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Figure 1: Our method takes a geometric internal skeleton (left) and a source surface mesh (not pictured) as input. Based on a hexahedral

lattice (center) it then simulates a deformed surface (right) obeying self-collision and volumetric elasticity. The example shown here has

106,567 cells and simulates at 5.5 seconds per frame. c�Disney Enterprises, Inc.

Abstract

We present a new algorithm for near-interactive simulation of skele-
ton driven, high resolution elasticity models. Our methodology is
used for soft tissue deformation in character animation. The al-
gorithm is based on a novel discretization of corotational elastic-
ity over a hexahedral lattice. Within this framework we enforce
positive definiteness of the stiffness matrix to allow efficient qua-
sistatics and dynamics. In addition, we present a multigrid method
that converges with very high efficiency. Our design targets perfor-
mance through parallelism using a fully vectorized and branch-free
SVD algorithm as well as a stable one-point quadrature scheme.
Since body collisions, self collisions and soft-constraints are nec-
essary for real-world examples, we present a simple framework for
enforcing them. The whole approach is demonstrated in an end-to-
end production-level character skinning system.

CR Categories: I.6.8 [Simulation and Modeling]: Types of
Simulation—Animation

Keywords: skinning, corotated elasticity, physics-based model-
ing, elastic deformations
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1 Introduction
Creating appealing characters is essential for feature animation.
One challenging aspect is the production of life-like deformations
for soft tissues comprising both humans and animals. In order to
provide the necessary control and performance for an animator,
such deformations are typically computed using a skinning tech-
nique and/or an example based interpolation method. Meanwhile,
physical simulation of flesh-like material is usually avoided or rel-
egated to an offline process due to its high computational cost.
However, simulations create a range of very desirable effects, like
squash-and-stretch and contact deformations. The latter is espe-
cially important as it can guarantee pinch-free geometry, which is
important for subsequent simulations like cloth and hair.

Although the benefits of solving the equations of the underlying
physical laws for character deformation are clear, computational
methods are traditionally far too slow to accommodate the rapid
interaction demanded by animators. Many simplified approaches
to physical simulation can satisfy interactivity demands, but any
such approach must provide all of the following functionality to be
useful in production: (1) robustness to large deformation, (2) sup-
port for high-resolution geometric detail, (3) fast and accurate col-
lision response (both self and external objects). Ideally, for rigging,
it should also provide path independent deformations determined
completely by a kinematic skeleton. However, this is not possible
since contact deformations in general depend on the path taken to
the colliding state.

Whereas previous works have addressed many of these concerns
individually, e.g., robustness to large deformation in [Irving et al.
2004], high resolution detail [Zhu et al. 2010], and quasistatic simu-
lation [Teran et al. 2005], we present a novel algorithmic framework
for the simulation of hyperelastic soft tissues that targets all aspects
discussed above. Our approach is robust to large deformation (even
inverted configurations) and extremely stable by virtue of careful
treatment of linearization. We present a new multigrid approach
to efficiently support hundreds of thousands of degrees of freedom
(rather than the few thousands typical of existing techniques) in a
production environment. Furthermore, these performance and ro-
bustness improvements are guaranteed in the presence of both colli-

[McAdams, et al. 2011]
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Abstract
This paper describes a simulation system that has been developed to model the deformation and fracture of solid
objects in a real-time gaming context. Based around a corotational tetrahedral finite element method, this system
has been constructed from components published in the graphics and computational physics literatures. The
goal of this paper is to describe how these components can be combined to produce an engine that is robust to
unpredictable user interactions, fast enough to model reasonable scenarios at real-time speeds, suitable for use
in the design of a game level, and with appropriate controls allowing content creators to match artistic direction.
Details concerning parallel implementation, solver design, rendering method, and other aspects of the simulation
are elucidated with the intent of providing a guide to others wishing to implement similar systems. Examples from
in-game scenes captured on the Xbox 360, PS3, and PC platforms are included.

Keywords: Physics engine, game physics, simulation, deformation, fracture, real-time physics, Star Wars: The Force Unleashed.
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Star Wars: The Force Unleashed game content and screenshots courtesy of LucasArts, a division of Lucasfilm Entertainment Company Ltd. Used here under authorization. c�2009 Lucasfilm Entertainment Company Ltd. or
Lucasfilm Ltd. All rights reserved.

Figure 1: A character in the game Star Wars: The Force Unleashed directs a surge of energy at a closed gate, blasting it open.
The motion of the gate and resulting debris was simulated with a real-time finite element system running on an Xbox 360.

1. Introduction

Techniques for physically based animation have progressed
significantly over the last twenty years. Real-time simula-
tions on low-cost machines can now generate results that
would have previously taken many hours of computation
on high-end workstations. Offline simulations of complex
phenomena involving fluids, solids, and their interaction can
produce animations that many viewers find indistinguishable
from reality. These advances are due in part to the contin-
ued march of Moore’s law, but they are also a direct result of
specialized simulation algorithms developed in the graphics
community that have been designed specifically for stability
and visual fidelity.

