ECO2020 Tutorial 1

Young Wu
November 9, 2016

1 Question 1

1.1 Part a

Pareto Efficient allocation requires:

1. Individual feasibility:

1> 0and z9 >0

2. Aggregate feasibility:

72§m1+m2§0

VT +xo+mp+me <0

3. Optimality:

There does not exist ((Z1,m1), (Z2,M2)) such that:

VT +mp > T +my
VT + My > /T2 + Mo

One of them holds with strict inequality.



Method 1 (Direct):

max +/x1 + mq such that \/ro + mo =uand —2 <mq +mo <0and \/x1 + 29 +m1 +mo <0

Z1,Mm1

= max /21 +mj such that /2o +ms =uvwand my +mgs = —2and z] + 29 =4

xr1,m1

= rrglﬂ?x\/ﬂ—&— (=2) = (u— V4 —)
1 1

= — =0
2 /1  23/4—x1
=z =4—2
=11 =2
Then,xo =4 — 1 = 2 and any m; + my = —2 is Pareto optimal.

There are no boundary solutions since m is not bounded.

Method 2 (MRS):

set MRS ;1 = MRS,
11
271 2/T2

= a1 =29 =2

=

Method 3 (Use Quasilinearity):

For quasilinear utility functions:

maxuy + us < Pareto Optimal

Therefore,

max  +/x1 +mi + /x92 + mo such that —2 < mq1 +mo <0and vVx1 +2zo+m1 +mg <0

T1,22,MM1,1M2

= max +/z1+mi + /12 +mgoand my +mg = —-2andz; +x9 =4
T1,T2,M1,M2

= max/r; + V4 —11 —2
z1

=x1 =2

Therefore, {((z1 = 2,m1 = m), (x2 = 2,m2 = —2 —m),m € R)} are Pareto optimal.



1.2 Part b
Walrasian Equilibrium requires:

1. Consumers maximize utility:

1
max /x1; + mq such that p,z1 + ppymy = =7
x1,my 2

1
max \/Ts + mo such that p,xo + ppryme = =7
T2, ma 2

2. Firm maximizes profit:
T = max p,T + pmm such that vz +m <0and —2<m <0
x,m
3. Markets clear:

1+ 2T =2

mi+mo=m
Normalize the prices to p,, = 1, and solve the firm’s problem:

max p,x + m such that vz +m <0and —2<m <0
x,m

= maxp,x — v/ such that 0 <z <4
€T

1
= FOC :p,— —==0
P 2z
_ 1
T=—
4p?
3

1 J—
Note that SOC: 1° 2 > 0 is not concave. Therefore, z € {0,4}.

0 if4px_\/1§0px_\/6
4 if4pz_\/120pz_\/6



Or equivalently,

1
ifp, < =
0 if p <%
r=4 4 if p, > =
I p. >%
{0,4} ifp, =
2
And
m=—/x
1
0 ifp, < =
= 2
1
4dp, — 2 ifpm>§

Solve the consumer’s problem:

1
max +/x; +m; such that p,a; +m; = 57

Zj, My

1
= max+/x; + 571' — DX
T;

= FOC : —pe=0

1
21 /X;
N 1

T = ——
toAp2
Use market clearing conditions to find prices and allocations:

set x =x1 + 29 =

2p2
1
If p, > =,
Pe =73
1
LTt
Pz = 3 D)
Contradiction.
1
If p, < =,
Pe =73
1
i
= >1
x = OO 5
b 2



Contradiction.

Therefore, there are no price to clear the markets. No WE exist.

2 Question 2

(Comprehensive Exam June 2008 Q3)

2.1 Part a

Pareto Efficient allocation requires:

1. Individual feasibility:

T4 >0and xzg >0

ya > 0and yg >0

2. Aggregate feasibility:

0<zyg+2p<6

0<ya+yp <3

3. Optimality:

There does not exist ((Z4,%4),(Z5,¥5)) such that:

TAa+Ya>xa+Yya

B > YB

One of them holds with strict inequality.

