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Value Iterations Example

1 2 3

4 5 6 7

8 9 10 11

12 13 14

Grid World

Actions

𝑅𝑡 = −1
on all transitions

𝛾 = 0.9
𝛼 = 1

𝜋0 ⇒ ℙ 𝑎 = 0.25 ∀ 𝑎

For terminal states 𝑠′ = 𝑠



Value Iterations Example

1 2 3

4 5 6 7

8 9 10 11

12 13 14

𝑅𝑡 = −1

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑉𝑘 for 𝜋0

𝑘 = 0

0 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 0

𝑘 = 1

0 -1.675 -1.9 -1.9

-1.675 -1.9 -1.9 -1.9

-1.9 -1.9 -1.9 -1.675

-1.9 -1.9 -1.675 0

𝑘 = 2

𝑉𝑘 = 3 0.25 ∗ −1 + 0.9 ∗ (−1) + 0.25 ∗ −1 + 0 = −1.675

𝑉𝑘 = 4 0.25 ∗ −1 + 0.9 ∗ (−1) = −1.9



Value Iterations Example

1 2 3

4 5 6 7

8 9 10 11

12 13 14

𝑅𝑡 = −1

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑉𝑘 for 𝜋0

𝑘 = 0

0 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 0

𝑘 = 1

0 -2.23 -2.67 -2.71

-2.23 -2.61 -2.71 -2.66

-1.8 -2.71 -2.61 -2.23

-2.71 -2.66 -2.23 0

𝑘 = 3

𝑉𝑘 = 0.25 ∗ −1 + 0.9 ∗ −1.675

+0.25 ∗ −1 + 0.9 ∗ −1.9

+0.25 ∗ −1 + 0.9 ∗ −1.9

+0.25 ∗ −1 + 0 = −2.23

0 -1.575 -1.8 -1.8

-1.575 -1.8 -1.8 -1.8

-1.8 -1.8 -1.8 -1.575

-1.8 -1.8 -1.575 0

𝑘 = 2



Value Iterations Example

1 2 3

4 5 6 7

8 9 10 11

12 13 14

𝑅𝑡 = −1

0 0 0 0

0 0 0 0

0 0 0 0

0 0 0 0

𝑉𝑘 for 𝜋0

𝑘 = 0

0 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 -1

-1 -1 -1 0

𝑘 = 1

0 -5.28 -7.13 -7.65

-5.28 -6.60 -7.18 -7.13

-7.13 -7.17 -6.60 -5.28

-7.65 -7.13 -5.28 0

𝑘 = ∞

0 -2.23 -2.67 -2.71

-2.23 -2.61 -2.71 -2.66

-1.8 -2.71 -2.61 -2.23

-2.71 -2.66 -2.23 0

𝑘 = 3



Q-Learning

For the previous value iteration, we knew ℙ 𝑠′ 𝑠, 𝑎 . What if we didn’t?

We will use Q-Learning!

Q-Learning tells us the value of doing 𝑎 in state 𝑠

𝑄 𝑠𝑡 , 𝑎𝑡 = 𝔼 𝑅𝑡 + 𝛾𝑅𝑡+1 + 𝛾2𝑅𝑡+2 +⋯| 𝑠, 𝑎

We follow a similar iterative approach as value iterations and get:

𝑄 𝑠𝑡
′, 𝑎𝑡

′ ՚𝑄 𝑠𝑡 , 𝑎𝑡 + 𝛼 𝑟 𝑠𝑡 + 𝛾max
𝑎

𝑄 𝑠𝑡+1, 𝑎 − 𝑄( 𝑠𝑡 , 𝑎𝑡)

This is off-policy!



Q-Learning Example

0 1 2 3 4 5 6 7

Setup:

Actions: → ՚

Rewards: 
+1 if I reach 𝑆4

-1 if I reach 𝑆0 or 𝑆7

+0 otherwise

𝑸𝟎 Action

State Left Right

𝑆0

𝑆1

𝑆2

𝑆3

𝑆4

𝑆5

𝑆6

𝑆7

𝛼 = 1, 𝛾 = 1
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𝛼 = 1, 𝛾 = 1
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𝛼 = 1, 𝛾 = 1
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Q-Learning Example

0 1 2 3 4 5 6 7

Setup:

Actions: → ՚

Rewards: 
+1 if I reach 𝑆4

-1 if I reach 𝑆0 or 𝑆7

+0 otherwise

𝑸𝟐 Action

State Left Right

𝑆0 0 0

𝑆1 −1 0

𝑆2 0 1

𝑆3 0 1

𝑆4 0 0

𝑆5 1 0

𝑆6 1 −1

𝑆7 0 0

𝛼 = 1, 𝛾 = 1



Exploration in Q-Learning

With some 0 ≤ 𝜖 ≤ 1 probability we choose to either take a random action at 

any given state or go with the highest 𝑄 𝑠, 𝑎 value 

𝑎 = ቐ
argmax𝑎∈𝐴𝑄 𝑠, 𝑎

random action 𝑎 ∈ 𝐴

𝜖

1 − 𝜖



SARSA   (State – Action – Reward – State – Action)

Alternative to Q-Learning, instead of choosing the best possible action we 

chose the next action according to the policy

𝑄 𝑠𝑡
′, 𝑎𝑡

′ ՚𝑄 𝑠𝑡 , 𝑎𝑡 + 𝛼[𝑟 𝑠𝑡 + 𝛾෍

𝑎

𝜋(𝑎|𝑠𝑡+1)𝑄 𝑠𝑡+1, 𝑎𝑡+1 − 𝑄(𝑠𝑡 , 𝑎𝑡)]

This is on-policy!



SARSA vs Q-Learning

Cliff World:

S T H E      C L I F F G

𝑅 = −1

𝑅 = −100



Discussions

Q1. Q-learning vs Value iterations?



Discussions

Q2. Q-Learning with no exploration?

Consider the following Markov Decision Process. It has two states 𝑠. It has 
two actions 𝑎: move and stay. The state transition is deterministic: “move” 
moves to the other state, while “stay” stays at the current state. The 
reward 𝑟 is 0 for move, 1 for stay. The agent starts at state 𝐴. In case of tie 
move.



Discussions

Q3. Why Q-Learning is Off-Policy and SARSA On-Policy?