This paper describes a system we have developed for sim-
ulating solid deformation and fracture in the real-time set-
ting of a commercial video game such as the one shown
in Figure 1. This setting presents a number of strict crite-
ria that must be satisfied before a simulation method can be
successfully integrated. Simulation performance must be ef-

ficient and predictable so that simulated game content can
be reliably integrated into a game level without causing spo-
radic drops in frame rate or stutters in control response. The
simulation cannot blow up or crash because even infrequent
crashes can quickly sour a user’s experience. These prop-
erties should apply regardless how the user interacts with
the system and one should never assume that the user will
behave in a predictable or even reasonable fashion. Mem-
ory usage is an additional concern, particularly for console
games. Mechanisms for easy authoring and artistic control
should also be provided and should be accessible to typical
level designers.

The core of this system is a tetrahedral finite element
method that incorporates ideas from several simulation tech-
niques previously published in the computer graphics and
computational physics literatures. This combination was se-
lected to provide a solution that is fast, robust to inconsistent
input, easily separable, amenable to parallelization, and ca-
pable of producing the dynamic visual appearance of defor-
mation and fracture.

Copyright c� 2009 by the Association for Computing Machinery, Inc.
Permission to make digital or hard copies of part or all of this work for personal or classroom use is granted without fee provided that copies are not made or distributed for commercial
advantage and that copies bear this notice and the full citation on the first page. Copyrights for components of this work owned by others than ACM must be honored. Abstracting with credit
is permitted. To copy otherwise, to republish, to post on servers, or to redistribute to lists, requires prior specific permission and/or a fee. Request permissions from Permissions Dept, ACM
Inc., fax +1 (212) 869-0481 or e-mail permissions@acm.org.
Eurographics/ACM SIGGRAPH Symposium on Computer Animation 2009, New Orleans, Louisiana, August 01 - 02, 2009
c� 2009 ACM 978-1-60558-610-6/09/0008 $10.00

[Parker, et al. 2009]

Comprehensive Biomechanical Modeling and Simulation of the Upper Body • 99:13

Fig. 13. The soft tissue simulator produces realistic deformations of (a) the visualization geometry, and (b) embedded volumetric muscles.

Fig. 14. Compared to zero muscle coactivation (a), higher coactivation, (b) results in greater muscle bulging and stiffness in the shoulder.

Figure 16 shows snapshots of an autonomous breathing animation
in which plausible respiratory movement is produced by the inter-
costal muscles. For the purposes of this demonstration, we have
specified a simple periodic function, ρ = ρmax(1 − cos θ )/2, where
θ is the phase angle, and set q j = c jρ as target joint angles for the
ribs. Here, c j linearly increases until the fifth rib and stays constant
for the remaining ribs.

5.1 Sensitivity Analysis

We have measured the sensitivity of our method to various mus-
cle modeling parameters. Figure 17(a)–(b) show the effect of the
PCSA of muscles on the computation of muscle activation levels.
In each test, we randomly perturbed the PCSAs of every muscle
by up to ±5% and measured the change of activation levels for 6
different poses. We executed a total of 10 tests; Figure 17(a) shows

ACM Transactions on Graphics, Vol. 28, No. 4, Article 99, Publication date: August 2009.

[Lee, et al. 2009] 
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Fig. 2. Musculotendon mesh creation using CSG to repair errors in the biceps tendons. Heterogeneous tendon tetrahedra are
selected using the triangulated surface primitive (large yellow cone in the fourth image). The rightmost image shows the finished
product.

well as to define muscle-bone attachment regions. Therefore, we define subregions within each
muscle mesh to represent muscle tissue, tendon tissue, and bone attachment regions. Tetrahedra
designated as muscle are influenced by muscle activations whereas those designated as tendon
remain passive during simulation. Furthermore, tendon tissue is an order of magnitude stiffer
than muscle tissue. Tendon often extends into the belly of certain muscles forming an internal
layer of passive tissue to which the active muscle fibers attach. This layer of connective tissue
is known as an aponeurosis and can play a large role in many muscle functions [33], [16]. We
take extra care to model this layer when selecting the regions of the muscle/tendon geometry
to designate as tendon. Additionally, we rigidly attach tetrahedrons in the origin and insertion
regions of each muscle mesh to their corresponding bones. Tetrahedrons that are designated as
attached to bone are used to set Dirichlet boundary conditions during simulations.
Our method for defining the subregions described above involves graphically selecting portions

of the mesh to be tendon or bone attachment tetrahedra leaving the remaining tetrahedra desig-
nated as muscle. In general, we use closed triangulated surfaces to select groups of tetrahedra
making use of anatomy texts for anatomical accuracy. However, a good initial guess can be
calculated by simply using a proximity threshold of the tetrahedra to a particular bone. We
correct this guess by growing regions initially selected based on mesh connectivity as well as
by graphical selection. See figure 3.

Fig. 3. Bone attachment process for the subscapularis and scapula. Constrained tetrahedra are shown in yellow, tendon tetrahedra
are shown in pink. Bone attachment regions are determined by proximity and from anatomy texts.

