Lecture 16-17: Sparse Regression (4/7,4/9)

Readings:
e Chap 7.1, 7.4 and 7.6 in Wainwright book.
e The following slides by Wainwright, which complements the above materials:
www.cs.berkeley.edu/ wainwrig/winedale/Wainwright_Winedale_060312.pdf
e Chap 10.6 of Vershynin book.

e Chap 10.1-10.3 and 10.5 in Vershynin book, which presents a different view of sparse regres-
sion.

1 Sparse Regression in High Dimension
Suppose that
y=XpB"+e,

where X € R™*? is the covariate matrix, y € R” the response, e € R" the noise, and 5* € R¢ the
unknown parameter.

When n < d, we cannot hope to recover 8*, because there are less equations than variables.
Need additional assumption/structure for 5*. We assume that §* is sparse.

1.1 Lasso

To find a sparse solution, ideally we would like to solve the £y-regularized least square problem

1 2
i Xp - A 1
min o X8 = ylla + AlBllo (1)
where [|3]|, := |support(8)| is the number of non-zero coordinates of . The ¢y “norm” |||, is in

fact not a norm, and in particular not convex. The non-convex program is in general hard to
solve.

For computational tractability, we replace the £y “norm” by its convex approximation, the #;
norm ||-||;. This gives an ¢;-regularized least-squares problem known as Lasso:

A 1 9
B € arg min — || X5 — yll5 + A1, - 2
arg min o || ylls + A8l (2)

Remark 1. It can be shown that the 1 norm is the best convex approximation of the £y “norm” in
a precise sense; see Lemma, [5| below.


www.cs.berkeley.edu/~wainwrig/winedale/Wainwright_Winedale_060312.pdf

2 Bounds on Estimation Error of Lasso
We consider the following statistical setting:

e Sparsity: ||5%|, < k.

e Gaussian design: Xj; N0, 1).

o Gaussian noise: e; ~° N(0,02).

e Independence: X L e.

Theorem 2. Under the above setting, suppose that the sample size satisfies

n > klog <Z) , (3)

and the regqularization parameter in Lasso (@ satisfies

2> o logd.
n

Then with probability at least 1 — cd™2, the Lasso solution B satisfies the error bound

|8-8|, = Vi (4)

Consequences

o [fwetake A <o

klogd
<o

lofid, then we get the error bound HB — B* >

minimax optimal. (We are very close though: the optimal bound is o4/ kl%(d/k).

, which is (almost)

e In particular, if ¢ — 0, then taking A — 0 gives HB — p*

— 0. That is, we have exact
2

recovery in the noiseless setting.

logd

o If we take A larger than the optimal value o4/ =>

, then Lasso still works, albeit with a larger,
sub-optimal error (underfitting).

e If we take \ too small (< o4/ logd), then Theorem [2|is not applicable (overfitting).

2

e In practice, we may choose )\ by estimating the noise variance ¢, or by cross—validationﬂ

B—p
2

, which in general requires weaker assumptions on the

Remark 3. Theorem [2| bounds the estimation error ‘ In the last lecture we derived

X(B-p)

bounds on the prediction error

covariates/features X.

!This optimal bound cannot be achieved by Lasso but rather requires a different approach such as SLOPE, which
uses sorted-¢1-norm regularization.)
2There is a variant of Lasso called Square-Root Lasso:

1
in — || X8 — A
min, o 1138 = wll, + A8,

which does not require estimation o but is a bit harder to solve than Lasso (SOCP vs QP).



3 Proof of Theorem 2

Let T := support(B*) = {j : 8] # 0} and A := 3 — B* be the error vector. The proof follows from
the following four claims:

1. Basic inequality: o [ XAJ3 < 2[|X el 1Al +A (1871, — ||8]],) -
2. Cone inequality: [[Aze|l; < 3[|Ar|;.
3. Noise bound: With probability at leastl — cd ™2,

1 I
] <on/E2.)
n

oo n ~— 2

4. Restricted Strong Convexity (RSC): With probability at least 1 — 2e=",
1 I T d
Sl Xully > 5 llully, Vo € R flurell; <3 lurll, - (5)

We prove these results later.
Assuming Claims 1-4 hold, the theorem follows easily. We have

1 1
1 ||AH§ < on ||XA||§ RSC applied to A satisfying cone inequality

1 N
< - HXTGH Al + A (Hﬂ*Hl - HﬂHl) basic inequality
SAAL +=AUB = 187+ Ally) noise bound
<2X A - triangle inequality

We bound the RHS by observing that

A, = [|A7]l; + [|Aze|l; decomposability of the ¢; norm
< 4||Ar|, cone inequality
< VE | Al Tl <k
< VE Al

Combining the last two equations, we obtain ||Al]3 < AWk ||All,, which implies the desired error
bound.

