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Formulas

Negation Normal Form



[Linear Rational Arithmetic
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Formulas

Negation Normal Form



Satisfiability
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Model of free variables X € dom(M) Formula with free variables X



Satisfiability Game

\ /

Controls Angelic Choice Controls Demonic Choice
Existential Quantifiers, Disjunction Universal Quantifiers, Conjunction



Satisfiability Game

ME @




Satisfiability Game

G(M, @)

State of the game




Satisfiability Game

EVx,z. x<z=>31y.x<y<z

Density Property of Rationals




Satisfiability Game

GO, Vx,z. x<z=>3Ay.x<y<2z)




Satisfiability Game

GO, Vx,z. z<xV(@Ay. x<yAy<Zz)

Rewrite to negation normal form




Satisfiability Game

GO, Vx,z. z<xV(1yv.x<yAy<Zz)

Controlled by




Satisfiability Game

G(Q,V z<xV(Ev.x<yry<z)

Controlled by




Satisfiability Game

|
GO, N )

Z< X
|

x<y y<z

Represent formula as abstract syntax tree (AST)




Satisfiability Game

’s choice
!
@ h Z< X
l Choose:
x -0
z 1
x<y y<z

Sequence of actions played

/ so far (by either player).

Play:



Satisfiability Game

— ’s choice

{x|_>()}|= /\

Z< X
Choose right z 1 |

x<y y<z

Play:



Satisfiability Game

- ’s choice

x 0 |
Choose: {Z > 1} = aN

yrs x<y y<z

Play:



Satisfiability Game

A

( X - O\ / ’s choice
zw 1} =
ky|—)%) x<y y<z

Play:

Choose left



Satisfiability Game

<Z'—>}>|: x <y
VY 7 2) |

The chosen model satisfies the chosen atom.

WInNS.

\

Play:



Strategies

maps from states of the game that controls to ’s next move:
* L or R for disjunctions
* arational value to instantiate an existential quantifier.



Strategies

f (M,szVEIy.(x<y/\y<z))“:efifM(Z)SM(x)then else

M(x)+ M(z)
2

f (M,Ely.(x<y/\y<z))0‘:ef

The formula must

: .. % be satisfiable
f 1S a winning strategy:

If plays according to f< .7, then will win
any play regardless of the choices made by



How do we compute a winning strategy?



Strategy Skeletons

” Skeleton S*
} }
z < ;c/ \ / \
}
}

N\
x<y y<z /\

Represents a non-deterministic
collection of Strategies whose

structure closely follows ¢



Strategy Improvement

Skeleton S,
Q:
} }
7N\ 1
Z< X

x<y y<z

/

Start with an arbitrary
skeleton

Is it winning?



Winning Formula

Winning formula of S,

Q:
NBES X
| Herbandizée Yz #< x
/ \ z¥x
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x<y y<z

Valid if and only if S is winning



Winning Formula

7N\

Z< X

x<y y<z

Winning formula of S,
x+— 0

MOdéf{Z"Hl

be 2<z
t

Satisfiable if and only if S, 1s losing



Strategy Improvement

Skeleton S,
Q:
! !
Z< X
|
x<y y<z S, ha$ g sonotevistnanesy

def f = 0
M, & {Z_ . 1} = lose(p, Sy)



Computing a Counter-Strategy



Counter Strategy

o: Skeleton S,
1 l
Z< X l
|
x<y y<z 70

M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,



M: {x — 0}

Counter Strategy

Q:

7N\

Z< X

x<y y<z

Skeleton S,

def x_ = O
M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,



|

x 0
z 1

}

Counter Strategy

7N\

Z< X

x<y y<z

Skeleton S,

M, & {_ : 1} = lose(p, Sy)

Skeleton U,



|

x 0
z 1

}

Counter Strategy

Skeleton S,

def x_ = O
M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,



|

x 0
z 1

}

Counter Strategy

Skeleton S,

def x_ = O
M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,



|

x 0
z 1

}

Counter Strategy

Skeleton S,

def f = O
M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,

Keeps track of what conditions
under which U, beats S,

def

= x<Z



|

x 0
z 1

}

Counter Strategy

7N\

Z< X

x<y y<z

Skeleton S,

M, & {_ : 1} = lose(p, Sy)