[Teran et. al. 2005]

person a few days with existing tools. For example, rebuilding the
facial tetrahedral flesh takes only a few hours. A cross-section of
the simulation volume is illustrated in figure 2.

In addition to the main functionality, a number of auxiliary features
were considered. To provide realistic collisions of lips against the
underlying rigid structure, we incorporated scans of teeth molds
into the cranium and jaw. To achieve more realistic muscle ac-
tion, we independently scaled the strength of each embedded mus-
cle based on the amplitude and plausibility of their flexion. This
biomechanically corresponds to adjusting the thickness of muscles,
which we could not reliably infer from the MRI scan. Finally, we
added eyes, teeth, shoulders, realistic rendering, etc.

4 Finite Element Method

The flesh mesh is governed by a Mooney-Rivlin constitutive model
for the deviatoric deformation augmented by a volumetric pressure
term for quasi-incompressibility. Tetrahedra which contain facial
muscles have an additional anisotropic response for each muscle,
which consists of both passive and active components scaled by the
volume fraction. See [Teran et al. 2003; Teran et al. 2005b] for
more details. The definition of nodal forces can be summarized as

f(x,a) = f0(x)+
M
!
i=1

aifi(x) (1)

were f and x denote the forces and positions of all nodes in the sim-
ulation mesh, and a= (a1,a2, . . . ,aM)T is the vector of activations
of all M muscles. f0 corresponds to the elastic material response
of the flesh including the passive anisotropic component present in
muscle regions. Each force component fi corresponds to the con-
tribution of a fully activated muscle and is weighted by the cor-
responding current muscle activation level with ai ∈ [0,1]. The fi
depend on the spatial configuration x alone, making the total force
an affine function of muscle activations. This linear dependence
of force on activation is a fundamental property of the force-length
curve of [Zajac 1989] that provides a useful simplification to our
control framework.

We use a quasistatic simulation scheme where each input of mus-
cle activations and skeletal configuration is directly mapped to the
steady state expression it gives rise to. Such an assumption is fun-
damental to our control strategy, since it enables facial expressions
to be defined as functions of the input control parameters without
any dependence on the deformation history. We stress that this hy-
pothesis is adopted only in the context of our optimization process
to automatically determine muscle activations, and inertial effects
can later be included in extracted expressions via a full dynamic
simulation utilizing the same muscle control parameters.

Given a set of muscle activation parameters, a, and appropriate
boundary conditions, we substitute these into equation (1) and solve
the resulting nonlinear equation f(x) = 0. The boundary conditions
are derived from the position of the cranium and jaw (see section
8), and we abstractly encode this state with a vector b. Solving
this equation leads to an equilibrium configuration for the mesh,
X(a,b). These steady state positions are defined implicitly with the
aid of equation (1) as

f(X(a,b),a) = 0. (2)

Note that b does not explicitly appear in the definition of the fi-
nite element forces, but instead fully determines the value of some
constrained nodes in the simulation mesh, which we denote XC(b).
Equation (2) can therefore be considered an implicit definition for
the quasistatic positions of the unconstrained set of mesh nodes,
denoted by XU (a,b).

Figure 2: Illustration of the finite element flesh mesh, and the im-
portance of colliding this mesh with the rigid bodies and itself.

We solve equation (2) with a Newton-Raphson iterative solver. At
each step, the finite element forces are linearized around the cur-
rent estimate Xk as f(Xk + δX) ≈ f(Xk) + ∂ f/∂x|Xk δX. Then
we compute the displacement δX that would restore the linearized
equilibrium −∂ f/∂x|Xk δX = f(Xk), and define the next iterate as
Xk+1 =Xk+δX. Unfortunately, ∂ f/∂x|Xk is often indefinite lead-
ing to significant computational cost when solving for δX. Thus,
we utilize the enabling technology proposed in [Teran et al. 2005a]
that allows a fast conjugate gradient solver to be used to find δX.
Moreover, the method proposed in [Teran et al. 2005a] allows for
element inversion during the quasistatics solve speeding up our
Newton-Raphson iteration by a significant amount. Overall, the
convergence is particularly fast yielding an admissible solution to
the nonlinear equilibrium problem within a few Newton-Raphson
iterations even for drastic changes of activation levels. Although
other solvers could be used, and solving equation (2) can be con-
sidered a “black box” as far as our method is concerned, [Teran
et al. 2005a] makes our estimation of muscle activations practical
as opposed to just doable. Mesh collisions between the lips or the
lips and the teeth or gums are handled with the penalty force formu-
lation of [Teran et al. 2005a]. See also [Heidelberger et al. 2004],
[Teschner et al. 2003], etc. for more on collision handling.

