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CS540 Introduction to Artificial Intelligence
Lecture 8

Young Wu

Based on lecture slides by Jerry Zhu, Yingyu Liang, and Charles Dyer

July 13, 2022
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Rock Paper Scissors Game

Quiz
c\— S
- — 3

S—2LZ) = 7
@ Rock (R) beats Scissors (S) beats Paper (P) beats Rock (R).

® You: SPSRRSSSPRPPRPPSPSPRPPPRRSPPRS?

- g L)

]

S

~ |
o Al: SPRPPSPRRPSSPPRPPSPSRRRSPRPSRS? 5 5+

e If Al uses the bigram model to guess your next action and
e E———— T . . .
chooses the best response to that action, which action should

—_— T

you choose next to win? — S

B:R,C:P,D:5
’ ’ —_— C i
— SGN X bg_q\ﬁ: 1
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Regrade Request
Admin

e If you submit P1, M1 etc late, please submit a regrade
e, \a
request.

e Please do not post solutions before | announce the assignment
or after the due date of the assignment.

@ You can participate in D1, D1 too,, D2, D2 too, D3, D3 too

group discussions until the midterm.
T

—% No office hours this Friday.
@ Replied to the notes in Q11. Thanks for the feedback!
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D criminative Model vs Generatlve Model

p——‘_\

Motivation
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Generative Models

S v

g Motivation \ P/‘ RS *Yﬂ - I\T‘ P
4 e ﬁ:_“)\\(:x\i) = ‘i]@rfx“—" r‘ﬂ P- (\'ﬁf‘
3= Drgyher G, W’D\X”ﬂ = J
= o In p?obability terms, discriminative models are estimating

P{Y|X}, the conditional distribution. For example,
ai =~ P{y; = 1|x;} and 1 — a; P {y; = 0|x;}.

e Generative models are estimating P{Y, X}, the joint
distribution.

e Bayes rule is used to perform classification tasks.

P{Y.X} P{X|Y}P{Y}
P{X} P{X}

P{Y|X} =



Generative Models Bayesian Network Naive Bayes
0000e0000 000000000000 00000000000000000 0000000

Joint Distribution

Motivation

@ The joi\nt distribution of X; and X;» provides the probability of
X; = xj and Xy = xj» occur at the same time.

P{X; = x. Xj = X}

e The marginal distribution of X; can be found by summing
over all possible values of Xj:.

P{X;=x}= ), P{X;=x,X =x}

XGXJ’I
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Conditional Distribution

Motivation

@ Suppose the joint distribution is given.
P{X; = xj, Xjr = X}

@ The conditional distribution of X; given Xj; = x;/ is ratio
between the joint distribution and the marginal distribution.

P{Xj = xj, Xjr = xy/}
P Xy = x}

P{Xj = x| Xy = x/} =



Generative Models Bayesian Network

00000000

Naive Bayes

Bayes Rule Example 1
Quiz

Two documents A and B. Suppose A contains 1 " Groot” and
0 other words, and B contains 8 " Groot” and 2 other words.

< — = T —— 2 -
One document is taken out A with probably — and B with
1 =

probably 3 and one word is picked out at random with equal

probabilities. The word is " Groot”. What is the probability
that the document is A? O ipdY 33-

PrGIAY = P1AY S ~ 3
prsGle3=  REA G =—wo ET
A

— peBy I {esH
PS1C (AL~ —ﬁ; 2 Pricla’gr
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Bayes Rule Example 1 Distribution
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Naive Bayes
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Bayes Rule Example 2
Quiz

@ Two documents A and B. Suppose A contains\i”Groot" and
9 other words, and B contains 8 " Groot” and 2 other words.
One document is taken out at random (with equal
probability), and one word is picked out at random (all words
with equal probability). The word is " Groot”. What is the
probability that the document is A?

O!Aié}BZ % & g - D: % . E: | don't understand

NP S
rf A C\3‘~ Ol \ -
f ‘X‘U%—\z 5

N

—
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7«| erml

J >
A2 7()
o A Bayesian network is a directed acyclic graph (DAG) and
set of conditional probability distributions.

e Each vertex represents a feature X;.

e Each edge from X; to Xj represenTs that X; directly influences
Xj'- \§=———

e No edge between X; and X implies independence or
conditional independence between the two features.
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Conditional Independence

Definition

@ Recall two events A, B are independent if:
P{A, B} =P{A}P{B} or P{A|B} = P{A}

@ In general, two events A, B are conditionally independent,
conditional on event C if:

P{A, B|C} = P{A|C}P{B|C} or P{A|B, C} = P{A|C)



Generative Models Bayesian Network Naive Bayes
: 00e00000000000000000000000000 0000000

Causal Chain

Definition

Ny

e For three events A, B, C, the configuration A= B = C is
. = )"' o
called causal chain.

