithm 5.1 has global and superlinear convergence
if the conditions in Theorems 3.3 and 4.6 are satisfied. With our definitions, such is the case
if ux > B and, for X an accumulation point of {xk} generated by Algorithm 5.1, it holds that

0 eridf(x)and H = U'V?¢(X)U is positive definite.

5.2.1. Test functions and parameters. The performance of Algorithm 5.1 is assessed
on regularized least-square problems:

1
in (1.1, f(x) = 3llAx - I+ Aljx||; for A € R™" b eR™, and A = 0.1]|ATb||co .

There are two sets of problems: 5000 mid-size randomly generated instances, and 95 large-
size statistical classification and regression instances in the webpage ! of LIBSVM, a library
for support vector machines. The mid-size problems, refered below as QUAD, have random
dimensions m € [10, 1000] and n € [0.1m, 2m]. For half of the QUAD problems, that is 2500
runs, we set A = —V%A' for a random matrix A’. The outcome vector b = Ab’ +0.0001¢ for

random ¢ € [0, 1] uniformly distributed. The vector b’ has non-null components set to +1,
depending on a sparsity parameter randomly chosen. The second half of the QUAD problems,
sets A as a random matrix with normalized columns and b = Ab’ + V0.002¢£ for b’ and & as
above. The support vector machine (SVM) problems are all scaled to [-1,1] or [0,1].
VF(x)TVF(x0)
2max{1,|f(x0)|}"
number of iterations was set to 100, and the stopping tolerance is ToL = 107, After the
YTk
YR yK ey T sk
yk = V) — VF(xK) and 55 = x**1 — xk. In the U-step, to compute d*, since
V2q(x) = ATA for all x, we let Id denote the identity matrix of order n and define

In Procedure 1, we set x = 0, & = 107 and Mo = The maximal

U-step, the prox-parameter is updated according to [23], i.e., pr+1 = where

Wk = (ATA + ToLId)™! for QUAD,
| diag(ATA +ToLld)~! for SVM.

5.2.2. Solvers and figures with evaluation measures. The benchmark compares MAT-
LAB implementations of the following solvers:
1. PGVU-2, as in Algorithm 5.1.
2. SpaRSA 2.0, the sparse reconstruction by separable approximation[44] 2.

Thttps://www.csie.ntu.edu.tw/~cjlin/libsvmtools/datasets/
http://www.Ix.it.pt/~mtf/SpaRSA/
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3. FISTA, the fast iterative shrinkage-thresholding algorithm [4] 3.
4. ADMM, the alternating direction method of multipliers[6], with parameters (p, @) =
(0.0001, 1.5) 4.
5. qNVU, the VU-algorithm from [35].
The experiments were performed on an Intel Core i7 computer with 12 cores and 32 GB
RAM, running under Ubuntu 22.02.2 LTS.

The performance is measured by comparing the accuracy and the computing time of each
solver, separately for the QUAD and SVM problems. We proceed as follows. First, for the
accuracy criterion, if best is the smallest functional value found on a given instance for all
the solvers, the accuracy of solver s is

|/*(s) —best| ) 16) '

Acc(s) = min (— log ( best]

Solvers having achieved at least cutoff € {2, 4, 6} digits of accuracy are considered success-
ful. The corresponding values are reported in Table 5.1, where the high achieved accuracy, the
differential of both VU -based methods, becomes evident. The accuracy achieved by FISTA
is also impressive, being slightly inferior to VU for the large SVM instances.

Table 5.1: Successful runs for each solver

PGVU-2 SpaRSA FISTA ADMM ¢NVU

QUAD Acc > 2 5000 4998 5000 516 5000

mid-size AcC > 4 4999 4933 5000 5 5000

(5000 runs) aAcc =6 4998 4493 5000 1 5000
SVM Acc > 2 86 91 85 8 86
large-size ~ acc > 4 81 51 79 2 86
(95 runs) ACC > 6 74 26 70 0 86

SpaRSA has good accuracy for the mid-size instances, but performs less well for the
SVM problems. On these runs, and with the considered parameters, ADMM did not perform
well.

Regarding computing times, for low accuracy (cutoff=2), SpaRSA is always the fastest
solver. The profile in Figure 5.2 compares computing times among the successful runs, for
the value of cutoff=4. In the right plot in Figure 5.2, qNVU exhibits a slower performance.
This is because at each iteration the gqNVU method [35] solves two quadratic programming
problems, a computationally expensive calculation for the large SVM instances. For the
mid-size instances, SpaRSA remains the fastest solver, but not for the SVM problems. A
solver-to-solver comparison clarifies this situation with four plots reported in Figure 5.3,
comparing PGVU-2 to SpaRSA and FISTA, when SVM problems were solved with at least 2
or 4 digits.

On the top left plot in Figure 5.3, we notice that to reach 2 digits of accuracy, SpaRSA
is faster than PGVU-2, which is in turn faster than FISTA (right top plot). To get 4 digits,
the bottom plots show that PGVU-2 always wins, reaching the accuracy level faster than both
SpaRSA and FISTA.

6. Concluding remarks. We have extended the VU-theory for convex functions by
defining the two variable U-Lagrangian and the partial U/-Hessian. We showed that V-

3https://github.com/tiepvupsu/FISTA
“https://web.stanford.edu/~boyd/papers/admm/lasso/lasso.htm]
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1z ‘ QUAD-tirpe (4 digits or more) . . SVM-time (4 digits or more)
08 e 4= == =
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Fig. 5.2: Profiles for computing time for the successful runs for all solvers.
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Fig. 5.3: Solver-to-solver time comparisons over SVM instances for different accuracy.

minimizers are tangent to the U-subspace, an important property leading to superlinear
convergence of the Proximal Gradient VU-method, under natural assumptions.

For PDG-structured functions (including ¢;-regularization), the Hessian of the single-
variable U-Lagrangian exists along a certain fast-track [33, Theorem 4.1]. We extend this
result to our bivariate ¢/-Lagrangian, so that a Newtonian step can be performed as the U-step.
In particular, we proved that partly smooth functions satisfying O € ridf(x) always have a
partial ¢/-Hessian at x.

We introduced the Proximal Gradient VU method, applicable to various structured
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convex optimization problems, with superlinear convergence despite the nonsmoothness.
Numerical experiments verify that the method is particularly useful when high accuracy is
desired.

Originally defined for convex functions, the VU-theory has been generalized to the
nonconvex setting [33, 16, 26]. In [26] a localized version of U-Lagrangian and the notion
of fast track are defined for a type of nonconvex functions called prox-regular functions [41],
and the correspondence between an active manifold of a partly smooth function and a fast
track is given. In [10], under the condition called tilt stability, the smoothness properties of
the function f restricted to the fast track are shown. Combining those theoretical results with
a suitable line-search, developing nonconvex versions of PGVU might be a subject for future
research.
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