5 Optimization Framework

We group all the muscle activations and kinematic parameters into
a single set of controls c = (a,b) writing the equilibrium positions
as X(c). The input to our model consists of a sparse set of mo-
tion capture marker data, but markerless techniques or animator key
framing could alternatively be used as long as the final inputs are
converted to target locations for points on the surface mesh. In the
rest pose, we find the surface triangle closest to each marker and
compute the barycentric coordinates for the marker rest position. If
the marker does not lie on the surface mesh, we subtract its vector
offset from all the data for that marker so that it does lie on the sur-
face mesh (and should continue to as it is animated). Given values
for the control parameters, the vector of all our embedded landmark
positions is given by XL(c) =WX(c) whereW is a sparse matrix
of barycentric weights. Our goal is then to find the set of controls
that minimize the distance between our landmark positions XL(c)
and the motion capture marker data target positions XT , i.e.

copt(XT ) = arg min
c∈C0

�XL(c)−XT �

where copt(XT ) stresses that the optimal set of controls is a function
of the target positions. Here, C0 is the feasible set of control con-
figurations restricting the muscle activations (to the interval [0,1])
as well as the positioning and articulation of the head and jaw. Al-
though any geometric or statistical norm could be used, we use the

[Sifakis et. al. 2005]
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Fig. 2. Musculotendon mesh creation using CSG to repair errors in the biceps tendons. Heterogeneous tendon tetrahedra are
selected using the triangulated surface primitive (large yellow cone in the fourth image). The rightmost image shows the finished
product.

well as to define muscle-bone attachment regions. Therefore, we define subregions within each
muscle mesh to represent muscle tissue, tendon tissue, and bone attachment regions. Tetrahedra
designated as muscle are influenced by muscle activations whereas those designated as tendon
remain passive during simulation. Furthermore, tendon tissue is an order of magnitude stiffer
than muscle tissue. Tendon often extends into the belly of certain muscles forming an internal
layer of passive tissue to which the active muscle fibers attach. This layer of connective tissue
is known as an aponeurosis and can play a large role in many muscle functions [33], [16]. We
take extra care to model this layer when selecting the regions of the muscle/tendon geometry
to designate as tendon. Additionally, we rigidly attach tetrahedrons in the origin and insertion
regions of each muscle mesh to their corresponding bones. Tetrahedrons that are designated as
attached to bone are used to set Dirichlet boundary conditions during simulations.
Our method for defining the subregions described above involves graphically selecting portions

of the mesh to be tendon or bone attachment tetrahedra leaving the remaining tetrahedra desig-
nated as muscle. In general, we use closed triangulated surfaces to select groups of tetrahedra
making use of anatomy texts for anatomical accuracy. However, a good initial guess can be
calculated by simply using a proximity threshold of the tetrahedra to a particular bone. We
correct this guess by growing regions initially selected based on mesh connectivity as well as
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for the deviatoric deformation augmented by a volumetric pressure
term for quasi-incompressibility. Tetrahedra which contain facial
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depend on the spatial configuration x alone, making the total force
an affine function of muscle activations. This linear dependence
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control framework.
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steady state expression it gives rise to. Such an assumption is fun-
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to be defined as functions of the input control parameters without
any dependence on the deformation history. We stress that this hy-
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Given a set of muscle activation parameters, a, and appropriate
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the resulting nonlinear equation f(x) = 0. The boundary conditions
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we compute the displacement δX that would restore the linearized
equilibrium −∂ f/∂x|Xk δX = f(Xk), and define the next iterate as
Xk+1 =Xk+δX. Unfortunately, ∂ f/∂x|Xk is often indefinite lead-
ing to significant computational cost when solving for δX. Thus,
we utilize the enabling technology proposed in [Teran et al. 2005a]
that allows a fast conjugate gradient solver to be used to find δX.
Moreover, the method proposed in [Teran et al. 2005a] allows for
element inversion during the quasistatics solve speeding up our
Newton-Raphson iteration by a significant amount. Overall, the
convergence is particularly fast yielding an admissible solution to
the nonlinear equilibrium problem within a few Newton-Raphson
iterations even for drastic changes of activation levels. Although
other solvers could be used, and solving equation (2) can be con-
sidered a “black box” as far as our method is concerned, [Teran
et al. 2005a] makes our estimation of muscle activations practical
as opposed to just doable. Mesh collisions between the lips or the
lips and the teeth or gums are handled with the penalty force formu-
lation of [Teran et al. 2005a]. See also [Heidelberger et al. 2004],
[Teschner et al. 2003], etc. for more on collision handling.

5 Optimization Framework

We group all the muscle activations and kinematic parameters into
a single set of controls c = (a,b) writing the equilibrium positions
as X(c). The input to our model consists of a sparse set of mo-
tion capture marker data, but markerless techniques or animator key
framing could alternatively be used as long as the final inputs are
converted to target locations for points on the surface mesh. In the
rest pose, we find the surface triangle closest to each marker and
compute the barycentric coordinates for the marker rest position. If
the marker does not lie on the surface mesh, we subtract its vector
offset from all the data for that marker so that it does lie on the sur-
face mesh (and should continue to as it is animated). Given values
for the control parameters, the vector of all our embedded landmark
positions is given by XL(c) =WX(c) whereW is a sparse matrix
of barycentric weights. Our goal is then to find the set of controls
that minimize the distance between our landmark positions XL(c)
and the motion capture marker data target positions XT , i.e.

copt(XT ) = arg min
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where copt(XT ) stresses that the optimal set of controls is a function
of the target positions. Here, C0 is the feasible set of control con-
figurations restricting the muscle activations (to the interval [0,1])
as well as the positioning and articulation of the head and jaw. Al-
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[Sifakis et. al. 2005]
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3. Otherwise there are two cases. Triple (v1, v2, t) is
either followed by a triple (v1, v2, t′) or not. In the
first case the edge is shared by two triangles t and t′

while in the second case the edge only belongs to t.