@ In this configuration, A is not independent of C, but A is
conditionally independent of C given information about B.

@ Once B is observed, A and C are independent.
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— Common Cause

Definition

>

< N
QA <
e For three events A, B, C, the configuration A« B — C is

called common cause.

@ In this configuration, A is not independent of C, but A is
conditionally independent of C given information about B.

@ Once B is observed, A and C are independent.



Generative Models Bayesian Network Naive Bayes
: 0000e000000000000000000000000 0000000

Common Effect
Definition
A C
\y &
>

e For three events A, B, C, the configuration A — B « C is
called common effect.

@ In this configuration, A is independent of C, but A is not
conditionally independent of C given information about B. )

@ Once B is observed, A and C are not independent.
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Training Bayes Net

Definition

e Training a Bayesian network given the DAG is estimating the
conditional probabilities. Let P (X;) denote the parents of the
vertex X;j, and p (X;) be realizations (possible values) of
P(X)).

P {xlp (X))} .0 (X)) € P (X)
"'%‘—
ML

@ It can be done by maximum likelihood estimation given a

training set. P &»W\*E )
- “x.p(X;) Lt
P {xjlp (X))} =

__C_P_(_)fj)

Jep
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Bayesian Network Diagram
Quiz

e Story: either Amber (H) or Johnny's dog (D) stepped on a
bee, and put sometmg on Johnny's bed (B), and given there
is something on Johnny's bed (B), Johnny (J) and Amber (A)
can be unhappy. I

ooy \
akbz
J"’J)

J
1
0
1

</J"LW‘J

— AkLw

Odn—tOOOl—lOOI
OOD—*OH!—‘KI—‘O>

>o—»OOOo—tOOOD

(o—sl(u—so—*r—soooom

’-I—‘I—*OI—‘
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Bayesian Network Diagram CPT Count

Quiz
P, (B 1lag= | = Frfgzolhwi
p§8= ) MRS Pr =0 1 tD
/< D, [;w_(ﬂ (R {is »(C:—-’“
;
NS e RTBID Cordipiand
"5 J T 9_ YD\ ?‘blo T&LIZ
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Bayes Net Training Example, Training

Quiz — & / \\

e Given a network and the training data. 1”""— L GVy‘on'g_
H—-B,D—-B,B—J B—A.
[H[D]B[J]A T
| ] 0,00 1]0
(:DjL | [ofo]olo]1 H D
i 10011 \ /
| 0[1[0][1]1
, o[o[1]1]0 5
0(0 1|01 / N
101 /|1]0 ] A
[ 0J1]1]1]0
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Bayes Net Training Example, Training 1

Quiz
o Compute P{D = 1}. D H
= |[H[D[B[J[A Y
o[fo\[o]1]o0 "
CY 0o(l0]J 0|01
1o o 11 s \"/\
A J
P 0= [ 0 |10 [1]1
s ol(of[1]1]0
L B R R T ISR R
o s ¥ 1Jol[1 10
_ o {1/[1]1]o0
— éf‘ =
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Bayes Net Training Example, Training 2
Quiz

o Compute|P : —
J1A )
0/0]0|1|0
o 3w oo 00 * 0 /0|1 Jt/ \7A
& s 1/0[0 1]1
01011
N 3 0| 0({1f[ D)0
4 0|0\ 1[70(1
1| 0q1] Do
0| 11 0
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e What is the conditional probability I'li’{J = 1|B = 0}?