Skeleton U,

GEx<z



|

x 0
z 1

}

Counter Strategy

Skeleton S,

x<y y<z

def f = O
M, & {Z_ N 1} = lose(p, Sy)

So has no strategy
for this branch G

Q
.

|2

Skeleton U,



|

x 0
z 1

}

Counter Strategy

Skeleton S,

x<y y<z 70
M, ”‘=ef{z_l_) 1} = lose(p, Sy)

Skeleton U,

e

Choose any strategy

So has no strategy
for this branch

G

def

€

true



|

x 0
z 1

}

Counter Strategy

o Skeleton S, Skeleton Uy
Z< X
}
}
x<y y<z 70 l

M, & {Z_ : 1} = lose(p, Sy)

Combine Sub-strategies

N\

G ¥ x<zANAtrue



|

x 0
z 1

}

Counter Strategy

o Skeleton S, Skeleton Uy
}
Z<x l / \
}
}
x<y y<z % 0 l

M, & {_ N 1} = lose(p, Sy)

GEx<z



Model-based Term Selection



Term Selection

M: {x - 0} @: Skeleton S, Skeleton U,
7 1 Need to find a term to

I | / substitute for z
At least by / \ 1 / \
model M Z=x
|

l

x<y y<z

def f = O
M, & {Z_ N 1} = lose(p, Sy)

That ensures G

«— Is satisfied
GEx<z



Term Selection

t & select(x,M,G)

Find a t such that;:
« FV(t) S FV(G) \ {x}
e f M EGthen M E G[x » t]




LLRA Term Selection

Pick t suchthat M E x = t and

req(x’ M, G) w— x = tisasub-formulaof G

%(glb(x,M,G)+lub(x,M,G))
select(x,M,G) £  glb(x, M, G) + 1

lub(x,M,G) — 1
L0




[LRA Term Selection

(eq(x, M, G)
%(glb(x,M,G)+lub(x,M,G))

select(x,M,G) = 1 glb(x, M, G) + 1

lub(x,M,G) — 1
L0

Pick t such that

e MEt<x

e t < xisasub-formula of G

e There is no t’ such that
e MEt <x
e t' < xisasub-formula of G
e MEt<t



[LRA Term Selection

(eq(x, M, G)
1
l t( M G) def < f(glb(X,M,G)+lub(x,M,G)) Pick t such that
select(x — - MEx<t
’ ’ glb(x’ M' Gz + 1 e x < tisasub-formulaof G
lub(x M G) —_— 1 e There is no t’ such that
S c MEx<t

\O e x < t'isasub-formulaof G

e MEt <t



[LRA Term Selection

(eq(x, M, G)
%(glb(x,M,G)+lub(x,M,G))
select(x,M,G) £  glb(x, M, G) + 1
lub(x,M,G) — 1

\O ) x does not appear in G




[LRA Term Selection

select (Z,{yzc : (1)},9( < Z) “x+1




Computing a Counter Strategy



|

x 0
z 1

}

Counter Strategy

o Skeleton S, Skeleton Uy
}
Z<x l / \
}
}
x<y y<z % 0 l

M, & {_ N 1} = lose(p, Sy)

GEx<z



M: {x » 0}

Counter Strategy

o: Skeleton S,
1 l
Z< X l
|
x<y y<z 70

M, & {Z_ N 1} = lose(p, Sy)

Skeleton U,

}

N

GEx<x+1

|
l



Counter Strategy

o Skeleton S, Skeleton Uy
| | }
Z<x l / \
}
}
x<y y<z % 0 l

M, & {_ N 1} = lose(p, Sy)