4. In both cases, a new vertex v3 near the center of the
edge is generated. Triangle t and, if present, triangle
t′ are each split in two new triangles containing v3.

5. Finally the list of triples has to be updated. The
edges of the newly generated triangles that contain
v3 are added at the end of the list. If the new entries
are added in lexicographical order at the end of the
list, the entire list remains sorted, because v3 is the
largest vertex index of the mesh.

6. The edges of the newly generated triangles that do
no contain v3 are already in the list but need to be
updated since they contain the old triangles t and t′.
They can be found in logarithmic time via a binary
search on the sorted list.

7. Skip all entries containing v1 and v2 and go to step
2.

4 Results
All the animations described in this section were com-
puted and rendered in real time on a 1.8 GHz Pentium IV
PC with a GForce 4 graphics card. Fig. 8 shows an ea-
gle surface mesh composed of 23, 000 triangles for which
a cube mesh of about 800 elements was generated. The
object deforms elastically under gravity and user applied
forces at 10 − 15 frames per second.

Figure 8: Eagle surface mesh (right) for which a cube
mesh was generated (left) to simulate elastic deformation.

The pig shown in Fig. 9 is animated as a rigid body.
When it hits the ground a static Finite Element step is
computed which yields the internal stresses used to frac-
ture the model. New rigid bodies are generated while the
surfaces are closed dynamically. The simulation runs at
over 40 frames per second.
The examples in Figures 1 and 10 show that the frac-

ture procedure works robustly for more complex geome-
tries as well (see also accompanying video sequences).

Figure 9: A pig model fractures as it hits the ground. New
surface triangles are generated dynamically to keep the
surface mesh closed.

Figure 10: A more complex model shows the robustness
of the fracture procedure.

5 Conclusions and Future Work
We have presented a method for the physically-based an-
imation of scenes that are defined by their surfaces only.
Objects are voxelized and the resulting regular hexahe-
dral meshes are animated using Finite Element or rigid
body simulations. The associated surface mesh is de-
formed and fractured according to the simulation per-
formed on the underlying volumetric mesh.
At the time we only use one material per cube mesh

even though the simulation can handle multiple materials.
With a separate tool or process different materials could
be applied to different parts of the cube mesh.
Another way to improve our method could be to use

cube elements of more than one size. Instead of using
cubes of uniform size h, a structure similar to an oct-
tree could be used to reduce the number of elements or
to subdivide the mesh in regions of high stress. Since all
elements would still be cubes, properly scaled versions of
the same stiffness matrix could be used.
Sometimes independent small features of the surface

mesh are associated with the same cube element. Subdi-
vision of elements could solve this problem as well.

[Müller et. al. 2004]

[Rivers, A. & James, D. 2007]
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[Teran et. al. 2005]

person a few days with existing tools. For example, rebuilding the
facial tetrahedral flesh takes only a few hours. A cross-section of
the simulation volume is illustrated in figure 2.

In addition to the main functionality, a number of auxiliary features
were considered. To provide realistic collisions of lips against the
underlying rigid structure, we incorporated scans of teeth molds
into the cranium and jaw. To achieve more realistic muscle ac-
tion, we independently scaled the strength of each embedded mus-
cle based on the amplitude and plausibility of their flexion. This
biomechanically corresponds to adjusting the thickness of muscles,
which we could not reliably infer from the MRI scan. Finally, we
added eyes, teeth, shoulders, realistic rendering, etc.

4 Finite Element Method

The flesh mesh is governed by a Mooney-Rivlin constitutive model
for the deviatoric deformation augmented by a volumetric pressure
term for quasi-incompressibility. Tetrahedra which contain facial
muscles have an additional anisotropic response for each muscle,
which consists of both passive and active components scaled by the
volume fraction. See [Teran et al. 2003; Teran et al. 2005b] for
more details. The definition of nodal forces can be summarized as

f(x,a) = f0(x)+
M
!
i=1

aifi(x) (1)

were f and x denote the forces and positions of all nodes in the sim-
ulation mesh, and a= (a1,a2, . . . ,aM)T is the vector of activations
of all M muscles. f0 corresponds to the elastic material response
of the flesh including the passive anisotropic component present in
muscle regions. Each force component fi corresponds to the con-
tribution of a fully activated muscle and is weighted by the cor-
responding current muscle activation level with ai ∈ [0,1]. The fi
depend on the spatial configuration x alone, making the total force
an affine function of muscle activations. This linear dependence
of force on activation is a fundamental property of the force-length
curve of [Zajac 1989] that provides a useful simplification to our
control framework.