Consumer B does not care about ,
x4 =6,2p =0and any ya +yp = 3 is Pareto Optimal

Therefore, {(xa = 6,y4 =vy),(xp =0,y =3 —y),y € [0, 3]} are Pareto Optimal.



2.2 Partb
Walrasian Equilibrium requires:

1. Consumers maximize utility:

max T4 + ya4 such that p,xa + pyya = 5p, + py

TAYA

max yp such that p,xp + pyys = Dz + 2py

TB,YB

2. Markets clear:

Tqa+2xrB =06

ya+yp =3
Normalize p, = 1, then consumers’ problems:
I
54— ifp, <1
A= pCE
and
0 ifp, <1
Yya =
Spr +1 ifpy, >1
Note that A wants only y if p, =1
+2
ng:O’yB:u:p“Q

Y

Market clearing condition:

If p, < 1,

1
za+rBp=5+—+0>6

P

x = 6. Contradiction.

Ifp, > 1,

Ya+yp =50, +1+p, +2=06p, +3 >3



y = 3. Contradiction.

Therefore, there are no price to clear the markets. No WE exist.

2.3 Partc

Method 1: (Direct)

Walrasian Equilibrium requires:

1. Consumers maximize utility:

2. Markets clear:

max x4 + ya such that p,za + pyya = wips +wipy

max ypg such that p,xp + pyyp = WPz + w%py

T4+ =06

ya+yp =3

Normalize p, = 1, then consumers’ problems:

and

Y
Wi+ 24 iy, <1
0 ifp, <1

Yya =
wipe +wYy  ifpy, >1

Note that A wants only y when p, = 1

Market clearing condition:

B = O7yB = w%pm +w%



Ifp, <1,

wy
zatarp=wh+ -2 =6
Px

Ya +yYp = whps +wh =3

A 3—wh WY
6 —w?h wh wg

Need p, < 1, meaning w') < w¥.
Note that w;“f‘ = wf = 0 is feasible as well.

If p, > 1,

wa
Tatzrp=wi+—==06
x

YA +YB = WiDe + WY + WEps + wh

=6p, +3=3

No p, satisfy both equalities.

Therefore, any feasible endowment in {((w%,wY), (Wh,w%)) : w4 < w§ or W% = wh = 0} supports an

WE.

Method 2: (Diagram)

Consumer B only wants good .
Consumer A either wants all z or all y.

It cannot be WE if both A and B wants all y, so p,, < 1 and in any WE, ((z4 = 6,y4 =0), (zp = 0,yp = 3)).

y
w
Therefore, either start WE or have p, = 5 A — < 1, meaning any feasible endowment in

A
{(wh,wh), W, wh)) : wh < wh or wy = wf = 0} supports an WE.

3 Question 3

The first three are free disposal activities:

Ad | A5 | A6




Walrasian Equilibrium requires:

1. Consumers maximize utility:

Walras Law:

p1f1 + p2fo+psfs = 10p3

2. Firm maximizes profit:

Zero profit conditions:

ag (4p1 —3p2 —p3) =0
a5 (3p1 — 2pa — 2p3) =0

ag (—3p1 +4p2 —p3) =0

3. Markets clear:

day 4+ 3as — 3ag = f1
730&4 - 20[5 + 40&6 = f2

10 — 1(14 — 20[5 — 1046 = f3

Try to solve the zero profit conditions simultaneously:
Equation 4 — 6 = Tp1 — Tpe = 0 = p1 = ps

Equation 4 = p; —p3 =0

Equation 5 = p; — 2p3 =0

Cannot have oy, as, ag > 0 at the same time:
Normalize p3 = 1 and solve three cases:

Case 1:ag,a5 >0,a6 =0

Impossible since good 2 cannot be produced with activities 4 and 5.



