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Discriminative Model vs Generative Model

Review

@ Week 1 to Week 4 focus on discriminative models.

e Given a training set (x;, y;);_;, the task is classification
(machine learning) or regression (StatIStICS) i.e. finding a
function f such that given new instances x:, y can be

predicted as y; = f (x/).

@ The function f is usually represented by parameters w and b.
These parameters can be learned by methods such as gradient
descent by minimizing some cost objective function.
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Perceptron

Review

@ Model: LTU Perceptron.

n
@ Objective: minimize mistakes = Z Ly, 24,y Or maximize
: : =l
accuracy. It is equivalent to minimizing squared error cost,

absolute value cost, log cost (cross entropy loss).
e Training: Perceptron algorithm.

e oy
e Prediction: y; = a; = ﬂ{wa;'+b,20}'
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Logistic Regression

Review

@ Model: Logistic Regression
@ Objective: minimize log cost (cross entropy

loss) = Z yilog(a;) + (1 — y;) log (1 — a;). This is so that
=1

the cost is convex in w and b.
e Training: Gradient descent algorithm.
@ Prediction:

. 1
Yi = 1{4;0.5}% 3 =g (WTX; T b) ~

1 _I_ e—(WTX.:-'—I-b)
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Neural Network

Review

@ Model: Fully Connected Neural Network

2
@ Objective: minimize squared error cost = Z (y,- — aEL)) :
i=1
e Training: Backpropogation: gradient descent algorithm using
chain rule.

e Prediction: y; = 11{3!{”;0.5}’ J() — g ((W(f))Taf(f—l) i b(i))

with a'(0) = X!
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Support Vector Machine

Review

e Model: Support Vector Machine
@ Objective: minimize regularized hinge cost

— Zn: max {0, 1—(2y; —1) (WTX;' + b)} + A Hng or

i=1
maximize margin.

e Training: Pegasos algorithm: Primal Estimated sub-GrAdient
SOlver for SVM.

. SR . [
e Prediction: y; = a; = 1{WTX;+b,>,O}'
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Nearest Neighbor

Review

Model: Nearest Neighbor
Objective: none.
Training: memorize the data.

Prediction: y; = mode {}/(1);)/(2):

'“:'y(k)}-
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Feature Construction

Review

e Each dimension of x; is a feature, X;;.

e Feature selection is choosing important features to use in
predictions: logistic regression regularization, decision tree.

e Feature engineering is creating new features for training:
kernelized SVM, convolutional network, traditional computer
vision SIFT, HOG, Haar features.
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Applications

Review

All classification tasks.

Homework 1: Handwritten character recognition.
Homework 2: Facial expression classification.
Homework 3: Movie box office prediction.
Homework 4: Face detection in images.

All recommendation systems: Amazon, Facebook, Google,
Netflix, YouTube ...

Face recognition, object detection, self-driving cars, speech
recognition, spam filtering, fraud detection, weather forecast,
sports team selection, algorithmic trading, market analysis,
gene sequence classification, medical diagnosis ...



Generative Models Natural Language Processing
YOOO0O000000000000000000000000000

000000000e

Generative Models

Motivation

@ In probability terms, discriminative models are estimating
P{Y|X}, the conditional distribution. For example,
di ~X P{y; = 1|X,'} and 1 — d; X P{y,' - OlX,'}.

e Generative models are estimating P{Y’, X}, the joint
distribution.

e Bayes rule is used to perform classification tasks.
P{Y,X} P{X|Y}P{Y} g« c)'ﬁm.
P{X}  P{X}

P{Y|X} =

\
‘C\\M\?a Dl"sff SWA ihcae,
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1D

Natural Language

Motivation

@ Generative model: next lecture Bayesian network.
@ This lecture: a review of probability, application in natural
language.

@ The goal is to estimate the probabilities of observing a
sentence and use It to generate new sentences.
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Tokenization

Motivation

@ When processing language, the words need to be turned into a

sequenec—of=features called tokens. \\49 words

: : . Clwacters | fettore
© Split the string by space and punctuations. g

© Remove stopwords such as "the”, "of", "a", "with" ...
© Lower case all characters.