We use a quasistatic simulation scheme where each input of mus-
cle activations and skeletal configuration is directly mapped to the
steady state expression it gives rise to. Such an assumption is fun-
damental to our control strategy, since it enables facial expressions
to be defined as functions of the input control parameters without
any dependence on the deformation history. We stress that this hy-
pothesis is adopted only in the context of our optimization process
to automatically determine muscle activations, and inertial effects
can later be included in extracted expressions via a full dynamic
simulation utilizing the same muscle control parameters.

Given a set of muscle activation parameters, a, and appropriate
boundary conditions, we substitute these into equation (1) and solve
the resulting nonlinear equation f(x) = 0. The boundary conditions
are derived from the position of the cranium and jaw (see section
8), and we abstractly encode this state with a vector b. Solving
this equation leads to an equilibrium configuration for the mesh,
X(a,b). These steady state positions are defined implicitly with the
aid of equation (1) as

f(X(a,b),a) = 0. (2)

Note that b does not explicitly appear in the definition of the fi-
nite element forces, but instead fully determines the value of some
constrained nodes in the simulation mesh, which we denote XC(b).
Equation (2) can therefore be considered an implicit definition for
the quasistatic positions of the unconstrained set of mesh nodes,
denoted by XU (a,b).

Figure 2: Illustration of the finite element flesh mesh, and the im-
portance of colliding this mesh with the rigid bodies and itself.

We solve equation (2) with a Newton-Raphson iterative solver. At
each step, the finite element forces are linearized around the cur-
rent estimate Xk as f(Xk + δX) ≈ f(Xk) + ∂ f/∂x|Xk δX. Then
we compute the displacement δX that would restore the linearized
equilibrium −∂ f/∂x|Xk δX = f(Xk), and define the next iterate as
Xk+1 =Xk+δX. Unfortunately, ∂ f/∂x|Xk is often indefinite lead-
ing to significant computational cost when solving for δX. Thus,
we utilize the enabling technology proposed in [Teran et al. 2005a]
that allows a fast conjugate gradient solver to be used to find δX.
Moreover, the method proposed in [Teran et al. 2005a] allows for
element inversion during the quasistatics solve speeding up our
Newton-Raphson iteration by a significant amount. Overall, the
convergence is particularly fast yielding an admissible solution to
the nonlinear equilibrium problem within a few Newton-Raphson
iterations even for drastic changes of activation levels. Although
other solvers could be used, and solving equation (2) can be con-
sidered a “black box” as far as our method is concerned, [Teran
et al. 2005a] makes our estimation of muscle activations practical
as opposed to just doable. Mesh collisions between the lips or the
lips and the teeth or gums are handled with the penalty force formu-
lation of [Teran et al. 2005a]. See also [Heidelberger et al. 2004],
[Teschner et al. 2003], etc. for more on collision handling.

5 Optimization Framework

We group all the muscle activations and kinematic parameters into
a single set of controls c = (a,b) writing the equilibrium positions
as X(c). The input to our model consists of a sparse set of mo-
tion capture marker data, but markerless techniques or animator key
framing could alternatively be used as long as the final inputs are
converted to target locations for points on the surface mesh. In the
rest pose, we find the surface triangle closest to each marker and
compute the barycentric coordinates for the marker rest position. If
the marker does not lie on the surface mesh, we subtract its vector
offset from all the data for that marker so that it does lie on the sur-
face mesh (and should continue to as it is animated). Given values
for the control parameters, the vector of all our embedded landmark
positions is given by XL(c) =WX(c) whereW is a sparse matrix
of barycentric weights. Our goal is then to find the set of controls
that minimize the distance between our landmark positions XL(c)
and the motion capture marker data target positions XT , i.e.

copt(XT ) = arg min
c∈C0

�XL(c)−XT �

where copt(XT ) stresses that the optimal set of controls is a function
of the target positions. Here, C0 is the feasible set of control con-
figurations restricting the muscle activations (to the interval [0,1])
as well as the positioning and articulation of the head and jaw. Al-
though any geometric or statistical norm could be used, we use the

[Sifakis et. al. 2005]
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Figure 2.1: Top row: Illustration of the deformation map φ from the reference
configuration (left) to the deformed shape (right). Bottom two rows: Sample defor-
mations of (a) translation, (b) uniform scaling, (c) anisotropic scaling, (d) rotation.
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An efficient multigrid method for the simulation of high resolution elastic solids • 17

Fig. 24: Quasistatic simulation of armadillo model with co-rotational linear elasticity. Resolution: 302K cells.

Fig. 25: Dynamic simulation of an object impacting a face at high velocity. Modeled as a thick layer of flesh (no skull) using co-rotational
linear elasticity. The embedding simulation cage contains 915K cells. The high-resolution embedded surface contains 10.1M triangles.