@ A: [/ don't understand, B: —

Bayesian Network NTYE_ ??Xe
Bayes Net Training Example, Training 3
Quiz
1 1 3
— D= E: 1
3 C 2. 7 4" (2
HID[B|J|A
oloffoy1]o I
c[, 5
0 0([0]0]1 Jo1. B0
1loflol1][1 # gy
ol 1llol1]1
0|0 Hj 110 = 2
O  011/0]/1 4’
1 0/ 1 /110
ol 1{(1]1]0
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Bayes Net Training Example, Training 4

Quiz
0 |

oComputelf”{B=1H=0,D=1}.go 1)) D
H!D[BJJ X4
f[ofo]o|1]0 B

nglm,m 0[o0[o0]0]1
1[ofof[T|1]| Hpmyp

¢ b oo (O[IDO[IT]1] -

Bs1 k= [TT0[L[1[0] o
00 1\0 1
1/ofl1l1]0]| _ (

10| = =

\
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Bayes Net Training Example, Training 5
Quiz

o What is the conditional probability P{B = 1|H = 0, D = 0}?

@ A: [/ don't understand, B: % E —!, D: % CE: 1

HIDIB]J|A 3
@U 00\ 0|10
P8l u oS o oJ[ofo]n 7 B 7h,70
100|011
. D 01011 X))
., D 6 0) 1|0 =y A
L H, D 0 | 0/ 0|1 <4
— 1, 0|11]0 = [
0[1[1]J1]0 =
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Bayes Net Training Example, Training 5
Quiz

o What is the conditional probability P{A = 0|H = 1,D = 1}?
h
1
@ A: /[ don't understand, B: 0, C: =, D: 1 @

2

HIDIB[J]A
ololol1]o0

0/0]0 0|1
1/0]0]1]1 70
0/1]01]1 )
0O/ 0|1 /1/0 el
00101
1o[1]1]0

01 [11]0
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Laplace Smoothing

Definition

@ Recall that the MLE estimation can incorporate Laplace N/LQ
smoothing. / Yohwes of

CXj,P(Xj) -;i V(f bl \ wt-ﬁt

o P%Ap(\Xj)} i p(x;) T X 4 + |
% w4Vs.,

o Here, | Xj| is the number of possible values (number of ~ #Hug,” »
categories) of X;

—

e Laplace smoothing is considered regularization for Bayesian
networks because it avoids [overfitting the training data,
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Bayes Net Inference 1

-

Definition

M
2

\_)
————

e Given the conditional probability table, the joint probabilities
can be calculated using conditional independence.
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Bayes Net Inference 2

Definition

@ Given the joint probabilities, all other marginal and conditional
probabilities can be calculated using their definitions.

L Pl )

P{ ,,XH }

I[D {Xj|Xj’;Xj”g .

IP{XJ',XJ;I,XJ;H,...} — Z P{Xlﬂ)(g?...,xm}
Xk 7o " oo
P{)(jr,XjH,,...} = Z I[D{Xl,XQ,...,Xm}

X k2 j" ...
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Bayes Net Inference Example 1
Quiz

e Assume the network is trained on a larger set with the
following CPT. Compute P{H =0,D = 1|J =1, A = 0}? )

o P{H =1} = 0.001,P{D = 1} = 0.001

P{B=1H=1,D=1}=0.95P{B=1|H=1,D =0} = 0.94
ChT P{B=1H=0,D=1}} 0.29,P{B =1|H =0,D = 0} = 0.00
P{J=1/B=1}=0.9P{J=1|B=0}=0.05
__ P{A=1B=1}=07P{A=1|B =0} =001

J A B 1 D
Obn-(-\ \ o ’z VO"

/)
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Bayes Net Inference Example 1 Computation 1
Quiz - D

Ui D [J 47 wt i~ CET
p,fﬂH,D,J,'IA/}
F13,9A3

hY
3
O~
J A

(f

(

Prws .13 Pff\l_m M\Bs PSBI;}
g fange P10Y R J3 1763 - Er 1A 185 Rfglh.p}

——
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Bayes Net Inference Example 1 Computation 2
Quiz —_—
= !) Pr fXj)PCXj]
P50, W= R§J. M n,p.B )
— 4 =, D,40

a0, 13
H/"D,W@

\
{

\

Baes ol
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Bayes Net Inference Example 2

Quiz
D H
Pt} B

o Compute P{D = = 1LH=0}7

Pf— 1} = 0.001, P {D = 1} = 0.001
P{B=1H=1,D=1}=095P{B=1H=1,D=0} =094

P{B=1H=0,D=1}=0.29,P{B=1|H =0,D = 0} = 0.00

e A:0,B: 0.001, C: 0.0094, D: 0.0095, E: 1
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Bayes Net Inference Example 2 Derivation
Quiz
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Bayes Net Inference Example 3