3.1 Proof of Claim 1: Basic inequality

Basic inequality means that the optimal solution B has an objective value at least as good as that
of £*, which is a feasible solution. Analysis of many optimization-based algorithms involve such an
inequality. We have encountered it before in non-parameteric regression.

Specifically to Lasso, we have

1 R 2 . 1 )
- o < * |
o [XB=u|| + 2|8, = 5 1%8 = w3 + 208



Using 3 ="+ A and y = X* + e, we rewrite the above inequality as

IN

1 * * 2 A i * * 2 *
S IX (8" +8) = XB"—ell3 +A||3|| < 5= 1X6* - X8 — el + A8l

VAN

1 2 A 1 2 *
S XA =3+ A [8] < 5 Nl + A8,
Expanding the 5 norm on the LHS

IXA —e]2 = (XA —e)T(XA —¢) = [ XA+ [le]3 — 2¢T XA,

we obtain

IN

%HXAI@ %@TXA-I-)\(Hﬁ*Hl - H*BH1>

a1t (171, 4],

IN

3.2 Proof of Claim 2: Cone inequality
Lower bounding the last LHS by 0, we obtain

1| ot . .
< — _
o< el it +x (1571, - 3]

1

< 5)\ AN, XU = 18"+ Ally) noise bound (proved later)
1 * * * 1

< SAUIATIy + [1A7elly) + A5 = (8" + A)rlly = [I(6” + A)relly) - decomposability of the £1 norm
1 . . . *

< 5)\ (1A, + |Azelly) + A(IAT] — [|Azell;) triangle inequlaity and S7. =0
3

1
= XAl - 3 Iard),
Rearranging gives the cone inequality |[Are|l; < 3||Ar|; .

3.3 Proof of Claim 3: Noise bound

Let X; denote the j-th column of X. We want to upper bound
1 1
—HXTeH = — max ‘X]Te‘.
n o) n j=1,...p

For each j we can bound X jT e using concentration inequalities, and then use the union bound. (Left
as exercise. Hint: condition on X;.) Doing so gives

1 logd
Z max ’XjTe’ <Co 8 )
n j=1,..,p n

By assumption, % is larger than the last RHS.



3.4 Proof of Claim 4: Restricted Strong Convexity

This is the most technical part of the proof. The proof is broken into two steps: we first show that
X satisfies a property called Restricted Isometry Property (RIP), and then prove that RIP implies
RSC.

3.4.1 Step 1: Gaussian design satisfies RIP
We show that X is an approximate isometric mapping when restricted to sparse vectors.

Lemma 4 (RIP). Ifn > Cklog (%) for a sufficiently large positive constant C, then the matrix X

satisfies
1 2 2 1 2
(1= 5) 1ol £ 5 1ol < (14 5) ol

with probability at least 1 — 2e=“".

Proof. Let S C {1,2,...d} be a fized subset of column indices with |S| < m := 32k. Let Xg € R™*™
be the submatrix of X with column indices in S. Then for all vectors v € R? supported on S, we

Yo € RY: [|v]|, < 32k

have

1 2 2.
21X —
~ Xl — o

1 2 2
X2 =
Xl - ol

fXgXS vy — v:grvg
n

1
= |vd (nXSTXS - Im> vs

1

n

IN

XIXs— I,

2
ot |
op
We can bound the RHS using previous results on (sub-)Gaussian random matrices. In particular,
we use Theorem 1 in Lecture 8, but take t = % in the proof. Doing so shows that with probability
at least 1 — 2e~ 0™,
<

1 1
HX§XS — I, 5
n op

Combining the last two equations gives

1 1
X0l pI| < Il o € RY support(s) = 5

Taking a union bound ove (:1) possible subsets S with |S| = m, we find that

1 2 2 1 2 d
X0l IE] < Il Vo e R ol < m

with probability at least

1 — 2e—Con . (d) >1-— 2€—con+mlog(ed/m) <d> < <€d) _ 6mlog(ed/m)
m m

>1—2e " n 2 klog(d/k) < mlog(ed/m) by assumption



3.4.2 Step 2: RIP implies RSC

Lemma [4] shows that X satisfies RIP with high probability. We next show that this implies RSC.
This part of the proof is completely deterministic and geometrical. In particular, we make use of
the following geometric result:

Lemma 5 (Convex hull of sparse vectors = ¢; ball). We have

{1: ERP: ||z, < AVE, ||z], < 1} c COHV({x ER?: |z, < 16k, ||z]|, < 2}).
A B
Remark 6. It is easy to show the reverse inclusion B C 2A.