Fig. 26: Dynamic simulation of a soft elastic car model deforming under kinematic constraints, using linear elasticity. Resolution: 43K cells.

Fig. 27: Embedded animation of a deformable dragon shaking his head, using co-rotational linear elasticity and simulation of dynamics.
The embedded surface contains 7.2M triangles, while the simulated embedding cage has 402K cells (closeup pictured on the right).

ACM Transactions on Graphics, Vol. VV, No. N, Article XXX, Publication date: Month YYYY.
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Figure 1: Our method takes a geometric internal skeleton (left) and a source surface mesh (not pictured) as input. Based on a hexahedral

lattice (center) it then simulates a deformed surface (right) obeying self-collision and volumetric elasticity. The example shown here has

106,567 cells and simulates at 5.5 seconds per frame. c�Disney Enterprises, Inc.

Abstract

We present a new algorithm for near-interactive simulation of skele-
ton driven, high resolution elasticity models. Our methodology is
used for soft tissue deformation in character animation. The al-
gorithm is based on a novel discretization of corotational elastic-
ity over a hexahedral lattice. Within this framework we enforce
positive definiteness of the stiffness matrix to allow efficient qua-
sistatics and dynamics. In addition, we present a multigrid method
that converges with very high efficiency. Our design targets perfor-
mance through parallelism using a fully vectorized and branch-free
SVD algorithm as well as a stable one-point quadrature scheme.
Since body collisions, self collisions and soft-constraints are nec-
essary for real-world examples, we present a simple framework for
enforcing them. The whole approach is demonstrated in an end-to-
end production-level character skinning system.
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1 Introduction
Creating appealing characters is essential for feature animation.
One challenging aspect is the production of life-like deformations
for soft tissues comprising both humans and animals. In order to
provide the necessary control and performance for an animator,
such deformations are typically computed using a skinning tech-
nique and/or an example based interpolation method. Meanwhile,
physical simulation of flesh-like material is usually avoided or rel-
egated to an offline process due to its high computational cost.
However, simulations create a range of very desirable effects, like
squash-and-stretch and contact deformations. The latter is espe-
cially important as it can guarantee pinch-free geometry, which is
important for subsequent simulations like cloth and hair.

Although the benefits of solving the equations of the underlying
physical laws for character deformation are clear, computational
methods are traditionally far too slow to accommodate the rapid
interaction demanded by animators. Many simplified approaches
to physical simulation can satisfy interactivity demands, but any
such approach must provide all of the following functionality to be
useful in production: (1) robustness to large deformation, (2) sup-
port for high-resolution geometric detail, (3) fast and accurate col-
lision response (both self and external objects). Ideally, for rigging,
it should also provide path independent deformations determined
completely by a kinematic skeleton. However, this is not possible
since contact deformations in general depend on the path taken to
the colliding state.

Whereas previous works have addressed many of these concerns
individually, e.g., robustness to large deformation in [Irving et al.
2004], high resolution detail [Zhu et al. 2010], and quasistatic simu-
lation [Teran et al. 2005], we present a novel algorithmic framework
for the simulation of hyperelastic soft tissues that targets all aspects
discussed above. Our approach is robust to large deformation (even
inverted configurations) and extremely stable by virtue of careful
treatment of linearization. We present a new multigrid approach
to efficiently support hundreds of thousands of degrees of freedom
(rather than the few thousands typical of existing techniques) in a
production environment. Furthermore, these performance and ro-
bustness improvements are guaranteed in the presence of both colli-

[McAdams, et al. 2011]
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PERFORMANCE

Here, M is the mass matrix, and superscripts denote time steps. We
define the term fd according to a Rayleigh damping model as:

fd(x,p;v, ṗ) := γδf(x,p; δx ← v, δp ← ṗ)

where γ is the Rayleigh damping coefficient. Since the system of
equations (14) through (17) is nonlinear as a whole, we solve it
using an iterative Newton-Raphson procedure. Linearizing around
an approximation xn+1

k ,pn+1
k ,vn+1

k , ṗn+1
k of the state variables at

the end of the timestep (the k-th iterate of the Newton procedure),
we obtain the equations:

1
∆t2

M∆x −
�
1 + γ

∆t

�
δf(xn+1

k ,pn+1
k ;∆x,∆p) =

= M(vn− vn+1
k ) + f(xn+1

k ,pn+1
k ) + fd(x

n+1
k ,pn+1

k ; vn+1
k , ṗn+1

k )

and −
�
1 + γ

∆t

�
δq(xn+1

k ,pn+1
k ;∆x,∆p) = q(xn+1

k ,pn+1
k )

This is a symmetric indefinite linear system of equations that can be
solved with QMR or another appropriate solver, in a similar fashion
as the system associated with our prior quasistatic time evolution.
We can easily verify that these equations reduce to the quasistatic
ones at the limit ∆t → ∞. Once the corrections ∆x,∆p have been
computed, we proceed to update the state variables as xn+1

k+1 ←
xn+1

k + ∆x, pn+1
k+1 ← pn+1

k + ∆p, vn+1
k+1 ← vn+1

k + ∆t−1∆x

and ṗn+1
k+1 ← ṗn+1

k +∆t−1∆p.