Quiz ,\;' “
I VW L DR 23
——C P18y
o Compute P{H =0,D =1|B = 1}? - M, D
P{H =1} =0.001,P{D =1} = 0.001 H.p
h,jp

P{B=1H=1,D=1}=095P{B=1|H=1,D =0} =o.9z\1ﬂo
P{B=1H=0,D=1}=029.P{B=1H=0,D=0} =000

e A:0, B: 0.001, C: 0.0094, D: 0.0095, E: 1
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Bayes Net Inference Example 3 Derivation
Quiz
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Bayes Net Inference Example 4
Quiz

o Compute P{B=1J=1,A=0}?
P{J=1B=1}=0.9,P{J=1|B =0} =0.05
P{A=1|B=1}=0.7,P{A=1|B =0} =0.01

Given
P{B =1} =0.001-0.001-0.95+ 0.001-0.999 - (0.94 + 0.29).

e A:0, B: 0.001, C: 0.0094, D: 0.0095, E: 1
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Bayes Net Inference Example 4 Derivation
Quiz



(Jeneratlve Models Bayesian Network Nawe Bayes
N0D000000 00000000000000000000000000080

Network Structure

Discussion

e Selecting from all possible structures (DAGs) is too difficult.

e Usually, a Bayesian network is learned with a tree structure.

@ Choose the tree that maximizes the likelihood of the training
data.
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%, k"/ Chow Liu Algorithm 7wm-q| WS
/V Discussion X 6 K.

X 1*‘\
/)\ X‘ L% f X3 %4

® Add an edge between features X; and Xj» with edge weight
equal to theﬁ information galﬂ of XJ given X for all pairs j, j’.

w—=j

@ Find the|m \\axmum spanning tree Elven these edges. The
spanning tree is used as the structure of the Bayesian network.

—
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Classification Problem

Discussion

e Bayesian networks do not have a clear separation of the label
l and the features X1, X5, .... Xm.

o The Bayesian network with a tree structure and Y as the root
and Xi, X3, ..., X, as the leaves is called the Naive Bayes
classifier.— -

e Bayes rules is used to computem y|X = x}|, and the
prediction y is y that maximizes the conditional probability.

Vi \algma)szP’{Y y|X = x;} Nayy,

K
) Ea?

R Prf‘”i/@% TN
X, X, YS Xy
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Naive Bayes Diagram J Cpf C‘ |
Discussion

NP T X xx )Y 3)9?7-
/jﬁ”f-ﬂl?ﬁ;f §},§‘1

;Q;x x |1~ 93 BIYy'S
5

-
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Multinomial Naive Bayes

Discussion
\'f X0, |
x>, |

@ The implicit assumption for using the counts as the maximum
likelihood estimate is that the distribution of X;|Y =y, or in
general, X;|P (X;) = p(X;) has the multinomial distribution.
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Gaussian Naive Bayes

Discussion
/\

Posds

e If the features are not categorical, continuous distributions
can be estimated using MLE as the conditional distribution.

—

e Gaussian Naive Bayes is used if X;|Y = y i |s assumed to have

% the normal distribution.
2
1 X — [lﬁlj)) j

lim IP{x<X x+elY =y}= 7P| - )2

e-0¢ V2moy,
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Bayesuan Network

Gaussian Naive Bayes Training

Discussion

@ Training involves estimating ;Lf,’) and 00) since they

completely determine the distribution of XY =y.

Y\ 2

@ The maximum likelihood estimates of ,um and (09)) are the

oo
sample mean and variance of the feature j.

AU)
Z Xijl{y,=y}> Ny =

(59) L "

ny

=1

> Lymyy
=1

) Ly, —y) J

_/\/\LG

(Xij —ﬂy)) Liyi=y) V% ML&

sometimes (ay ) Z (x,j "Ly
i=1
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Tree Augmented Network Algorithm
- Discussion \r

@ It is also possible to create a Bayesian network with all
features Xi, Xs. ..., X, connected to Y (Naive Bayes edges)
and the features themselves form a network, usually a tree
(MST edges).

e Information gain is replaced by conditional information gain

(conditional on Y) when finding the [maximum spanning treeJ

@ This algorithm is called TAN: Tree Augmented Network.
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Tree Augmented Network Algorithm Diagram

Discussion