G ¥ true



Computing a winning skeleton



Strategy Improvement

Skeleton S, Skeleton U,

' | |

N N

1 e
: l
X <‘y/>< z \ / |

Uy beats S,



Strategy Improvement

Skeleton U,
1 |
zZ < ;c/ \ / \
|

x<y y<z l

} Fix the leading moves of U,



(x>0

lze 1

}

Strategy Improvement

Skeleton U,

/ \ } Fix the leading moves of U,

Z< X

x<y y<z l



(x>0

lze 1

}

Strategy Improvement

o Skeleton U, Skeleton S

7N\

Z< X

| |

A 1
RN

Swap roles and recursively
solve the resulting sub-game



Strategy Improvement

o Skeleton U, Skeleton S;
N l ‘
Z< X | / \ l
} |

A 1
RN

Gen&iaheatsulystrategy



Strategy Improvement

” Skeleton U, Skeleton S,
| | |
e \l N N
| }
AN |

//\

Combine with S,



Strategy Improvement

o: Skeleton U, Skeleton S
| | |
Z < ;c/ \1 / \ / \

| |

A 1
RN

So € S1 and S; beats U,



Strategy Improvement

Q: Skeleton Sy
1 |
S 1s winning
z < ‘x/ \1 \ / \
|

< Ve
7O\



Strategy Improvement

Q: Skeleton Sy
} - }
Some strategy conforming
/ \ to S; 1s winning \
Z< X / \
|

|

< Ve
7O\



Computing a strategy



Strategy Synthesis

Winning Skeleton

| loseg +—— _ Associate each node of skeleton
l with an uninterpreted relation
0se;

/ \ / \ - representing when the sub-skeleton
rooted at the node 1s losing
lose,(x,z) J\ loses(x,z)
' f

lose,(x, z)

N N

loses (x,z) loseg(x,z)



Strategy Synthesis

Winning Skeleton

}

N

}

RN

lose,

loseq

N

lose,(x,z) J\ loses(x,z)

! f

x <z lose,(x, z)
loses (x,z) loseg(x,z)
! 1
I<x z <2

P

Label each atomic skeleton with
the dual of its atom




Strategy Synthesis

alse
Winning Skeleton f 1 T

Assert that the root is not losing
loseq

RN N

lose,(x,z) J\ loses(x,z)

| f f

lose,

x <z lose,(x, z)
///\\\ TN
loses(x,z) loseg(x,2)
t 1

il X+z
7 =X ZS 0



Strategy Synthesis

Winning Skeleton

}

N

}

RN

false

!

lose,

loseq

N

lose,(x,z) J\ loses(x,z)

! f

Solve the system of constraints:

def

losey £ false
lose; £ false
lose,(x,z) ¥ x < z
lose;(x,z) ¥ z < x

lose,(x,z) ¥ z<x

x <z l0564(X,Z) loges(x zZ) ¥ z<x
/ ™~ loseg(x,z) ¥z < x
loses(x, z) loseg(x, z) °
xX+z Xtz

= S z<

2



Strategy Synthesis

Solve the system of constraints:
Winning Skeleton ~lose; (x, 2) Y
| l losey £ false
f(x,z) ¥ifz < x/ else lose; & false

/\ f (x,z) def X+Z lose,(x,z) £ x < z

2
lose;(x,z) ¥ z < x

l def

lose,(x,z) ¥ z<x

loses(x,z) ¥ z < x
/\ loseg(x,z) & z < x



Evaluation



Time (s)

Evaluation
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Evaluation

Benchmarks Miniscope Fine Prenex Coarse CVC5 YicesQS 73 Any  All | Total
Simulation 2060 2060 2060 2059 2059 1972 2060 | 2060 1972 | 2060
UltimateAutomizer 316 316 315 315 345 82 242 349 60 372
psyco 189 189 189 189 189 146 189 189 146 189
tptp (LIA) 46 46 46 46 46 42 46 46 42 46
Termination 200 200 200 196 195 0 166 200 0 200
All LIA 2811 2811 2810 2805 2834 2242 2703 | 2850 2220 | 2867
Mjollnir 1597 1584 1586 1578 1300 1800 1541 | 1800 1177 | 1800
keymaera 222 222 222 222 222 222 222 222 222 222
Scholl 372 373 372 373 362 374 372 374 359 374
tptp (LRA) 23 23 23 23 23 23 0 23 0 23
All LRA 2214 2202 2203 2196 1907 2419 2135 | 2419 1781 | 2419
All 5025 5013 5013 5001 4741 4661 4861 | 5269 4001 | 5286




Evaluation

Time to compute strategy (s)

109 4

1071 1

1072

® Sat
® Unsat

10° 10!
Time to check satisfiability (s)




Questions

Thank you!




Questions

* Strategy Improvement:

* [teratively improve a strategy skeleton by recursively solving sub-games
* Parametrized by selectt for a given theory
* Sufficient for proving Satisfiability

* Strategy Synthesis:

* Produces a winning strategy from a winning strategy skeleton
* Can be further used for program synthesis/verification tasks