Data organization By far, the most computationally expensive
component of our technique is the force differential calculation,
which occurs once at every QMR iteration. We are also confronted
with a complex challenge if we choose to leverage parallelism and
SIMD capabilities in modern processors: our models have irregular
shapes only partially cover the embedding lattice, making optimal
parallel iterators difficult to construct. In addition, we are faced
with a data dependency issue: Computation, as currently structured
is conducted on a cell-by-cell basis; however, the results of this
computation f and q are stored on both cells and nodes, and we can
have different (neighboring) cells that need to accumulate forces on
the same common node, giving rise to dependencies and synchro-
nization issues.

In order to streamline the force differential computation and gener-
ate the best conditions for parallelism and vectorization, we propose
a new data organization scheme for our state variables and interme-
diate data. Our approach is illustrated in figure 7. We conceptu-
ally subdivide our 3-dimensional domain into blocks of 23 voxels
each. Note that not all such voxels will participate in the grid, as
some blocks near object boundaries will contain inactive voxels.
However, due to the small size of the 23-sized blocks, the number
of voxels included in all blocks that contain active voxels will be
minimally larger than the number of active voxels. Prior to any
computation (e.g. force differential calculation), we copy all nodal
information from a grid-based array into a flat array of blocks, du-
plicating any shared values as necessary. Of course, this step entails
creating multiple copies of data, but is not as expensive as if a sep-
arate copy of all nodal data was made for every individual voxel
(the practical data overhead is < 3x for this scheme, compared to
8x for a replication of all nodes for all cells). The cost of this data
duplication is reduced by the fact that additional simulation meta-
data (such as pressures c, material parameters, the matrix Q, pre-
computed stress derivatives and Singular Value/Polar decomposi-
tions, if needed) which are conceptually cell-centered can be stored
persistently in a flattened array of blocks. Once this translation
is completed, fully balanced multi-threading is possible by simply
subdividing the processing of this flattened array across computing
threads. Within each thread, we leverage the 23 multiplicity of each
block to compute differentials with SIMD instructions. The blocks
of nodal and cell data are first copied from the heap-allocated flat

Figure 6: Runtimes of our human body simulation examples, in
seconds. All times are in seconds, reported on an Intel Core i7-
2600 CPU and include the use of AVX instructions. (Note: The last
column reflects an 8-thread execution, but only on 4 physical cores,
via hyperthreading.)

arrays onto a stack-allocated copy. Then, we perform a final separa-
tion of cell and node data, creating one fully separate copy for each
of the 8 voxels. Note that this operation does not incur memory
bandwidth expense, since this local stack-allocated copy (typically
less than 6− 8KB in size) is expected to be cache-resident for the
duration of the computation. We have leveraged the AVX instruc-
tion set of the Sandy Bridge architecture to process all 8 voxels of
the block simultaneously. Upon completion of the local compu-
tation, the entire process is reversed: the voxel-specific forces are
accumulated into nodal forces for the entire block (i.e. 8 sets of
8 nodal forces are accumulated into the 27 nodal force variables
of the containing block) and copied to the flattened array of block
data. Lastly, in a scatter/accumulate step, the forces from the flat-
tened block array are added back onto the grid; naturally, this step
requires attention to ordering to avoid data dependencies, but this
very specific task is significantly easier to manage.

6 Examples

We demonstrate the use of our system in soft-tissue musculoskeletal
simulations using the material model and parameters presented in
[Lee et al. 2009]. Figure 1 depicts a keyframed walking sequence,
where the deformation of flesh, skin and muscles was generated by
our technique. As our focus was not on the derivation of realis-
tic muscle activation sequences, we demonstrated just the two ex-
treme cases in our simulations: all muscles being inactive (the pas-
sive component is still present), or all muscles contracted to maxi-
mum activation. Two discretization resolutions were used: a lattice
with a grid size of 10mm, yielding a lattice with approximately
101K voxels, and a coarser one with grid size 20mm containing
approximately 13.5K voxels. Note that, for comparison with tetra-
hedral discretizations, our high-resolution grid would be compara-
ble (in number of degrees of freedom) with a tetrahedral discretiza-
tion containing about 500K − 600K tetrahedra. The supplemental
submission video demonstrates additional motion sequences, and
highlights instances where our use of a sub-voxel accurate method
results in much pronounced muscle definition, and enables bending
and folding of flesh near skin creases. Figure 6 reports the run-
time cost on a 4-core Sandy Bridge CPU. Please note that the times
given for full frames, or full Newton-Raphson iterations are highly
variable and depend on the complexity of the simulated model; the
numbers given here were characteristic of our specific simulations.

As previously noted by Zhu et al. [2010] reconstructing the embed-
ded object surface using trilinear interpolation from lattice nodes
yields visible grid artifacts due to discontinuous gradients at voxel
boundaries. Consequently, our examples employed tricubic inter-
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