Case 2 : a5, 06 > 0,4 =0

3p1 —2p2—2=0

—3p1+4py —1=0

=2, 3
p1 = 37]92 =5
20 9 7 . . .
But 4py — 3ps — p3 = 3 5" 1= 6 > 0, implying a4 = o0, contradiction.

Case 3: ag,a6 > 0,a5 =0

4py —3p2 —1=0
—3p1+4p2—1=0

=p=p2=1

Check 3p; — 2p2 —2p3 =3 —2 —2 = —1 <0, feasible.

Market clearing condition with Consumer’s Walras Law:

40(4 — 3046 = f1
—3ay + 4o = fo
10 — 10(4 — 1046 = f3

fi+fo+ fz=10

Solve using the first two equations and check with the last two

ay = % (4f1 —3f2)

g = % (3f1+4f2)

1 1
Therefore, {(pl =p2=p3=1),(f1, f2, f3), (al =aw=a3=0,0y4 = 7 (4f1 = 3f2) a5 = 0,06 = - (3f1 +4f2)}
is the WE.

4 Question 4

(Comprehensive Exam June 2010 Q4)

10



4.1 Part a
Walrasian Equilibrium requires:

1. Consumers maximize utility:

Zo,Yo

max axg + 0Y Pyg such that pyag + PyYo = 1py +O0py +m, V6 € [0,1]

2. Firm maximizes profit:

No production means

—CPz + ]-py <0
3. Markets clear:
1
T = / zodf =1
0
1
y:YD:/ yodfd =0
0

Normalize p, = 1, (The solution normalized p, = 1). Activity 3 not used means that it generates negative

profits:

Consumer’s problem has constraint p,zg = p,1

g =1

Therefore, { <pz =p,py =1, forpe [17oo)> ,(@g=1,y9 =0, for 0 € [0,1]), (a1 = g = a3 = 0)} isa
c
WE.

4.2 Part b

Walrasian Equilibrium requires:

11



1. Consumers maximize utility:

max axg + 0Y Pyg such that pyag + PyYo = 1ps +O0py +m, V6 € [0,1]

Zo,Y6

2. Firm maximizes profit:

Zero profit conditions:

—cpy +1py, =0
3. Markets clear:

1
xz/ zodl
0

1
y:YD:/ yodo
0

Normalize p, = 1, (The solution normalized p, = 1). Use the firm’s zero profit condition to find p,:

—cpe +1=0
1

Pz = —

c

=0

Then consumer’s problem becomes:

1 1
max g + QYDyg such that —xg +yg = —
Tg,Yo C C

oYy P
0 if >«
c
YD
Ty = 1 if 0 <«
c
oYy P
[0,1] if =«
c
and,
oYL
0 if : <«
1 . eYyP
Yo = - if >«
c c
1 oYL
[O, } if =«
c c

Market clearing condition:

12



Method 1 (Y market)

1
Solve for Y'P using ac? = 1

c(YD)QfYDfac:O

L yD_ 1++vV1—4ac?
h 2c
1
=YP=—
2c

Method 2 (X market):

1
<a
C
ac

:/YDde
0

acC
= 7YD

(1 — %) units of X are converted into Y© units of Y, therefore as before

(- 35)-v”

1
:}YD:—
2c

D
In any case, the condition —— > « becomes:
c

11
0—— >
2cc @

0 > 2ac?
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1 1 1 1
This means % level of activity 3 is used to convert c - % =3 unit of X into % units of Y.
c c

1 1
o =-1, 1 ,for@E[O,l],(alzozg:(),ozg:) isa WE.
o) .

1
<p;r:7py:1>7 ,Ig:l]l
c foc

DN | =

4.3 Part c

1
For 6 < 2 they get the same allocation (z9 = 1,y = 0) resulting in utility «.
1 1 11
For 6 > ok they get strictly preferred allocations (xg =0,y9 = ) resulting in utility 02—7 = 20a > a.
c cc

Allocation in Part b Pareto dominates allocation in Part c.
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