© Stemming or lemmatization words: make "looks”, "looked",
"looking™ to "look".
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Vocabulary

Motivation

e Word token is an occurrence of a word.
@ Word type is a unique token as a dictionary entry.
@ Vocabulary is the set of word types.

@ Characters can be used in place of words as tokens. In this

" " L I & |

case, the types are "a”, "b", ..., "z", " ", and vocabulary is
the alphabet.
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Bag of Words Features

Motivation

@ Given a document / and vocabulary with size m, let ¢;; be the
count of the word j in the document / for j = 1,2, ....m.

e Bag of words representation of a document has features that
are the count of each word divided by the total number of
words in the document.

V)
\

. M ,
\1 "H"“ \), X“ _ ﬂ L C l\s’
B U .e W
iy’ ) C
tota] A ol rord s Y2 )

?/\ decuw&t.
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TF IDF Features

Motivation

@ Another feature representation is called tf-idf, which stands
for normalized term frequency, inverse document frequency.

¥ "

) S

tf j =
the

idf ; = log — !

ZH{C'PO} i OLOWMI o

=] SA \,JLV(-'J/\ )CV'\)
Xjj = tf,:,' idfj Or ppearad

n

@ n is the total number of documents and Z ]l{c,-j>0} Is the

=1
number of documents containing word j.
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Bag of Characters Features

@ Quiz (Graded)

e What is the bag of Z«é?rds feature vector for the striﬁ"jwamu

) "N n n LA " n " n n LA " non
iron_man” |fthewo sare”i", "a’, "'m", "r’, "o", 7

° A: 0612603456215]T4/‘ >
I3

"AP

2 2211 2 3 o
B | — —, —, —, —, —, — |
@_13'13'13’13 13'13'13] \ j\_’:"
222112 17 )
o C. _7_7_7_7_3_71 &t'ﬁ S y= |
3737373733

o D:[2,2,2,1,1,2,3]7 €= ocomt
111111171

o E: [y Qg Juuny ung =y =t
NANAN AN AN AN AN
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Token Notations

Definition

@ A word (or character) at position t of a sentence (or string) is
e, %y By
denoted as z. " ‘
- 0w \JUN MBI
@ A sentence (or string) with length d is (21, 22, s Zd),
e P{Z; = z} is the probability of observing z; € {1,2, ..., j} at
position t of the sentence, usually shortened to IP {z}.

toben \\ac 5‘47 “"/\,’e il 0’\”” p‘bb\:
P/’ T A ”H""i

=2
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Unigram Model

Definition

@ Unigram models assume independence.

P{Zl’ 22, Zd} = HIP’{zt} = B (2,1 l?r\?ﬂ

e In general, two events A and B are indepedent if:

P{A|B} =P {A} Jor P{A, B} = P{A} P{B}

\-j FI\JQ o(, A 3‘\,-0_,\ E&JQA{I PJ {H)O%\j IIIHS
e For sequence of words, independence means: Pr 1 I JW‘"’ ,,Ivj

P{zt|zt—1,zt-2, ..., 21} = P{z}
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Maximum Likelihood Estimation

Definition
P
o@an be estimated by the count of the word z
I’P;{—Zi} — Czt

m
D, €z
z=]

@ This is called the maximum likelihood estimator because it
maximizes the probability of observing the sentences in the
training set.
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MLE Example

Definition

o Let p=P{0} in a string with ¢0’s and c11's.
@ The probability of observing the string is:

CO Co 1_ C1
(CO+C1)9 (1-p)

@ The above expression is maximized by:

€0
Co + C1

*

p:
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MLE Derivation
\A b Definition
w ¢ Clery a,
0\]0@&69\@2919 P Pfg,ﬁﬁ, Pr{nb1

UA{S“\V\ - a;:smmx P Cl-p) p (|~k)(z~\:) p Cl=p)U=p) -y

Ca (
i 1t ? '-V) )«-Aw L
e Culey pt Gyl o)
MSY;M e \D b J ¢
Ca <
St ’%“; = 4 . Il 4 f Ca
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Bigram Model
Definition
1 love | "L Jro
e Bigram models assume Markov property. % ? » " 1" {0
= e -
‘Cetimate_

IP’{zl,zz,...,zd}‘ ]P’{21 HP Zt|Zt 1}
- ~— LE_ M WML

@ Markov property means the distribution of an element in the
sequence only depends on the previous element.