Proof. Consider an arbitrary z € A. We want to write x as
x = Z v’
i

for some v* € B, oy; > 1 and Yoo =1

Partition the support of x into subsets 77,75, ..., so that 77 indexes the largest (in absolute
value) 16k elements of x, T5 the next 16k largest elements, and so on. For i > 2, each coordinate
of 7, is smaller in magnitude than the average of the coordinates of z7, |, so

|z7, |y < V16k - max |z;| < V16k- min |z,
JeT; JeET; 1

1
</ A )
16k 16k E ||

JET;—1

1
= \/ﬁ HJJTi,l Hl :

Summing up, we get

=3 lanlly = lonlly + Y llon s

i>1 i>2

1
< H513T1||2 J16k ;>2: HfCTz—1H1

1
<1+ ——|z

1
<14+ — 4k =2
- V16k

Therefore, we have the desired decomposition

m
TT. X,
ol o
i=1 ) Tl

a; vi

where ). a; = 1 by definition, viHQ = v < 2 and thus v’ € B. Since « € A is arbitrary, the lemma
follows. O



We return to our goal of establishing RSC:
1 2 1 o
Xully 2 S llullz,  when Juge]l; < 3lurll; -

With out loss of generality, we may assume that |lull, = 1. Note that the cone condition means
lull; < 4|lur| < 4VE |ur|l, < 4VE. So u € A. Using Lemma we can write such a u as

U= Z a; v’
i
with v* € B, >, a; =1and a; > 0. It follows that

1 1
— |1 Xul; = ~u" X" Xu
n n
. T
= — (Z aw’) XTx (Z aivi>
n \ ~ ,
(3 3
Lo T Ty
:Zaiaj E(v) X' Xov|.
i,J

We focus on each term in the parenthesis: one has

% (X0, X)) = % : i (HX(UZ + UJ)HE — || X (v - v])Hz) "polarization identity"
177, ., 12 2 ; ;
> 5 (5 I+l = § ot - o) [of 0], < 328; RIP
1 o 1 12 2
= 1 (160 = 30 + 11D )
1 112
TR o < 4
It follows that
1 o 1
S lXuls > ) aiay <<UZ,U]> - 2)
.J
, . 1
= <Zaiv’,2ajv]> —5 (Zai) Zozj
i J ( J
1
= Jullz - 5
— % ||u||§ |lu|| = 1 by assumption

As w is arbitrary in the cone, we conclude that RSC holds.

4 Generalization to Matrices

The sparse regression problem has a natural generalization to the matrix setting. Let (A4, B) =
trace (ATB) denote the trace inner product between two matrices. Consider the model

yi = (X', 0%) + e, i=1,...,n,

7



where we assume
e Low-rank: ©* € R%*? has rank-r;

e Gaussian design: the sensing/covariate matrices X* € R?*¢ satisfies X;b ~ N(0,1), indepen-
dently across i € [n] and (a,b) € [d] x [d];

e Gaussian noise: the noise e; satisfies e; ~ N(0,0?), independently across i
e Independence: {X;} and {e;} are independent.

This problem is sometimes called matriz sensing, as it is the matrix counterpart of the compressed
sensing problem.
To recovery ©*, we consider the following nuclear norm regularized least-squares problem

n

1 .
6 cars min 5.3 ((X'.0) = )" + Aol ©

where ||©]], is the nuclear norm of O, defined as the sum of the singular values of ©. The nuclear
norm is a convex approximation to the (non-convex) rank function, which equals the number of
non-zero singular values. The program @ is sometiems called Matrixz Lasso, for obvious reasons.
It can be written as an SDP and is hence a convex program.

Much of the analysis for Lasso can be generalized to the above setting. Let us first introduce a
useful piece of notation. Define the linear opeartor X' : R%*% — R™ with elements [X (0)]; = (X*, ©).
Thent the matrix sensing model and Matrix Lasso can be written compactly as

y=X(0%) +e

and

2
— Aol -
& carg _min - [X(0) - yli3 + Al

With the above notation, one can show that a form of RIP holds: if n 2 rdlogd, then with high
probability,

1
(1-§) 1D < L IXDIB < (145 1D ¥D € R k(D) < 1
We also have a form of RSC:
1 1
Lixm)z= {1013, vD e R D], <1035 Dl

In homework, we will work through some of these results.