P{zt|zt—1,zt-2, ..., 21} = P{z¢|z¢ 1}
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Conditional Probability

Definition

e In general, the conditional probability of an event A given
another event B is the probability of A and B occurring at the
same time divided by the probability of event B.

P {AB}

P{AIB} = 5

e For a sequence of words, the conditional probability of
observing z; given z;_1 is observed is the probability of
observing both divided by the probability of observing z;_1

first. s =
o MNLE oy

P{zt—lvzt}

P{z; 1} — MU= Cony

Plafzc1} -
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Bigram Model Estimation

Definition

e Using the conditional probability formula, P {z;|z;—1}, called
transition probabilities, can be estimated by counting all
bigrams and unigrams.

A Cz,_1,
P{z:|ze 1} = %
Zt—1
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Untgram MLE Probability
6‘)‘ Quiz (Graded)

e Given the training data "i am iron man”, with the unigram
model, what is the probability of observing a new string im ?

A:
93 Q{_ \l ‘\lM”S 1\,;| (P( T “!h US

o C: i f (Bij

1313 >
e D 2 j} @J/‘hjl
13-13 /
4 )
13-13 = B

I
Q
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Bigram MLE Probability, Part |
Quiz (Graded) Cam

w G <ot~
Given the training data "i am iron man”, with the bigram

. model, what is the probability of observing a new string A&’ ?

3} OAZO
%o B:g
13
1
° ¢33
2
13-13
_4
13-13
)
M\ﬁ — Z
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W5, *Bigram MLE Probability, Part II

‘\ W .
Quiz (Graded)

@ Given the training data "i am iron man”, with the bigram
model, what is the probability of observing a new string "am”?

e A: (0

2
B: —
* P13

1

13-13
2

13-13
4

13-13

o C:

e D:
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Transition Matrix

Definition

@ These probabilities can be stored in a matrix called transition
matrix of a Markov Chain The number on row j column J' is
the estimated probability PP {j’|j}. If there are 3 tokens
{1,2,3}, the transition matrix is the following.

e
Py By P 1'% o
2] P{12} P{22} P{3[2) Ty
B3y P23} P33} |

@ Given the initial distribution of tokens, the distribution of the
next token can be found by multiplying it by the transition
probabilities.
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Aside: Stationary Probability

Definition

@ Given the bigram model, the fraction of times a token occurs
for a document with infinite length can be computed. The
resulting distribution is called the stationary distribution.

Poo = Png F,

¥,
(1
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Aside: Spectral Decomposition

Definition

@ It is easier to find powers of diagonal matrices.

@ Let D be the diagonal matrix with eigenvalues of M on the
diagonal and P be the matrix with columns being
corresponding eigenvectors.

%
MP = \P.i=1.2..K 0.
M= P Q .

M = PDP ! ?
M" = PDP 'PDP '..PDP ' = PD"P !
= "

, O
n times 9,
M* = PD* P! V)

o\
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Aside: Stationarity

Definition

@ A simpler way to compute the stationary distribution is to
solve the equation:

Po = PoM
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Trigram Model %-yw AN

Definition

@ The same formula can be applied to trigram: sequences of
three tokens.

CZt—2,Zt—1,Zt

Czt—2azt—l

@ In a document, it is likely that these longer sequences of

. 0
tokens never appear. In those cases, the probabilities are —.

0
Because of this, Laplace smoothing adds 1 to all counts.

. ﬁ)cﬂ&

" C +1
ZE 2,2t-1,Zt e e

I P{z¢|zt 1,2z 2}
- Czi_2,2t1 +m

A b C | Sy C'\oc,

WA
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Laplace Smoothing

Definition

e Laplace smoothing should be used for bigram and unigram
models too.

P{zt|ze—1} = Coaze t1
t|<t— gzgz} +-lzzér___,6”jZL

]].’i){zt}— - o
—
Y c:+m
Zm=] ——

e Aside: Laplace smoothing can also be used in decision tree
training to compute entropy.
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Smoothing
Quiz (Graded)

e Fall 2018 Midterm Q12

@ Given a vocabu _a document with 1012 tokens with
zoodles = 3. )What is the MLE estimation of IP’{ zoodles }

with and without Laplace smoothlng7 (choose /

S s ——

+ |
CZ,a'aoMC) WW’ALLOM'L ng[&,

:1_06
3+1

’A C‘ \%
¢ 0253 2 4
} :
\/ ; 3T f:‘/ 10+ 0°

1012 +10° -1

C.
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Bayes Rule
Quiz (Graded)

e Fall 2017 Final Q2g | Ol O TH (B
o Two documents A and B2{H} = o 1 in Aand P{H} = 0.8

wnthout Laplace One document is taken out at

random@m and one word is picked out

at random(all words with equal probability). The word is H.
‘:

What 5 the probablllty that the document is A?

oAEB c40859 mﬂ\

@fAH Qﬁ:édﬂ

ATILIN oy FIRIALRAY 1 el P
N 0.)"‘7: —+ O?j‘)

Coyes-
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N Gram Model

Algorithm

o Input: series {z1, 2, ..., 2z4.};_;.

e Output: transition probabilities I’E\"{zt|zt_1,zt_2,,...,zt_NH}
forall zz =1,2,...,m.

e Compute the transition probabilities using counts and Laplace
smoothing.

A Czt—N+1:zt—N+2a“-azt +1
P{Zt|2t_1:|zt—2a'"1Zt—N‘|—1} =
5 Zt—1 + m

Czt—N+1:zt—N+21--
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Sampling from Discrete Distribution

Discussion

@ In order to generate new sentences given an N gram model,
random realizations need to be generated given the
conditional probability distribution.

e Given the first N — 1 words, 71, 23, ..., zy_1, the distribution of
next word is approximated by
]f]’{zN = X|zy-1,2n-2,...,21}. This process then can be
repeated for on 25, z3, ..., zy—1, Zy and so on.
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Cumulative Distribution Inversion Method, Part |

Discussion

@ Most programming languages have a function to generate a
random number u ~ Unif [0.1].

P

@ If there are K = 2 tokens in total and the conditional
probabilities are p and 1 — p. Then the following distributions

are the same.

0 with probability p 0 if0<su<
ZN = < ZN =
1 with probability 1 — p 1 ifp<u<
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Cumulative Distribution Inversion Method, Part Il

Discussion

@ In the general case with K tokens with conditional

K
probabilities p1, po, ..., px with Z p; = 1. Then the following

J=1
distributions are the same.
=1 J
zy = j with probability pj < zy = jif Y py <u< > py
J'=1 J'=1

@ This can be used to generate a random token from the
conditional distribution.
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CDF Inversion Method Diagram

L ¢ A p c Discussion _ ‘“'L
al 2 %5 471 Jrine. ¢ %’0:'3
T .
(1 heen  F ach—oee)
o ' |l K Genepith — — <
] n P << tRTA— 3

Pl ptfitly Owtpat ;



Generative Models Natural Language Processing
Q000000000 0000000000000 00000000000000000e

Generating New Words
Quiz (Graded)

1oy 1 mnon "

@ Given the transition matrix for characters "i" "a" "m”,

mon

starting a sentence with the "i" and a uniform random
variable v = 0.5 is produced. What is the next character?

(0.1 05 0.4
02 04 0.4
0.3 0.2 0.5]

" !5\: " i?? ’ [E;: 1" E]!l j (::: " rT]ll

@ D, E: do not choose these.





